Stability and Control: Theory, Methods and Applications 
Volume 2! 


Asymptotic Methods in 
Resonance Analytical 
Dynamics 


E.A. Grebenikov 


Russian Academy of Sciences 
Moscow, Russia 


Yu. A. Mitropolsky 
National Academy of Sciences of Ukraine 
Kiev, Ukraine 


Yu. A. Ryabov 


Moscow Institute of Auto and Highway Construction 
Moscow, Russia 


on 


CHAPMAN & HALL/CRC 


A CRC Press Company 
Boca Raton London NewYork Washington, D.C. 


Copyright © 2004 CRC Press LLC 


Library of Congress Cataloging-in-Publication Data 


Grebenikov, Е. A. (Evgenizi Aleksandrovich) 
Asymptotic methods in resonance analytical dynamics / by Eugeniu Grebenikov, Yu. A. 
Mitropolsky, and Y. Ryabov. 
р. ст. — (Stability and control ; у. 21) 

Includes bibliographical references and index. 

ISBN 0-415-31008-3 (alk. paper) 

1. Averaging method (Differential equations) 2. Differential equations — Asymptotic 
theory. 3. Resonance— Mathematical models. I. Mitropol§skizl, ПО. A. (€HUriei 
Alekseevich), 1917- II. Réiiabov, éliU. A. (& ПО па Aleksandrovich) ПТ. Title. IV. 
Series. 


QA372 .G715 2004 
515’.35—dce22 2003069583 


This book contains information obtained from authentic and highly regarded sources. Reprinted material is quoted with 
permission, and sources are indicated. A wide variety of references are listed. Reasonable efforts have been made to publish 
reliable data and information, but the author and the publisher cannot assume responsibility for the validity of all materials 
or for the consequences of their use. 


Neither this book nor any part may be reproduced or transmitted in any form or by any means, electronic or mechanical, 
including photocopying, microfilming, and recording, or by any information storage or retrieval system, without prior 
permission in writing from the publisher. 


The consent of CRC Press LLC does not extend to copying for general distribution, for promotion, for creating new works, 
or for resale. Specific permission must be obtained in writing from CRC Press LLC for such copying. 


Direct all inquiries to CRC Press LLC, 2000 N.W. Corporate Blvd., Boca Raton, Florida 33431. 


Trademark Notice: Product or corporate names may be trademarks or registered trademarks, and are used only for 
identification and explanation, without intent to infringe. 


Visit the CRC Press Web site at www.crcpress.com 


© 2004 by CRC Press LLC 


No claim to original U.S. Government works 
International Standard Book Number 0-415-31008-3 
Library of Congress Card Number 2003069583 
Printed in the United States of America 1 234567890 
Printed on acid-free paper 


Copyright © 2004 CRC Press LLC 


Introduction to the Series 


The problems of modern society are both complex and interdisciplinary. Despite the 
apparent diversity of problems, tools developed in one context are often adaptable to 
an entirely different situation. For example, consider the Lyapunov’s well known 
second method. This interesting and fruitful technique has gained increasing signi- 
fycance and has given a decisive impetus for modern development of the stability 
theory of differential equations. A manifest advantage of this method is that it does 
not demand the knowledge of solutions and therefore has great power in application. 
It is now well recognized that the concept of Lyapunov-like functions and the theory 
of differential and integral inequalities can be utilized to investigate qualitative and 
quantitative properties of nonlinear dynamic systems. Lyapunov-like functions serve 
as vehicles to transform the given complicated dynamic systems into a relatively 
simpler system and therefore it is sufficient to study the properties of this simpler 
dynamic system. It is also being realized that the same versatile tools can be adapted 
to discuss entirely different nonlinear systems, and that other tools, such as the vari- 
ation of parameters and the method of upper and lower solutions provide equally 
effective methods to deal with problems of a similar nature. Moreover, interesting 
new ideas have been introduced which would seem to hold great potential. 

Control theory, on the other hand, is that branch of application-oriented mathema- 
tics that deals with the basic principles underlying the analysis and design of control 
systems. To control an object implies the influence of its behavior so as to accomplish 
a desired goal. In order to implement this influence, practitioners build devices that 
incorporate various mathematical techniques. The study of these devices and their 
interaction with the object being controlled is the subject of control theory. There 
have been, roughly speaking, two main lines of work in control theory which are 
complementary. One is based on the idea that a good model of the object to be 
controlled is available and that we wish to optimize its behavior, and the other is 
based on the constraints imposed by uncertainty about the model in which the object 
operates. The control tool in the latter is the use of feedback in order to correct for 
deviations from the desired behavior. Mathematically, stability theory, dynamic 
systems and functional analysis have had a strong influence on this approach. 


Volume 1, Theory of Integro-Differential Equations, is a joint contribution by 
V. Lakshmikantham (USA) and M. Rama Mohana Rao (India). 

Volume 2, Stability Analysis: Nonlinear Mechanics Equations, is by A. A. Martynyuk 
(Ukraine). 

Volume 3, Stability of Motion of Nonautonomous Systems: The Method of Limiting 
Equations, is a collaborative work by J. Kato (Japan), A. A. Martynyuk (Ukraine) and 
A. A. Shestakov (Russia). 
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Volume 4, Control Theory and Its Applications, is Бу Е. О. Кохш (USA). 
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A. A. Martynyuk (Ukraine) and is a multiauthor volume. 

Volume 14, Dichotomies and Stability in Nonautonomous Linear Systems, is a colla- 
borative work by Yu. A. Mitropolsky (Ukraine), A. M. Samoilenko (Ukraine) and 
у. Г. Kulik (Ukraine). 

Volume 15, Almost Periodic Solutions of Differential Equations in Banach Spaces, is 
a collaborative work by Y. Hino (Japan), T. Naito (Japan), Nguyen Van Minh (Viet- 
nam) and Jong Son Shin (Japan). 

Volume 16, Functional Equations with Causal Operators, is by C. Corduneanu 
(USA). 

Volume 17, Optimal Control of the Growth of Wealth of Nations, is by E. N. Chukwu 
(USA). 

Volume 18, Stability and Stabilization of Nonlinear Systems with Random Structure, 
is a joint contribution by I. Ya. Kats (Russia) and A. A. Martynyuk (Ukraine). 
Volume 19, Lyapunov Functions in Differential Games, is by V. I. Zhukovskiy 
(Russia). 

Volume 20, Stability of Differential Equations with Aftereffect, is a joint contribution 
by N. V. Azbelev (Russia) and P. M. Simonov (Russia). 

Volume 21, Asymptotic Methods in Resonance Analytical Dynamics, is a colla- 
borative work by E. A. Grebenikov (Russia), Yu. A. Mitropolsky (Ukraine) and 
Yu. A. Ryabov (Russia). 


Due to the increased interdependency and cooperation among the mathematical 
sciences across the traditional boundaries, and the accomplishments thus far achieved 
in the areas of stability and control, there is every reason to believe that many 
breakthroughs await us, offering existing prospects for these versatile techniques to 
advance further. It is in this spirit that we see the importance of the ‘Stability and 
Control’ series, and we are immensely thankful to Taylor & Francis and Chapman & 
Hall/CRC for their interest and cooperation in publishing this series. 
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Preface 


Many important systems in analytical dynamics are described by nonlinear mathe- 
matical models, and the latter as a rule are represented by differential or integro- 
differential equations. The absence of exact universal methods for the investigation 
of nonlinear systems has driven the development of a wide range of approximate 
analytic and numerical—analytic methods that can be implemented in effective com- 
puter algorithms. 

Trying to give them a general description, one can assert that practically all 
approximate methods are constructed by the iteration principle. This means that 
first an initial approximation is somehow chosen for the problem, and then, by 
means of iterations, the addition of terms of different infinitesimal order to the 
initial approximation are found. The term “iteration” is understood here as either 
successive approximations, or a chain of successive transformations of phase vari- 
ables, or a functional series with terms decreasing in value. From the historical 
aspect, the first approximation was considered as a solution of some linear problem 
(hence the term linearization method), to which some small functions (propor- 
tional to the small parameter) determined within the framework of one or another 
perturbation theory were added. For example, while studying the oscillations of 
the mathematical pendulum Newton considered the small oscillations y(t) of the 
pendulum, i.e. a linear problem of the form 


~+u°p=A, 


where w, A are constants. This linear equation serves as the initial approximation 
for the nonlinear equation 


А-а? sind =A 


xi 
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that describes oscillations w(t) of a mathematical pendulum, not necessarily small 
in value. 

Lagrange did the same when considering secular perturbations in the planetary 
three-body problem under small perturbations. It was then that the system of 
differential equations of the following form was solved: 


&+w's = F(t), 


where х is a six-, eight- or ten-dimensional vector, w the vector of constant fre- 
quencies, and F'(t) a vector-function 0-periodic with respect to t. 

Another approach to nonlinear problem solving is when, as the initial ap- 
proximation, the solution of a system is taken that is a nonlinear but essentially 
“simpler” system than the initial one. This simplified system can be obtained by 
different methods, but since the times of Lagrange and Gauss, in oscillatory models 
of celestial mechanics the method of averaging (or smoothing) of periodic or quasi- 
periodic functions being a part of the analytic structure of the equations was most 
often used. Later, and particularly nowadays, averaging methods in combination 
with asymptotic representations (in the sense of Poincaré) were used as the basic 
constructive means of solving intricate problems of analytical dynamics, formalized 
in the language of differential equations. This became possible thanks to the work 
of N.N. Bogolyuboy in the 1930s, where the problem of nonlinear problem solving 
was formulated as a problem of transformation of the initial differential equations 
into new simplified, so-called comparison equations. Since the choice of comparison 
equations is arbitrary, one can make an optimal choice (e.g. from the standpoint 
of their solvability, or the proximity of solutions of comparison equations to those 
of the initial system, or the efficiency of numerical methods applied to them) that 
determines the corresponding transformation of phase variables. It is easy to show 
that if the differential equations are written in a normal form in the Cauchy sense, 
then the functions that perform the change of variables satisfy some system of 
quasi-linear systems in first-order partial derivatives. 

From the aspect of geometric interpretation, the transformation of initial equa- 
tions into comparison equations can be interpreted as the choice of a phase space 
most optimal for the given problem, of its metrics and norm. The transformation 
of equations means the search for the geometry that gives the simplest description 
to the considered problem. But the simplest description of a problem does not 
mean that the method of solution has been found. Therefore, as a rule, it is only 
a reasonable combination of iteration procedures with a successful choice of the 
initial approximation and with the use of fast algorithms and compact programs 
that can guarantee the efficiency of the construction of an approximate solution 
with prescribed accuracy. 

So the search for the optimal geometry for each specific problem of analytical 
dynamics is connected with the finding of some substitution of variables that binds 
the old phase variables in which the initial description of the problem is made, with 
new phase variables in which the problem is described by a method that is sim- 
plest (or, rather, most convenient for the researcher). If we succeed in solving the 
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equations determining the substitution of variables, we obtain convenient relations 
binding the initial phase space with the new one. 

An excellent illustration of this is the well-known three-body problem of ana- 
lytical dynamics. Here the famous problem of small denominators occurred for the 
first time, which is in essence the most attractive mathematical object for research 
in the field of resonance analytic dynamics. 

Small denominators were first discovered in 1784 by Laplace when he studied 
the motion of Jupiter and Saturn around the Sun. It turned out that small de- 
nominators (below we will give their detailed description) led to very important 
peculiarities in the motion of these planets, which could not be explained by the 
outstanding mathematicians of the past (Eiler, Lagrange, Lambert and others). 

The point is that the motions of planets and satellites (or, rather, their co- 
ordinates and velocities) have a very complex nature and can be mathematically 
represented in the form of multiple Fourier series, i.e. in the form of a combination 
of a lot (most often an infinite set) of periodic motions with different periods or, 
which is the same, with different frequencies. Usually it is possible to choose basic 
or master frequencies that are large quantities compared with the other frequen- 
cies. For example, in the two-planet problem (Sun—planet—planet) it is possible to 
choose two basic frequencies corresponding to the average periods of the planets, 
revolution around the Sun, being the average angular velocities of their motion 
along heliocentric orbits. Astronomers call these basic frequencies the average mo- 
tions. Strictly speaking, average motions of planets or satellites are not constant, 
but as observations show, they change very slowly, i.e. they are slow functions of 
time. 

If in the two-planet problem the basic frequencies are closely commensurable, 
it is then that we come across the problem of small denominators. Mathematically 
the effect of small denominators shows in the fact that in the solutions of the 
equations of planetary motion, represented by Fourier series, periodic terms appear 
with coefficients whose denominators are close to zero, or in other words, periodic 
harmonics with large amplitudes appear. 

If there is an exact rational commensurability of the basic frequencies, linear 
functions of time may also appear in the solutions (instead of periodic functions 
with very large amplitudes). In planetary motion, effects occur that in physics are 
called resonance effects, like the resonant oscillations of two pendulums with their 
points of suspension located on a common horizontal rod. 

In the case of frequency resonances, elements of planetary orbits and their an- 
gular velocities undergo great changes which in comparatively short time intervals 
are difficult to distinguish from secular, i.e. linear functions of time. For example, 
in the case of Jupiter and Saturn their average motion changes so that over 100 
years they are almost identical to secular motion. It was this circumstance that 
prompted Lagrange to make an attempt, however abortive, to construct a theory 
of the motion of Jupiter and Saturn with the average motions in the form of linear 
functions of time. 

Now we will describe the results obtained by Laplace in more detail. According 
to the observations made by astronomers in the second half of the 18th century, 
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the average motion of Saturn (heliocentric angular velocity of Saturn per day) is 
ni) = 120".454645, and of Jupiter is п) = 299”.128361. It is easy to calculate 


that no?) : n = 2.483326 = 5 : 2, i.e. the average motions of those planets are 
rationally almost commensurable. 
From this relation it follows that 


21) — 5n( = —4".016503 = —0.0000194725 rad. 


The corresponding differential equations for the longitude of Saturn (quan- 
tity 1,) and Jupiter (quantity l2) taking account of mutual attractions has the 


form 
dl = 
oe — os Ak, ko cos(kiy1 + kaye), 
ky ,ko=— М 
dl aE 
= = У` Bry ko COS(kiy1 + key), 
ky ,ko=— № 


where yi, y2 are functions depending in a complicated way (however, almost lin- 
earily) on time ¢ and on the longitudes [1 , [5 themselves. The analytic structure of 
the coefficients Ax, к, Br, no is also very complicated, but in approximate theories 
they can be considered as constants. If we write a rigorous closed system of differ- 
ential equations of planetary dynamics, it will take the form of a multifrequency 
rotary system with slow and fast variables, and consequently Ap, 42, Br, к. ave 
represented by power series with respect to slow variables that are here the ratios 
of the major semiaxes of the planets’ orbits. Besides, it is known that Az, .4., Br, ,ko 
diminish quickly enough with increase of |k,|,|k2|, and it is also important to note 
that the coefficients Ах, к, are proportional to the mass of Jupiter, and By, к. to 
the mass of Saturn. This means that the coefficients Ак, к, are approximately 3 
to 5 times larger than Bz, к.. Hence it should be expected that the effect of the 
change of [1 is greater with time than that of the change of lz. 

In the known theories of planetary motion (both modern and previous ones) 
it is shown that within a time interval several decades long (i.e. during several 
revolutions of Jupiter and Saturn around the Sun) 


yi (t) 
yo(t) 
(0) 


where пт nw) almost exactly coincide with the values of average motions ob- 
tained directly from observations over centuries. If we assume that Ap, 2,, Вы» 
are constants, and yi(t), у2(Р) are expressed by formulae (*), then as a result of 


re 


noe + Y1,0) 


(*) 
nyt + Y2,0; 


re 
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integration of the equations for the longitude we obtain 


м Ag, ey (ат + КЕ + di] 
1(® = Aoot + У` ——————————————— 


ky ,ko=—Ni kin + kan 


Ne Bry ke sin[(kin\” + kon Jt + 4] 
Ig(t) = Bo,ot + ss —_ ao 


ky ko=— № kon + кп 


d,, dz are constants. 

Before Laplace, in the construction of theories of planetary motion around the 
Sun astronomers confined themselves to terms with the smallest summation indices 
ky, ko = 1,2 (certainly without a rigorous mathematical justification of such a 
truncation of the series), implicitly supposing that all the remaining summands are 
negligibly small (note that this is the situation that occurs in the case of theories 
of motion of other big planets). However Laplace found that the harmonic 


A_52 sin [(2ns” naa bn )t + dy | 
an) _ бт) 


2 


contrary to former ideas, has a very large amplitude due to the smallness of the 
denominator an” —5n0 which is, e.g., two orders of magnitude (300 times) smaller 
than the denominator an + bn . If n) and no had not been rationally almost 
commensurable, then the written harmonic would have had a small amplitude, and 
it could be ignored in the theory, like Laplace’s forerunners had done. So Laplace 
found that the resonance n : no? = 2:5 results in the appearance of a harmonic 
with a large amplitude, and when this harmonic was taken into account in the 
theory of the motion of Saturn and Jupiter it brought the theory and observations 
into a comparative concord. 

Thus, Laplace found that the average angular velocities of Saturn and Jupiter 
contain long-period perturbations with the period of 833 years and with very large 
amplitudes. If they are not accounted for, the discrepancies in the longitude be- 
tween the theory and the observations of Saturn may reach 50”, and —20” and more 
for Jupiter. It was such deviations of the theory from observations that stumped 
researchers, because from the point of view of observational astronomy, these are 
prohibitive amounts. 

Historically the small-denominator problem emerged during the study of the 
motion in the Sun—Jupiter—Saturn problem, though astronomers now relate it to 
the problem with “not very sharp” resonance. Imagine for a moment that the 
average motions of Saturn and Jupiter are equal to nr) = 119” 843122, n? = 
299".10779541, respectively. Then 2) — 5n{ = —0''.00000019, and then the 
above harmonic would have an amplitude 100 times larger. In this hypothetical case 
the long period would be equal to 83300 years, and the discrepancies in longitudes 
(because the term А_52 sin[(2nf” — 5n\°))t +d] was not taken into account in 
the theory) would reach inconceivable values, around 83° and 23°. 
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Laplace’s investigations into the theory of the motion of Saturn and Jupiter 
should be regarded as an outstanding achievement of mathematics and celestial me- 
chanics, they are powerful analytical tools. They had put a number of fundamental 
problems before mathematicians and astronomers; the solving of these problems 
has enriched not only classical mathematics, but also modern mathematics. 

After the discovery of the small-denominator effect by Laplace, and particularly 
in the 19th century, the two lines of research began to show, clearly expressed but 
tightly connected with each other. 

The first line of investigation can be called astronomical. It lies in the develop- 
ment of methods and direct construction of approximate solutions of those problems 
of celestial mechanics where there is a resonance of frequencies (the commensura- 
bility of average motions in the first place) of celestial bodies’ orbital motion. 
Required of those solutions was a sufficiently precise description of real motions, 
generally within a limited but large enough time interval. In mathematical terms 
it is a question of the construction of asymptotic solutions of differential equations 
of planetary dynamics in an asymptotically large time interval (of order O(u~')). 
Astronomers, one might say, have successfully solved this problem of perturbation 
theory for not very sharp resonances by means of the classical series which we 
understand to be analytical expressions for the required variables that contain sec- 
ular, trigonometric and mixed perturbations, i.e. those of the form Bsinat, but 
as a rule also the secular and mixed functions 


At® (k>0), Ct*sinat (k>0). 


Classical perturbation theory for the description of large planets’ orbital mo- 
tion around the Sun was mainly developed by Euler, Clairaut, Lagrange, Laplace, 
Gauss, Le Verrier, and Newcomb. 

Another line of investigation in the small-denominator problem is mathematical 
or theoretical; it lies in qualitative analysis of the solutions of differential equations 
of celestial bodies’ motion, and in the construction of such series that are conver- 
gent either in an asymptotically large time interval or in an infinite time interval. 
From the analytical expressions for perturbations constructed by means of classi- 
cal theory, it follows clearly enough that classical series are usable in a finite time 
interval outside of which they do not correspond to real planetary motion due to 
the presence of secular and mixed perturbations in the series. Therefore it seems 
natural to search for such mathematical methods that would allow us to obtain 
analytic expressions (above all, for the slow positional variables x) that do not 
contain terms proportional to t* (k > 0). 

Laplace was the first to pay attention to the drawbacks of classical series and 
set the objective of finding solutions of planetary motion equations in the form of 
trigonometric series (if the inevitable secular term of the form wt always present in 
expressions for planetary longitudes is not accounted for). 

In the 19th century a number of remarkable investigations were accomplished 
(Delonet, Newcomb, Lindstedt, Gylden), making it possible to represent the so- 
lutions of planetary problems as formal trigonometric series. The bright mathe- 
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matical idea of Poincaré on the applicability of asymptotic representation theory 
(proposed and developed by himself) to the problems of Hamiltonian dynamics al- 
lowed the author to describe in his famous work New methods of celestial mechanics 
from a unified standpoint the methods of the study of analytical dynamics prob- 
lems that might seem different in essence and form. Thanks to the mathematical 
genius of Poincaré, not only resonance analytical dynamics reached an unsurpassed 
level, but in fact a scientific action program was formulated for the analytics of the 
20th century. 

One of the interesting new directions is the KAM (Kolmogorov—Arnold—Moser) 
theory allowing us to construct exact (in the sense of convergence) solutions of the 
Hamiltonian dynamics regular with respect to a small parameter, in spite of the 
negative impact of the small denominators on the conditions of convergence of 
an infinite chain of canonical transformations giving exact solutions in the limit. 
KAM theory made it possible to solve in an exact wording the problem of stability 
of a hypothetical planetary system (or rather its configuration), which should be 
recognized as a remarkable achievement of modern mathematics. Unfortunately, 
these results are so far inapplicable to our solar system because its dynamical 
parameters (planetary masses, above all) do not satisfy the estimations of KAM 
theory. 

However it would be incorrect to contend that asymptotic methods in resonance 
analytical dynamics are in a state of completeness. This is especially noticeable in 
the construction of solutions of differential equations of analytical dynamics, i.e. 
in constructive equation theory. A modern researcher dreams of such a computer 
realization of the asymptotic or qualitative theory of differential equations that 
would allow us to use analytical operations and graphical tools fully. However 
it turns out that these issues are closely associated with the so-called problem of 
asymptotic theory bifurcation in the neighborhood of low-order frequency reso- 
nances, and with the problem of recalculation of the initial conditions at each step 
of the iterations. In other words, in resonance analytical dynamics it is possible to 
formulate some problems that seem to us most urgent: 

Problem 1. Let a multifrequency system of differential equations be specified on 
a torus, as well as the corresponding initial conditions. Is it possible to construct 
a variant of asymptotic theory such that at each step of the transformation the 
iterations are minimized by changing the initial conditions? The answer is yes. 
Moreover, there exists an analytic algorithm allowing us to express the new initial 
conditions through the old ones, and vice versa. 

This algorithm is easily implemented on computer. 

Problem 2. In the construction of asymptotic theory by means of successive 
changes of variables it is inexpedient to specify beforehand the analytic structure 
of the equations at each step, but this should be determined from some conditions 
of each iteration norm minimization. We have developed an algorithm of obtaining 
such minimization conditions for typical problems of resonance analytical dynamics. 

Algorithms to solve the above-mentioned problems have called forth the ap- 
pearance of the concept of the bifurcation of forms of the analytical theory of 
perturbations of differential equations with a small parameter. 
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Problem 3. The development of constructive numerical-analytic methods of 
the construction of periodic and quasi-periodic solutions to problems of resonance 
analytical dynamics that use converging analytic algorithms and are implemented 
on computer, using symbolic programming packages. 

These problems are actually the subject of this monograph. We are investigat- 
ing the properties of the solutions of multifrequency regular systems of differential 
equations of analytical dynamics on the assumption of the presence of frequency 
resonances in the evolution process (with the change of $). Used for this purpose 
are the averaging principle, asymptotic representation in the sense of Poincaré, and 
converging iteration procedures of Lyapunov—Poincaré. A constructive asymptotic 
theory allows us to obtain in an explicit analytic form iterations of any order with 
respect to the small parameter, taking into account the above-mentioned minimiza- 
tion considerations. 

In this monograph a number of nonlinear oscillations concerned with applica- 
tions are considered. 
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1 Preliminaries 


1.0 Introduction 


In this chapter the basic theorems of mathematical analysis are given that are 
necessary for the statement of the contents of the later chapters, as well as the 
main symbols, properties of series asymptotic in the sense of Poincaré’s definition, 
and the main points of the classical Lyapunov—Poincaré technique for differential 
equations with small parameter. It seems important to give a full statement of 
the famous Poincaré theorem on the existence of asymptotic solutions of ordinary 
differential equations, since in the first place it is seldom found in modern mathe- 
matics books and in the second it needs some essential comments when studying 
multifrequency systems of ordinary differential equations. The matter mainly con- 
cerns the value of the time interval within which it is possible to use asymptotic 
approximations of exact solutions of differential equations, and also the theoretical 
and practical errors accompanying those approximations. 

In the study of the so-called generalized equation of asymptotic perturbation 
theory (or Krylov-Bogolyubov generalized equation) the method of characteristics 
for first-order partial differential equations has proved to be very effective because 
it allows us to find exact solutions of equations of any approximation, and there- 
fore at each step of the iterations we do not introduce an error into the asymptotic 
approximation of the solution. This assertion is correct at least for rotary multi- 
frequency systems of differential equations with slow and fast variables. In other 
words, one can say that the matter concerns systems of differential equations set 
on many-dimensional tori, with their right-hand members expressed by Fourier 
divisible series, and their frequencies depending on slow state variables only. It 
is to such systems that the “resonance conditions” are peculiar, or the equivalent 


1 
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“problem of small denominators” that are the main obstacle during construction 
of their exact solutions by iteration methods. 
These are differential equations of the form 


dx 

dt = их (x,y, м), 

a (1.0.1) 
dt == и (=) oe BY (x,y, м), 


where x, X are m-dimensional vectors, y, Y, w n-dimensional vectors of Euclidean 
space, and д is a small positive parameter. We will also assume that the right- 
hand members of system (1.0.1) are differentiable a sufficient number of times 
with respect to х and у in some (т + n)-dimensional domain Спи, 27-periodic 
with respect to у and regular with respect to м at the point п = 0. The vector 
w(x) = (w(x), .-., Wn(x)) is called the basic frequencies vector. 

The mathematical theory of such systems, due to the high variety of the prop- 
erties of solutions determined by the nonlinearity of the vector-functions X (т, у, и), 
У (a, у, и), and due to the possible occurrence (in the process of the dynamical evo- 
lution of the system) of so-called small denominators, is not complete, though 
it is essentially advanced. Since Laplace’s time the effect of small denomina- 
tors has been understood as the appearance in formulae for the approximate 
solution 2(+, и), g(t, 4), of a small-denominators system — the scalar product 
(К, w(a(t, w))), where k is an integral index vector, and a(t, р) is the x-projection 
of the system solution. The smallness of the function (k, w) means that for some 


vectors К = (k1,...,kn) and some points of the space of solutions, the frequen- 
cies ил (a(t, р)),... ,Wn(a(t, w)) are rationally commensurable or almost commen- 
surable, i.e. 


(k, w(x (65, и))) = 0, ВЕ [0, T]. 


Obviously for the existence of resonances it is necessary that n should not be 
less than 2. Why then do small denominators appear? 

Let us revert to the system of differential equations (1.0.1) and construct the 
classical first approximation by the formula 


t 
= +n [ Хеьльн) ат 


0 
х 
= 29 + pat tp У В р орел}, 
i(k, wo) 
es 
where 
ПА = |AiJ+---+|kn|, К, =0,41,+2,..., s=1,...,n. 


If the initial point (50, yo) is such that there occurs an exact resonance at the 
initial time (k, wo) = 0, then a 4 0, and the function x(t, и), besides having 
periodic summands, also contains the secular term pat proportional to t. If at the 
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initial time (К, wo) ~ 0 (i.e. there is an almost exact resonance) for all vectors k 
from some subset of integers [;e,, then for exactly those vectors the amplitudes 
of periodic functions on «“) may become arbitrarily large, and for all other sum- 
mation vectors К periodic functions will have small amplitudes, since for them the 
values of (К, wo) are not small. Actually the situation is even more complicated, 
because amplitudes in the trigonometric functions exp{i(k, wo)t} depend not only 
on the values of (К, wo), but also on the values of the Fourier coefficients Ху» (то, 4) 
that, generally speaking, decrease with the growing norm || ||; therefore finally the 
amplitude X,/(k, wo) depends both on Хх» (50, р) and on (К, wo). Such a compli- 
cated process of an increase or decrease of the amplitudes of harmonic functions as 
early as in the first approximation makes it difficult to study the behavior of the 
solutions x(t, р), y(t, и), not to mention higher-order approximations. 

Finally, we include in Chapter 1 the iteration variant of the part of the theory 
of ordinary differential equations, known as the Poincaré—Lyapunov method. The 
proposed iterations can be easily algorithmized, and this is illustrated by some 
examples in Chapter 4. Note that most of the problems shown in this chapter are 
also described by multifunctional systems of differential equations with functions 
periodic with respect to fast phase variables y, and frequencies depend on slow 
variables т. 


1.1 Main Symbols 


1. Let the real Euclidean space of dimension п be denoted by Ав, and the unitary 
complex space by Ки. Norms of vector spaces R, and К» that we are going to use 
are as follows: 


n 


» lel] = зар |enl, [в = У |. 
1<k<n k=l 


2. The spatial domains R, and К» will be denoted by Gy or Qy. The index 
shows the dimension of a domain or a space. 

3. The direct (Cartesian) product of two fields will be denoted by Gmin = 
Gm xX Gy or Gmin = {(@,y): 2 © Gn,y € Gn}. 

4. р everywhere denotes a small nonnegative parameter. 

5. The symbol + denotes the one-sided transformation (substitution), and the 
symbol < denotes two-sided (direct and inverse) substitution, e.g. х > $, z > Z. 

6. The norm of the n-dimensional integer vector К = (Ё1,..., ky) is calculated 
by the formula 


Al] = |AiJ+---+|kn|, К, =0,41,+2,..., s=1,...,n. 
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The norm of the imaginary part of the n-dimensional complex vector 2 Е Gy С 
Ky, is calculated by the formula 


|| Im z|]| = | Im z,| +---+|Im zp]. 


7. (x,y) will denote as a rule the scalar product of two n-dimensional vectors, 
and therefore 


n 
(x,y) = У лье. 
k=1 


The same symbol will denote matrix products and those of matrix and vector. 


8. If the n-dimensional vector-function и = (u1,-.-.,Un) depends on the n- 
dimensional argument vector z = (21,-..,2n), then Ou/Oz is a Jacobian matrix 
of order пхп 

Ou Ou; 
—=|— tke Teac... 
Oz (54) 2 2 2 2 


9. The Fourier series of the 27-periodic function Z(z) of the n-dimensional 
argument z will be written in complex form: 


2(2) = У` Zrexp{ilk, =}, (1.1.1) 


[||| 20 


1 27 20 : 
Gee ol | Dey eee ay da dag (1.1.2) 


Assume that the function Z(z) satisfies the conditions of Dirichlet’s theorem 
on the expansibility of a periodic function into a Fourier series in some complex 
domain G,, such that 2 Е G, С Кр and ||Im z|| < р, where р is a real number. It 
will often be convenient to present the series (1.1.1) in the form 


Z(z) = Zn(z) + Rn Z(z), (1.1.3) 

2^(2) = \^ Zrexp{i(k,z)}, (1.1.4) 
0<1# | м 

RyZ(z)= SY) Zeexpfilk, 2)}. (1.1.5) 
I|k|>N+4 


The function Zy(z) is always a trigonometric polynomial, and Ry Z(z) can be 
both an infinite trigonometric sequence and a finite polynomial. 

10. Function averaging (smoothing) operators will be denoted by the symbol 
M with the subscript indicating those variables on which the averaging procedure 
is executed. 
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Let us introduce the following symbols denoting the averaging operators that 
are used most often: 


2 1 /Т 
MilZ(z, t,4)] = Ze, от rh Ре р) dt, (1.1.6) 
Mz[Z(z, и) = J . Z(z, и) dz ...dzn 
(1.1.7) 


Operator (1.1.7) is used if the function Z(z, и) is 27-periodic with respect to 
all components of the vector z in the range of definition, i.e. 


Z(z+ (20), р) = (2, р), 


where z+ (27) denotes the vector (24 +27, ..., 2n +27). 
In addition, the procedure of averaging over some of the arguments 21,... , 2s 
(s <n) is applied: 


M[Z(z, и)] = (ааа == 


›2п, И 
2a 2a 
(Qn)s of: т, (ла Яз, Аз-1, - .. п) 421 - - - 42 
т) (1.1.8) 


11. А vinculum above literal symbols will denote the averaged value of а 
function or a variable, or a solution of averaged (smoothed) equations. Z is an 
averaged value of Z; if z(t, р) is a solution of some equation, then Z(t, р) is the 
solution of the respective averaged equation. 


1.2 Asymptotic Series and their Properties 


Consider an infinite power series of the form 


Sout ze(t, и), (1.2.1) 


with each term defined in Gp = {(t, р): $Е [0,Т], мЕ [0, м* |}. 
Denote its partial sum by 
n 
Sn(t, и) = Утик (Ь р). (1.2.2) 
k=0 
If there exists a function S(t, р) in G2 such that for any п > 0 there is a limit 
relationship 


ting, A) Sole) — 0, (1.2.3) 


poo pr 


then we will say that series (1.2.1) is an asymptotic representation of the function 
S(t, и) in Gz (see Poincaré [2]). This is Poincaré’s definition, and it has proved to 
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be very efficient in nonlinear equation theory. Poincaré also proposed to use the 
following symbol of identical equality for the determination of (1.2.3): 
oo 
S(t, и) = So p* z(t, р). (1.2.4) 
k=0 
He called these relations asymptotic equalities. We will mostly call (1.2.1) an 
asymptotic series. 

Of course, every convergent power series is also an asymptotic series, but the 
inverse proposition is obviously incorrect. From this definition follows a very im- 
portant equality: 

n 
S(t, и) = Dow en(t, и) + o(u”). (1.2.5) 
k=0 


Two asymptotic series can be added and multiplied, i.e. if 


=H 2 (4, (1.2.6) 
= Sorts 2) (+ (1.2.7) 
then 
S(t, и) = S1(t, и) + 5>( и) => ль( р), (1.2.8) 
Пен = 5.61) 5% и) =o Пе» (1.2.9) 
where 
anit; js) = “et и) +=), (1.2.10) 
ев = У) Ee (1.2.11) 
k s=0 


If each term of the asymptotic series (1.2.1) is integrable with respect to $ 
within [t1,t2] С [0,7], then the following asymptotic equality is true: 


12 


S(t, р) dt = ya |. 2к(Ь, р) dt, (1.2.12) 
th 
i.e. asymptotic series can be integrated term by term, giving an asymptotic series 
as a result. 
Inverse operations on asymptotic series (division and termwise differentiation) 
are also possible, but under some additional conditions. 
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If 2) (и) £0 in Go, then 


ae и) k 
dx ($, 1.2.13 


where the coefficients ак ($, р) are defined in series from an infinite system of alge- 


braic equations: 
2 1 
doz = = ) ; 


dy 2 = ZW) _ doz”, 


422 = Zh) _ dozs” = Ge (1.2.14) 
dz? = ZW) doz” — dy2, ee ак_120), 


It has been shown by Poincaré [1] that generally speaking it is impossible to 
differentiate the asymptotic series (1.2.4) term by term, even if each term of (1.2.1) 
is a differentiable function. In other words, the series 


 , dzx(t, 
So pk u(t, п) 


and the function d.$/dt can be such that 


we . att) yo pul йе a (1.2.15) 


At the same time Poincaré [1] showed that asymptotic series could be used for 
the construction of solutions of differential equations in the following sense. Let 
the function z(t, р), differentiable with respect to t, be the solution of the equation 


dz 
—=ZZ(z,t 1.2.16 
= = Z(H) (1.2.16) 
and let the series 
D(t,m) = У ош zn(t, р) (1.2.17) 
k=0 


formally satisfy equation (1.2.16) (whether it converges or diverges). Now write 
the asymptotic equality 


We can assert that 


enka (1.2.19) 
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Now formulate an asymptotic equality for a composite function. Let the func- 
tion F(z) be analytic (see Schwartz [1]) in some neighborhood of the point z = 0. 
Let there also exist the asymptotic equality 


a(t, uw) = Узы (Ь р). (1.2.20) 
k=0 


Then the following asymptotic equality is true: 


F(o(t,u)) =F (>: Hotta) | (1.2.21) 
k=0 


The above properties and relations for asymptotic representations can be eas- 
ily generalized for the case of multivariable functions when the argument z = 
(21,---,2n) has dimension п. 


1.3 Poincaré’s Theorem on Asymptotic Approximations of Solutions 
of Differential Equations 


The basis for the applicability of asymptotic series in the theory of ordinary differ- 
ential equations is the remarkable theorem proved by Poincaré in his famous work 
New methods of celestial mechanics. The theorem is stated below, together with 
a sufficiently detailed proof. It will henceforth allow us to explicitly write many 
estimations necessary in specific cases. 


Theorem 1.3.1 Let there be given the equation 


dz 
—=Z 1.3.1 
a (z, t, м) (1.3.1) 
and the initial condition 
2(0, и) = 20. (1.3.2) 


In addition, let: 


(1) the vector-function Z(z,t, р) be defined, continuous and bounded in the 
(n + 2)-dimensional domain ат = Gny1 x [0,T], analytic with respect 
to 2, р in the domain Си = 2E Gn, ИЕ [0, "|; 


(2) the terms of the series (1.2.17) be analytic with respect to иЕ [0, u*] and 
satisfy the conditions 


zx (0, и) = 0, Е =0;1.2;... (1.3.3) 


Then for any Е > 0 there exists ро Е [0, u*] such that for all ps € [0, шо] and 
те [0, То < T] the following estimation is true 


Il2(t, #) — Sp(t, WII < =, (1.3.4) 
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where z(t, и) is the exact solution of equation (1.3.1) with initial condition (1.3.2), 


Sp(t, и) = D> pk ze(t, р). (1.3.5) 
k=0 


Proof Condition (1) ensures the existence and uniqueness of the solution of 
equation (1.3.1) within the interval [0, Т* < T]. In equation (1.3.1) perform the 
substitution of variables 


a(t, w) = (и) + pP* u(t, д. (1.3.6) 
where u(t, р) is a new vector-function. Clearly this satisfies the differential equa- 
tion 

du 45 
1 =Z Ти, ви) — —*. Lot 
pee 2 (Sp + WP, tH) — (1.3.7) 
Define the vector-function S(t, р) from the equation 
dS, 5 
a = Z(Sp(t, и)), (1.3.8) 
which is obtained from the initial equation if the terms proportional to p?t, 
pPt?,... are truncated from its right-hand member. 


Taking into account the generalized Cauchy theorem (see Poincaré [2]) on solv- 
ing differential equations with an analytic right-hand member in the form of power 
series, for each component иР+ и, of the vector p?ttu the following inequality 
can be written: 


M 
a 


dt a : 
1—ap 1+ РУ ous 


8=1 


(1.3.9) 


where а, М are some positive numbers. The symbol < means termwise majoriza- 
tion. For и = 0 it can be written that 2 = S,. On the other hand, series (1.2.17) 
formally satisfies equation (1.3.1), and so the vector difference Z(Sp+p?t1u, t, u)— 
dS, /dt is divisible by ИР". This implies that instead of the majorizing inequality 
(1.3.9) it is possible to write a “more detailed” inequality 


n 
Миа G + >] 
dS», k ~ ЕВ 


dt us | 
1-ай 1+ pS м, 


8=1 


77 (1.3.10) 


Introducing the notation 


Ma(a? + f) аб к ” 
РЕ РН, |= 8 
1 — ар (1 + p? f) : ь ь dt f уз 
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it becomes obvious that В, < Е (К = 1,...,n), and the differential equation 
(1.3.7) takes the form 


d 
= = В, R= (В,..., В»). (1.3.11) 
Simultaneously with the vector equation (1.3.7) consider the scalar differential 
equation 
df Maa? + f) 
AG oe eee 1.3.12 
dt (Ри) 1 -ар(1 + а? 
with its general solution expressed by the formula 
р 1—ар-аР? +1 иР+1 
(+f Lame, (1.3.13) 


eauPt f 
If it is assumed that f(0, 4) = 0, then the partial solution of equation (1.3.12) 
satisfying this initial condition will be nonnegative for sufficiently small denomina- 
tors р, and it is defined by the equality 
= 1—ар-а? +1 иР+1 
[@ Р(аР + f)] вм 
О ем == е . (1.3.14) 
Study the behavior of the function f(t, и). From (1.3.14) determine the inverse 
function t = Кр): 


aMt = (1 - ар + а?" ptt) In(a? + f) - РА — ap t+ a? * Pt) Ina — ар?" f. 
(1.3.15) 
Since we are interested in the behavior of the solutions of system (1.3.11) with 
t > 0, first find the interval within which the function $ = Кри) is monotone 
decreasing, i.e. the interval within which the derivative ty > 0. It is easy to 
calculate that if 0 < f < f, where 
1- 1—ap 


f= Е (1.3.16) 
then 0<t<t, 
Ф-Т, Р-+1 
a) l—apta?ttpPr ЕЕ 
= In о +1 PHT — (И - ap) 
(1.3.17) 
The intervals [0, f], [0,#] are respectively the intervals of monotone increase of 


the functions t= (Ар), f = f(t, p). 

For each specific value of д the intervals [0, f], [0,¢] are bounded, and conse- 
quently the norm of the vector-function u(t, и) is also bounded above. Moreover, 
the maximum interval [0,¢] and the norm estimation 


llz(t,4) — 5», и)| <na(—ay), t€[0,f], 0< pw <inffa, 7}. 
(1.3.18) 
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are known for each value of р. 

From the expression (1.3.17) and inequality (1.3.18) it is clear that the smaller 
is р, the bigger is t, and the value of na(1 — ay) tends to the finite value na. 
From this it follows that Юг t € [0,¢], the norm ||z— S,|| for any small values р, 
generally speaking, may not be arbitrarily small, and therefore we should consider 
another, smaller interval of the variable t. From (1.3.16) and (1.3.17) it follows that 
Ир > 0, then f > oo, t + oo. Intervals of monotone increase of the functions 
= Кр), f = Хр) become infinite, and consequently the function f(t, u) аз 
и — 0 becomes arbitrarily large, though p?*! f(t, 4) + a <a. For sufficiently 
small ~ we have 


t=Onp?™). (1.3.19) 


In other words, considering such an interval of time, with п — O one cannot 
construct а majorant f(t, р) by Poincaré’s method, which could be effectively used 
in obtaining e-estimation of the norm ||z — S,||. Moreover, it can be shown that 
for an arbitrary interval [0, t()] С [0,#] such that Кр) — со with p - 0, the 
majorant f(t, 4) also increases indefinitely. This implies that in order to build a 
good bounded majorant it is necessary to consider a limited interval of time [0,Т] 
on condition that 


T(u) + Ao < 00 as > 0, (1.3.20) 


where Apo is а finite positive number. With ¢ € [0, Т*] and sufficiently small р the 
majorant is bounded, and with и — 0 it tends to the finite bound 


Бор) =a? (6?! 1) <a? (eo = 1). (1.3.21) 
pO 


The differential equation (1.3.12) is a majorizing one for each of the equations of 
system (1.3.11) with the initial conditions u,(0, 4) =... = un(0, uw) = 1 (0, и) = 0. 
This implies that for every k =1,...,n the following relations are true: 


ux(t, 1) < (в), k= 1, v2 5n, CE [0, To], To = inf {T, Т*}. 
(1.3.22) 


From the boundedness of the functions ик(Ь и) by ЕЕ [0,7] follows the 
boundedness of the norm 


|1“(#, 42) || < па? (М — 1). 
Now let an arbitrary = > 0 be set. Choose (=) from the condition 
ph na? (е°МЪ —1) ==. (1.3.23) 
Then for every ys € [0, wo(e)] and ЕЕ [0, То] we obtain 
we uct, w)|| < в, 


and hence estimation (1.3.4) is true. The theorem is proved. 
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1.4 Geometric Interpretation of Solutions of Oscillating Systems 


The behavior of solutions of multifrequency systems depends not only on whether 
frequency resonances appear or not, but also on the nature of the norm of the 
integral vector К for which the resonance relation Ё1 : kg = wa : ол holds true 
in the case of a dual-frequency system. If there are more than two frequencies, 
then the following equality is called by definition the resonance relationship for 
frequencies ил,... ,Wp? 


(k,w) = 0, (1.4.1) 


where К = (ki,..., kn) is an n-dimensional integer vector. 

Equality (1.4.1) expresses the exact resonance equality, ог 0-resonance. But 
also in real situations, more probable are the cases when instead of (1.4.1) the 
following approximate equality is true 


(k*,w) =a, k* =(kt,...,k%), (1.4.2) 


where |a| is some sufficiently small quantity. If a in this problem is considered а 
small quantity, then the (k*,w) will be called the a-resonance. 
The integer 


RT = Solas (1.4.3) 
8=1 


is called the order of the a-resonance. 

Let there exist a-resonances with different integer vectors k“) and k@). The 
a-resonance (Е, ил) is called а lower-order resonance compared with the a-reso- 
nance (Е), вл), if ПЕСО < |||. And conversely, a resonance (№), и?) is called 
a higher-order resonance compared with (k),w). If || = ||k(?)||, then both 
a-resonances are of the same order. 

There always exists a resonance of least order, with its integer vector k* defined 
from the condition 


ЖИ: (8) 
[A А (1.4.4) 


The interval [—a,a] will be called the a-resonance zone. 

In the asymptotic theory of differential equations with periodic functions the 
lowest (with small |||) small (with very small a) a-resonances are of great impor- 
tance, because the growth of amplitudes of individual harmonics depends both on 
the а value and on the norm of the vector || ||. We give two examples to explain 
this thesis. 


Example 1.4.1 In an n-dimensional domain of С'„ Euclidean space let there be 
given a р times differentiable function f(y) depending on n arguments y1,.-.. ,Yn- 
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In addition, let it be 27-periodic in у. Then it can be presented by an n-fold Fourier 


series 
У ле (1.4.5) 
ИА >0 
with bounded coefficients 
fel S Sep (1.4.6) 
OP f 


where У, is an overall variation in the parallelepiped of periods. Now 


assume that 


y = wt, (1.4.7) 

where w = (uw ,.-.,Wn) is a numeric vector. 
After replacement of the argument y by the function wt in Fourier series (1.4.5) 
we get either a periodic function $ (if the frequencies ил,... ‚аж are rationally com- 


mensurable, then there is exact resonance with some integer vectors k), k@),...), 
or a conditionally periodic function (in the case of rational incommensurability of 
the frequencies). Integrating with respect to t, we get 


[ten dr = ++ У` 


| >1 


и fre yw )t 
i(k,w) › 
where the primes on the sum indicate that the summation is performed only with 


respect to those indices k for which (k,w) 4 0, i-e. the index vector К only takes 
on “nonresonance” values. It is easy to calculate that 


(1.4.8) 


a = fot A', (1.4.9) 
where fo is an absolute term of Fourier series (1.4.5), and A’ only appears when 
the frequencies w ,...,W, are in resonance. In other words, 
1 
=. ii (1.4.10) 
| >1 


and in this sum, the index vector К only takes on those “resonance” values for 
which (k,w) = 

Thus, the resonance terms in the Fourier series lead to the appearance of 
additional secular terms in the integral (1.4.8) in addition to the typical secular 
term fot which is always present (except when the average value of f(y) in the 
period equals zero). 

Equality (1.4.8) also shows that the amplitude of the harmonic exp{i(k, y)} 
equal to |fx|/|(k,w)| depends both on the value of the coefficient f;, and on that 
of the denominator (k,w). With the same value of (k,w) the higher amplitude 
will be that for which |f;| is higher, i.e. the greatest influence is exerted by the 
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initial Fourier coefficients, because the larger the norm ||k||, the smaller is f,. In 
particular this is clear from estimation (1.4.6). 

This implies that there can be very sharp resonances (k,w) = 0, but due to 
the large value of ||К|| their influence is imperceptible, because it is suppressed by 
the number }№. On the other hand, a not very sharp resonance with a relatively 
small value of ||k|| can provoke strong growth of amplitudes. We are dealing with 
quite a complicated mechanism of simultaneous growth of harmonic oscillation 
amplitudes due to the possible appearance of small denominators of the form (k, w) 
in representations of functions, and their damping with the increased number of 
the harmonic k. It is this mechanism that is always seen in the construction of the 
asymptotic theory of differential equations describing multifrequency oscillatory 
processes. 


Example 1.4.2 Let there be given a Hamiltonian system 


dx _ ОН 

я (1.4.11) 
ау OH 

dt da’ 


where 1 is an n-dimensional pulse vector, у an n-dimensional vector of generalized 
Lagrange coordinates, and the Hamiltonian has the form 


H (x,y, и) = Но(т, у) + иН1 (т, y, и). (1.4.12) 


Let the undisturbed Hamiltonian Ho(z,y) be calculated by the formula 


n 
2 2 
Ho (x,y) = ho + › WeER + A112] + 4121112 + A227 
k=1 


if п п 
ale Fe sila, tas --- ЕЕ (1.4.13) 


8=3 j=3 


where ho, шк, а;з are some positive numbers and the functions h,; do not depend 
оп 9/1 and ye. 
The undisturbed Hamiltonian system obviously has the form 


da” 
de” 
da) = 
dt 
da) OH 1 = Ohjs (0) (0) 
= — So = ту Ао, 


dt ay j=3 в=3 dy ra al 
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dy, _ ЭНо (0) (0) 
a = aa = ил + 201124 + 91215’, 
dys? _ дНо (0) (0) 
7 = aa) = wo + A221 ° + 2an2%5’, 
dy\°) OH 1х (0) 
k j=3 


It admits the partial solution 


2 


a) = Ri, a) = Ro, 2) = 


yo = (ил + 2a Ri + ar2Re)t + у®, (1.4.14) 
ys) = (2 + ai2Ry + 2a22Ro)t + У, 


yo = wet ty, k= 3). 20 51: 


From (1.4.14) it is clear that in the undisturbed motion all pulses are continuous, 


and the Lagrangian coordinates are the linear functions of time. 
Now consider the initial system (1.4.11) with disturbance of the Hamiltonian 


py = —pcos yi. 


The explicit form of a system with Hamiltonian Н = Ho — wcosy; is written as 


ge si 
Ве 
dt и 91, 
dxy 
eee 
dt , 
dx, 1 = г Ohjs 
Be Be ay 
sada (1.4.15) 
aya = Wy + 204121 + A12%2, 
dt 
d 
м = W2 + 1251 + 2a22%2, 
ук 1 i 
eet TL hanes, k = 3, ‚ п 
j=3 
To equations (1.4.15) add the initial conditions 
11(0 = Rj, 12(0) = Re, ть(0) = 5 
(0) (0) (0) oe 
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System (1.4.15) with initial conditions (1.4.16) can be exactly integrated, and its 
partial solution is expressed by the equalities 


_ Wy + 211.1 + ajo Re 


xi(t, и) =h, 2011 (1 > dn), 
we + а12 В: + 2а2 В 
о р о 


yi(t, и) = 2amy, 9>(, и) = 2amy, Ук(Ь и) = wet, k=3,... nN, 
1 (1.4.17) 
p(t) = 5 (1 + 2а11 В\ + а1282)+, 


1 
w(t) = 5 (w2 + ayoRi + 2422 В2)1. 


Formulae (1.4.17) include elliptical Jacobian functions (see Whittaker and Wat- 
son [1]) amy, аш, dny, dnw with their moduli equal to 


21/2a11p 2\/2а22и 


к = = gS ————— 
: ил + 2а11. В: + а1282’ 2 we + а12В1 + 2a22R2 


It is known that the functions duy and dnw are periodic, therefore 21 (t, р) 
and x(t, и) are periodic as well. As for the amplitude functions amy and amy, 
they are semi-linear functions of time. Indeed, if we use the trigonometric expansion 
(see Duboshin [1]) 


пФ 1 9” ‹. пир 
amy = — -—^ sin : 
ы 2К (K1) >. п1+4" — К(к1) 


where К\(кл) is a complete elliptic integral of the first kind, 


пк (/T—*) 


q = exp $ -——-————_ >», 
К (кл) 
then it is clear that with п — 0 the modulus of the elliptic integral к1 + 0, and 


under these conditions К(к) > 7/2 and K(\/1— к) > oo. So q+ 0. Thus 
with u— 0 
1 
am p  ф = 5 — (вл + 2a Ri + а1>85)%, 
2a11 
or 


amy = y + О(р). 


For simplicity assume that the Hamiltonian system describes the dynamics 
of a mechanical or physical system with two degrees of freedom. Then in the 
solution of (1.4.17) one should truncate the expressions for z(t, и) and yx(t, р) 
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(k = 3,...,n), and obtain 
Wy + 211.1 + а12В2 


(и) = В - Baa (1—dny), 
Ry + 2а22В 
Cnr a Een ee we + a 922 Н2 О (1.4.18) 


У1(Ь и) =2amy, 92 и) = 2amy. 
Compare this solution with the corresponding undisturbed solution obtained 
from (1.4.14) by rejecting the formulae for 20) and y (k = 3,...,n): 
w(t) = Fi, a(t) = Ra, 
yO (Е) = (м: + 2а11 В: +а12В>)Ь 
yo (Е) = (wo + а12 В; + 2ae2Re)t. 


The disturbed pulses 21(t,) and х2( и) change periodically around their 
undisturbed values Ry and Rj. The generalized coordinates у1 (и) and у2( р) 
with time may differ greatly from the undisturbed functions yO (Е) and yo (t), 
since up to п 


aes Zari 
ane t) = (м + 2a, В + а12 В) | — —W—J__,, 
ми) — yy (t) = (м им 124) | (wy + 2а11 В: + Я 
у2( и) — yo) (#) = (wo +а1>В; + 2a22Re2)t | = о | 
(we + а12В1 + 242282) 


and with t = 1/p these differences reach а finite value. But besides the secular 
motion, the difference y,(t, р) — yo (Г) also contains periodic functions of time. 
Therefore the behavior of the functions y,(t, р) — yo (t), despite their complexity, 
suggests that the disturbed coordinates y,(t, №) and у2( и) may go arbitrarily 
far from undisturbed quantities. 

The above analysis can be given a clear geometric interpretation (cf. Arnol’d [1], 
and Poincaré [2]). 

Represent a two-dimensional torus by circles of radii R; > 0 and Rey > 0 
(Fig. 1.4.1). In topological terms, a two-dimensional torus (or, more exactly, a 
toroidal surface ог a “hollow bagel”) is a direct product of two circles C, and C2 
with radii Ry and А2. The position of any point P on the surface of the torus is 
defined by two angular coordinates (longitude and latitude) of the point. We will 
interpret the variables yO (Г) and yo (Е) as the angular coordinates of the point 
P on the surface of the torus (or on the torus, for short). Then the initial values of 
the pulses А: and В> (if they are positive) define the dimensions of the torus, and 
the generalized Lagrangian coordinates yO (Е) and yo) (t) describe the trajectory 


of the point on the torus. The path defined by the two angular coordinates yO (t) 
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0 
ya ( C 
ЛЬ 
(b) (c) (d) 


Fic. 1.4.1. Two-dimensional torus (a); cross-section of the torus 
(b); horizontal (longitudinal) section of the torus (c); winding of a 
two-dimensional torus (d). 


and yo (Е) winds round the torus; depending on the arithmetic properties of the 
numbers WT = ил + 2a1,R1 + а1282 and W5 = wo + ayo В\ + 2а22В2 which can 
be considered as some new frequencies, the torus winding may be solid everywhere 
(if the frequencies wf and ws are rationally incommensurable, i.e. if there is no 
resonance) or will close after a certain number of convolutions by longitude and 
latitude (if the frequencies are rationally commensurable) (Fig. 1.4.1). 

Thus, depending on the arithmetic properties of a frequency vector with com- 
ponents wf and 5, the path on the torus can be represented by a periodic function 
(in the case of resonance) or a conditionally periodic function with two frequencies 
(in the case of no resonance). 

These geometric considerations are true if once the frequencies wf and w3 are 
calculated they henceforth remain constant, as for the undisturbed problem. If 
one considers the disturbed problem (1.4.15) with n = 2 and consequently tries 
to interpret the solution (1.4.18) geometrically, the periodic functions х1( и) and 
Zo(t, и) suggest, as it were, pulsation of the torus, and this situation arises when 
the periods of the functions x, and т2 are rationally commensurable. Then the 
pulsation is a periodic function, and therefore the initial torus will be repeated in 
certain time intervals. On the pulsating torus a point will move in accordance with 
formulae (1.4.18). It should also be noted that the functions 11 and 12 are slowly 
changing (with small values of и) time functions, therefore the torus pulsation goes 
on very slowly, and with и - 0, r1(t, р) > Ва, re(t,p) > Ro. 

In the case of n > 2 degrees of freedom, the paths of Hamiltonian systems can 
be interpreted in a similar way. It is possible to introduce an n-dimensional tore 
аз a direct product of п circumferences C,,C2,...,Cy with radii Вл, Ro,...,Rn, 
and on the surface of the n-dimensional torus n geographical coordinates у1,... , Yn 
can be introduced—in the undisturbed version (with и = 0) of the linear func- 
tions of time. If the frequencies wy,...,w* are rationally commensurable (i.e. 
(k*,w*) = 0), then on the surface of the n-dimensional torus the trajectory of 
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point P will close, and in this case we will obtain a periodic orbit, and if the fre- 
quencies are rationally incommensurable with all integer vectors k, we will obtain 
the everywhere solid winding of the n-dimensional torus. Similar considerations can 
also be developed for a disturbed Hamiltonian system with n degrees of freedom. 


1.5 On the Method of Characteristics for Quasi-Linear First-Order 
Partial Differential Equations: Method of Characteristics 


Since hereinafter we will repeatedly need the Krylov-Bogolyubovy equation, we will 
demonstrate the analytic aspects of the method of characteristics. 

The generalized n-dimensional vector equation of Krylov-Bogolyubov consi- 
dered as the basis of the asymptotic theory of equations using the averaging prin- 
ciple, has the form 


Set (FE 26.) = 2640 uw -2G40, 5.) 
where # is a scalar variable, Z, Z, Z, и are n-dimensional vectors, и is the sought 
vector-function, and 2 and t are its arguments. The exterior brackets in the left- 
hand member of equation (1.5.1) stand for the product of the Jacobian matrix of 
dimensions n x n and the n-dimensional vector Z. 

Such an equation is called a quasi-linear first-order partial differential equation. 
The structure of this equation includes the partial derivatives 0u/OzZ in the linear 
way, but its right-hand member can depend оп the function и itself in a nonlinear 
way. 

In conformity with the method of characteristics (see Stepanov [1]), construct 
a system of ordinary differential equations for characteristics, which can be sym- 
bolically written in the form 


dz du 
Zo 2-7 
This symbolic equality actually stands for the following system of differential equa- 
tions: 
dz z d d 
Ин: РЕ Se (1.5.2) 
Ly Zn 41-4, Zn — Zn 
where Z,,...,Z, are components of the vector Z; components of vectors Z — Z, 


2, и are denoted in a similar way. 
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The system (1.5.2) can be written in the so-called normal form 


dz, ony, of = 
ae. = A(z, ... ом 
dz = в 
a = Z,(Z1, : » Zn, t, И), 
Чи = = ae = 
“dt = Ala TUL; +++) п + Un; Ви) ый 21 (21, ео ‚2, И), (1.5.3) 
du _ - ae a 
ae = Zn(Z + U1, +--+) 2% +Un; р) =| VANCE 25 s Zn, t, pt). 
This has order 2n, and it is important to note that its subsystem consisting of 
the first п equations does not contain the functions и1,..., ип, therefore it can be 


integrated irrespective of the second subsystem. The validity of the applicability of 
the method of characteristics to quasi-linear first-order partial differential equations 
is based on the following remarkable assertion. 

Let the general integral of system (1.5.3) be known: 


УФ: (21,... Site Их. ,Un, t, И) = Су, 


Won(Z1,--- Ил, -.- Un, И) = Can. 


Then the arbitrary differential function V with its arguments being the functions 
Wy ,..., Wen is the solution of the quasi-linear first-order partial differential equa- 
tion (1.5.1). 

Certainly, finding the general integral of a system of ordinary differential equa- 
tions in normal form is not a simple task, but fortunately for multifrequency sys- 
tems of differential equations with slow and fast variables, with their right-hand 
members being multiple Fourier series, such a problem proves to be solvable. As 
will be shown later, it allows us to advance the asymptotic theory of systems of 
ordinary differential equations regular with respect to a small parameter arbitrar- 
ily far, i.e. it is possible to basically define asymptotic approximations with an 
arbitrarily large number in the form of explicit functions. 


1.6 Iterative Variant of the Poincaré—Lyapunov Small Parameter 


Method 


This method was found for the first time by Lichtenstein [1]. It was developed in 
more detail by Malkin [1] and applied to different problems of nonlinear oscillations. 
This section is based mainly on the monograph by Grebenikov and Ryabov [1]. Ite- 
ration algorithms are the basis for the numerical—analytic construction of periodic 
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and conditionally periodic solutions of nonlinear systems, which is the subject of 


Chapter 4. 
Let there be given a system of the form 
d 
= = Pitz + olf) + и2 (5, (1.6.1) 


where $ is a dimensionless time (or an angular variable), м a small (positive) pa- 
rameter, P(t) an (n x n)-matrix, y(t) and Z(z,t) n-dimensional vectors, P(t), 
p(t), Z(z,t) functions continuously differentiable with respect to their arguments 
and 27-periodic with respect to +. 

Let the system (1.6.1) for и = 0 have the 27-periodic solution z°(t). Assume 
z= 2°(t) +2 and obtain for x the system 


— = Pit)r t+ uZ(2°(t) + 2, 5, (1.6.2) 


where the function Z(z°(¢)+<, t) in its properties is similar to the function Z(z, t). 


1.6.1 Simple iterations 


a) The nonresonance (noncritical) case is characterized by the fact that the linear 
homogeneous system 
ат 
— = P(t)x 1.6.3 
= = PU (1.6.3) 
does not have 27-periodic solutions, except the zero solution. Then the 27-periodic 


solution of system (1.6.2) can be found by means of successive approximations 


r1(t, и), 22( и), r3(t, и), В (1.6.4) 
satisfying the equations 
d. 
<= Роль +228) + 24-1, 0), k=1,2,..., 2 =0. 
(1.6.5) 


Convergence of the sequence (1.6.4) to the 27-periodic solution x(t, и) of system 
(1.6.2) occurs at least if и does not exceed some limit. 


b) The resonance (critical) case is characterized by the fact that the homogeneous 
system (1.6.3) has nonzero 27-periodic solutions. Then the initial system (1.6.1) 
has a family of 27-periodic solutions 2z°(t,c), which depends on an arbitrary con- 
stant (or an arbitrary constant vector) c if the function y(t) satisfies a condition 
of the form 


[Hwewa =o, (1.6.6) 


where H(t) is some nonsingular 27-periodic matrix. Then the 27-periodic so- 
lution x(t, ) of system (1.6.2), where z°(t) should be replaced by 2°(t,c), аз 
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well as the constant (or the constant vector) c, are found by means of successive 
approximations 


x(t, pL), L2(t, и), Sra Со, сл (р), 62 (р), Зее (1.6.7) 


These approximations are determined by the following systems of differential 
and algebraic (transcendent) equations: 


ree ] H(t)Z(2"(t, eo), t) dt = 0, (1.6.8) 
a PCa HT Crea dL, (1.6.9) 
F(a) = ноев) Е № (1.6.10) 
а Ро + и (с) + в), 9, (1.6.11) 


etc. 

The simplest situation (first-order critical case) occurs when the system of 
algebraic equations (1.6.8) has the so-called simple solution со (or several such 
solutions), 1.е. such that the determinant 


det (ee) 


oa (1.6.12) 


co=Co 


is nonzero. Then to every such solution со, at least if и does not exceed a certain 
limit, there corresponds the singular constant c.(js) (or a singular vector с»(р)) 
and the singular 27-periodic solution «.(t, и) of system (1.6.2). The series (1.6.7) 
converges to this solution x,(t, 4) and to the constant бо (or to the vector G). 
When yu -› 0 the solution z,(t, и) approaches zero. 

But if the determinant (1.6.12) is zero or equation (1.6.8) is satisfied identically, 
then different critical cases of second and higher order occur. The existence of 27- 
periodic solutions and the construction of successive approximations converging 
to those solutions are ensured by supplementary conditions (see Grebenikov and 
Вуарох [4]). 


с) Autonomous systems Let the following autonomous system be considered in- 
stead of (1.6.1): 


d 
= = Az+pZ(z), (1.6.13) 


where A is a constant matrix, Z(z) a vector-function continuously differentiable 
in a sufficiently large domain D,, and the matrix А is such that the homogeneous 
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system 


dz 
<= A 1.6.14 
4+ = 42 (1.6.14) 


has a family of 27-periodic solutions z°(t,c) depending on the arbitrary constant 
c (or the constant vector c). Since the period of the sought periodic solution of 
system (1.6.13) with и 4 0 in the general case differs from 27, the substitution 


t= (1+ ph)é is introduced, so system (1.6.13) is rewritten in the form 
d 
a = (1+ ph) Az + u(1 + ph)Z(z). (1.6.15) 


With и =0 we have a family of 27-periodic (with respect to 9) solutions z°(@,c). 
Upon the substitution 2 = z°(6,c) +2, we obtain for x the system 


a = Ax + phA(29(0,c) + 2) + + wh) 2(20(0, ©) +2). 
(1.6.16) 


The successive approximations 


r1(9, и), r2(0, и), Sa У ho, йа (р), й2 (р), т) CO; ст (И), с2 (и), es 
(1.6.17) 


are constructed and these approximations are determined from the following dif- 
ferential and algebraic (transcendent) equations: 


2a 


Fo(co, ho) = ] H(6) [42° (0, со) + 2(2° (9, со)] db = 0, 
о (1.6.18) 
а 
> = Ax, + pho А2° (0, со) + и2 (27 (0, со), (1.6.19) 
2a 


Fy (cr, Ва) = [но [hr A(2°(8, с1) +21) 


+ w(1 + phy)Z(2°(6,c1) + 21)] а = 0, ey 


d. 
= = Ary + phy A(z°(0,c,) + 21) + р + и) Z(2°(8, сл) + 21), 
(1.6.21) 


etc. 

The simplest situation (the first-order critical case) occurs when the algebraic 
(transcendent) system (1.6.8) with respect to ho, co has the simple solution бо, ho, 
such that the determinant 


ae (= (co, ~)) 


OM (1.6.22) 


co=Co, ho=ho 


Copyright © 2004 CRC Press LLC 


24 METHODS OF NONLINEAR RESONANCE DYNAMICS 


is nonzero. Then in any case, if и does not exceed a certain limit, then the series 
(1.6.17) converge to the periodic solution х„(0, и) of system (1.6.16), to the con- 
stant h,(4) and to the constant (or the constant vector) с„(м) respectively. The 
constant h,(j) determines the period 


T = 2n(1 + phs(u)) 


of this solution аз a function of р, and the constant (or the constant vector с»(р) 
determines the solution z°(t,c.(~)) of the family z°(t,c), to which the T-periodic 
solution of the initial system (1.6.13) with и 40 corresponds. 

If the determinant (1.6.22) is zero, or equation (1.6.18) is satisfied identically, 
then we have the critical cases of first and higher order. The analysis of such cases 
can be found in the book Grebenikov and Ryabov [4]. 


1.6.2 Iterations with quadratic convergence 


a) Nonresonance (noncritical) case Write the system (1.6.2) in the form 


dx _ 

dt _ 
where the function X(z,t) is continuously differentiable with respect to its argu- 
ments and 27-periodic with respect to $. Successive 27-periodic approximations of 
the form (1.6.4) are determined from the equations 


P(t)x + их (2, t), (1.6.23) 


ать = OX (xp_1,t) 
ie Pe aes Poa a 
ОХ (@p_1,t 6. 
+ И [ев _ Cn , 1 й (1 : ee) 
k=1,2,..., 2 =0. 


The following asymptotic estimations are true (see Grebenikov and Ryabov [1]): 


[71| ми, [ть — tel ~ |e — ees”, k=1,2,... 
(1.6.25) 


At least, with и values not exceeding a certain limit, the series {a(t, и)} converge 
to the 2z-periodic solution of system (1.6.23). 


b) Resonance (critical) cases Replacing z°(t) by z°(¢,c) in (1.6.2), write this 


system in the following form: 


d. 
= = P(t)x + иХ (т, 6,8, (1.6.26) 
where 

X (a,c, t) = Z(z°(t,e) +2, t). 
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The approximations 


r1(t, 1), x(t, р), -:.) CO; си(и), с(и), sande (1.6.27) 


are found successively from the following systems of differential equations: 


dx, 


qe P(t)x; + их (0, co, t), (1.6.28) 

Чт ОХ (тьф1, Ck—2, t) 

Е — | P(t aN ЗАЬНЕАЙ 

dt | ит Ox ee 

OX (Xp_1, Cr-1, 
+p [Gen 104-8) = OA rarterD a, | 
(1.6.29) 
KS За 

and from the corresponding algebraic (transcendent) equations with respect to 
Co,C1,---, presenting the existence conditions for 27-periodic solutions of those 
systems. 


The following asymptotic estimations are true: 


2 
ам, [22-2 ~ 4’, (1.6.30) 
[бен — 2%] ~ plate — Bea’, RH 2, Bok 
In the case of an autonomous system of the form (1.6.13) for the construction 
of approximations жь(Ь р), К = 1,2,..., equations of the form (1.6.28), (1.6.29) 
are used, with their right-hand members depending on the complementary con- 
stant h. The series {a,(t,4)}, {cx(u)}, {he(us)} are found simultaneously; their 
convergence is guaranteed if и does not exceed a certain limit. 


с) Systems with slow and fast variables Let a system be given, of the form 


dx 

dt = их (x, у), 

a (1.6.31) 
mat ee У 

+= № (x,y), 


where p is a small positive parameter, x a vector of slow positional variables, Ло a 
constant vector, y a vector of fast angular variables, components of vector-functions 
X(x,y), Y(x,y) are represented by multiple Fourier series (or polynomials) in 
angular variables y, and their coefficients are power series (or polynomials) with 
respect to the components of the variable т. In the general case it is first necessary 
to perform a Krylov-Bogolyubov transform (see Bogolyubov [1]) (the numerical— 
analytic implementation of this transform will be described below in Chapter 4). 
As a result, we obtain the system 


4 = — 
Е НЕ + ИР (Е, 0) 
г 7 (1.6.32) 
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where Н is a constant matrix, Ла а constant vector (differing from Ло by the elements 
of order j), and the functions РЁ, © are of the same nature as the functions X,Y, 
but 
(1) in the function F(€,@) among the terms independent of @ there are no 
terms linear with respect to €, and all the terms depending on 9, including 
those linear with respect to €, have coefficients of infinitesimal order not 
lower than p, 
(2) in the function $(&,0) the terms depending оп @ and independent of €, 
have coefficients of infinitesimal order not lower than р. 


So 


WIE (Е, 9) | ~ ЕР +”, Фе) ЗЫ”. (1.6.33) 


To simplify the notation of the following formulae, write the system (1.6.32), 
without showing explicitly the parameter p, in the form 


% 


= = НЕ+ F(E,8), 
oe (1.6.34) 
where the functions F’, @ are expressed by Fourier series (or polynomials), 
FEAN= Do HO), SEA = У. Oe) 
Е АО (1.6.35) 


and their coefficients Е, (&), ®,(€) are power series (or polynomials) with respect 
to the components of the vector &. 

It is supposed that the matrix H is nondegenerate, and its imaginary eigenva- 
lues #771, Fiyeo,.-. are such that all 7, ye,... andthe components Ал, A2,---,An 
of the vector are rationally incommensurable. 

The solution (approximated) of system (1.6.34) will be calculated in the form 
of Fourier polynomials of a high enough order N: 


= У, Ue, eY=0He У Yee, 


O<||kI|<N 1<|[&I|<.N (1.6.36) 


where w(t) = wt +o, the vectors Ux, Ук, м are those we seek, and wo is an 
arbitrary vector. 
Substituting (1.6.36) into (1.6.34), we arrive at the following relations: 


У ike) =H YD бер, 
15 А № O<||AIISN 


wt So Ци се) = r+ 4, (1.6.37) 
1<А| м 
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where Р, Ф are found аз a result of the substitution of (1.6.36) into the series (or 
polynomials) (1.6.35). Had we performed such a substitution in an analytic form, 
we would obtain a Fourier series of the following form: 


F= У` D.U,V)e™, $= У. (U,V), 
I|al|>0 Ill >0 (1.6.38) 


where U,V denote vectors with their components being the sets of components of 
vectors О, 0 < ||k|| < № and Ук, 1< ||A|| < №, respectively, and the coefficients 
(vectors) Дь, Ск are in the general case certain functions of those vectors. 

Restricting ourselves in the series (1.6.36) to harmonics of an order not higher 
than N, we come to the following finite equations with respect to Ок, Ук, w: 


w=At+ Со(0, У), 


(Е, м) Ук = Сь(Ц,У), 1< [|| < М, 


where Ё is a unit matrix. 

If the numerical value of р is given and the right-hand members of equations 
(1.6.4) are written in explicit form, then the algorithm proposed below allows us 
to seek Ок, Ук, w (as vectors with numerical components) by means of successive 
approximations 09, У, «7, у = 1,2, 3,... Newton’s method is used, corre- 
sponding to the quadratic convergence of iterations. It is essential that here the 
explicit analytic expressions of the coefficients Дь, Сь as functions of the compo- 
nents of vectors U, V are not necessary. 

The first approximation оо ' vo ‚ w) is determined by the formulae 


о = 44 Co(0,0), 
[ВЕ — НО = D4 (0,0), O< || < М, (1.6.40) 
i(k, w) Ve? = С0,0), 18| < М, 
where Г)» (0,0), Co(0,0), Сь (0,0) are equal to the Fourier coefficients for the func- 
tions F(£,@), $(&,0) with €=0, d=w. 
The value of w) is determined immediately, and thanks to the condition 


det H £0 we then find 09 for any Do(0, 0). 
Due to the incommensurability of Л1,..., А, V1, Y1,--- the values 


det[i(k, ww) = i}, (kw), [1] а М, 
are nonzero, at least with small р, which allows us to further determine all uM), 
CL), 1S [Ik SN. 
Note that for some vectors k = k, the above-mentioned quantities may be 


small, and in the corresponding formulae for uM), Ve so-called small denomi- 
nators will appear. If those small denominators are not accounted for and п is 
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retained in the formulae as a literal component, we would obtain the following 
asymptotic estimations: 


OPW ws ПИ. (1.6.41) 


The first approximation €“)(t), 6 (#) to the sought solution of equations 
(1.6.34) will be obtained in the following form: 


=. Ds Ue, 
о Ам 


Он ие 
15% 


(1.6.42) 


where w(t) = wt + yo. 
For the calculation of the further approximation Newton’s procedure is used; 


viz, in the calculation of the second approximation ue) ; Ve), w'?) we assume 
in (1.6.39) 

Up =U 40, Ye=V to, w=w +79 (1.6.43) 
and construct equations with respect to Bo) ; vy) é yo) (corrections to the first ap- 
proximation), discarding terms of infinitesimal order higher than 1 with respect 
to 60 |, С | |2]. Solving those (algebraic linear heterogeneous) equations 
and substituting the obtained BO, 50, 0 into (1.6.43), we obtain the second 
approximation for the vectors Ux, Ук, w, аз well as the corresponding second ap- 
proximation for €(t), 9(®). In a similar way we obtain the third approximation, etc. 
(This method of construction of the solution of equations (1.6.34) will be described 
in more detail in Section 4.6 below.) 


1.7 Comments and References 
Section 1.2 The correct definition of asymptotic series is given in Poin- 
caré [2]. 


Section 1.3 The detailed proof of the theorem on asymptotic representations 
of solutions of differential equations solutions can be found in Poincaré [2] and 
Grebenikov [3]. 


Section 1.4 The material for this Section is taken from Grebenikov [1], Grebe- 
nikov and Ryabov [3], Duboshin [1], and Arnold [2]. 


Section 1.5 The statement of the method of characteristics is taken from 
Stepanov [1]. 


Section 1.6 A more detailed statement of this Section can be found in Grebe- 
nikov and Ryaboy [4], Lichtenstein [1], and Malkin [1]. 
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2 Averaging Principle for Multifrequency Systems 
of Differential Equations 


2.0 Introduction 


We have mentioned above that the constructive theory of nonlinear equations based 
on the application of iteration methods is the principal means of solving problems in 
nonlinear analysis. Two approaches can be distinguished clearly enough: classical 
and modern. We will analyze their peculiar properties, taking the class of ordinary 
differential equations regular with respect to a small parameter. 
Let there be given an n-dimensional differential equation with a small para- 
meter 
dz 
dt 
where the vector-function Z(z,t, js) regular with respect to a small parameter p is 
defined and has properties ensuring the existence and uniqueness of the solution 
to the Cauchy problem in an (п + 1)-dimensional field, z € Gn, t В = [0,00). 
Our problem lies in finding this solution. 
Along with equation (2.0.1) write an equivalent equation 


a = Z(z,t, и) + Z(z,t, и) = Z(z, t, 1), 2(0) = 20, (2.0.2) 


where (2, и) is а so far arbitrary function of its arguments. Then write the 
linear relation 


= (2,61), 2(0) = 2, (2.0.1) 


z(t, po) = 2(t, и) + u(t, р), (2.0.3) 


29 
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where Z,u are some new unknown functions. The solution of Cauchy problem 
(2.0.1) with the help of relation (2.0.3) reduces to the solution of two Cauchy 
problems for the differential equations 


= =Z(z,t,u), 2(0)=%EGn (2.0.4) 
and 
du 7 ae _ 
ape Z(Z+u,t, и) — (8, р), u(0) = 2 — №. (2.0.5) 


Equation (2.0.4) determines the selection of the initial approximation Z(t, |) 
to the exact solution z(t, р) of problem (2.0.1), and equation (2.0.5) determines the 
so-called full disturbance u(t, и). From (2.0.5) it is clear that the determination of 
the function u(t, и) depends on the selection of the function Z(Z,t, р) and the ini- 
tial point Z. Moreover, finding this is only possible upon solving equation (2.0.4), 
i.e. upon calculation of the initial approximation Z(t, 4). Thus, for the Cauchy 
problem (2.0.1) several variations of the theory of disturbances with parameters 
Z and Z can be constructed, so together they can be called a perturbation theory 
generator for problem (2.0.1), and equation (2.0.4) itself can be called a generator 
equation. 

It is more common to use a generator A(t)Z linear with respect to Z with 
initial point Z = 20, i.e. problem (2.0.1) is replaced by the problems 


a = A(t)Z, 2(0) = 20, 
г (2.0.6) 
= FE +4, tn) - Ар, u(0) =0, 
or 
de = Z(2,t,0), 2(0) = 20, 
(2.0.7) 
ge 2+ tw) - 2(2,6,0), u(0) = 0, 
or 
& = а, и), 2(0) = 20, 
Be (2.0.8) 
BZ tutu 24th), u(0) = 0. 


Equations (2.0.6) express the familiar method of linearization, equations (2.0.7) 
express the small-parameter method, and equations (2.0.8) express the averaging 
method if generator Z is constructed by means of any averaging operator. 

The essence of the classical iteration method is the replacement of problem 
(2.0.1) by problems (2.0.4) and (2.0.5), using relation (2.0.3) where the function u 
depends solely on time $ and does not depend on spatial values. To solve problem 
(2.0.1) completely, first one should find the solution of the generator equation 
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(2.0.4) and only after that start solving the equation for disturbances (2.0.5) by 
some iteration method that we denoted symbolically by 


du a a 
п. = 2 (2 и) + щи), tH) - Ван), и), 


иь (0) = 20 — Zo, Г 132.025 


(2.0.9) 


The above statement has an obvious geometric interpretation. In the phase 
space {z} there exists an integral curve z(t, и, 20) passing through the initial point 
20. In some n-dimensional cylinder with its axis being the sought integral curve, 
construct a family of integral curves Z(t, р), Z(t, и) + ug(t, uw), k= 1,2,... which 
has a limit integral curve 2( р, 20) (if the iteration process is convergent). We see 
that from the geometrical point of view all classical iteration methods are seen in 
the initial phase space {z}. 

Now assume that the function и depends not only on $ and р, but also on the 
spatial coordinates of Z, i.e. instead of (2.0.3) we write the equality 


z(t, р) = 2 р) + ulZ, t, р). (2.0.10) 


Geometrically relation (2.0.10) expresses the transition of the spatial value {z} 
to the new spatial value {Z} and vice versa, if the Jacobian matrix is nonsingular. 
There is an obvious differential equality 


dz dz Ou dz Ou 
where the symbol (= <) denotes the product of the matrix (5) and the 
_ dz’ dt р Oz 


vector 


Therefore here instead of the two Cauchy problems (2.0.4) and (2.0.5) we will 
have the following Cauchy problems: 


= = Z(Z,t, м), 2(0) = 20, (2.0.4) 
ди ди = _ Se _ Bs 
ЗЕ + (5 а, = (ии) Z(Z,t, и), 


The methods using equations (2.0.4) and (2.0.12) differ from the former ones 
at least in one essential point: the determination of the multivariable function 
u(Z,t, и) from the first-order partial differential equation (2.0.12) does not require 
preliminary solution of the generator equation (2.0.4), since in equation (2.0.12) z 
and ¢ are peer arguments of the function u. This allows us to calculate the functions 
u(Z,t, р) and Z(t, р) independently of each other, which is impossible in the case 
of classical iteration methods. 

Equation (2.0.12) is a Cauchy problem for quasi-linear n-dimensional systems of 
first-order partial differential equations with respect to n-dimensional disturbance 
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vector u. In principle its solution can be found by the method of characteristics (see 
Stepanov [1]). A particular case of this equation was considered for the first time 
by N.N. Bogolyubov when he studied the issue of the applicability of the averaging 
method to one special class of ordinary differential equations (see Bogolyubov [1]). 
That is why we call equation (2.0.12) the generalized Krylov-Bogolyubov equation. 

So in this chapter the reader’s attention will be called to the main results of 
the asymptotic theory of vector equation (2.0.12) with reference to multifrequency 
systems of differential equations defined on multidimensional tori, typical of many 
nonlinear problems in dynamics. In particular, we will consider some modern 
iteration methods for construction of asymptotic solutions of Hamiltonian systems 
with action—angle type variables and with a Hamiltonian periodic with respect to 
slow angle variables. 


2.1 Mathematical Averaging Principle 


Now assume that the generator Z is constructed by means of some averaging ope- 
rator. Then it is more convenient to consider the generator equation (2.0.4) not as 
an equation defining the first approximation for the asymptotic theory of equation 
(2.0.1), but as a final equation into which the initial equation (2.0.1) should be 
transformed with the function u used as a function of such a transform. 

Thus, it is also mathematically correct to state the problem as the finding of 
a substitution of variables that transforms equation (2.0.1) into (2.0.4). Such a 
statement was formulated by N.N. Bogolyubov in the 1930s in nonlinear equation 
theory. 

As is well known, the method of substitution of variables often offers real 
opportunities for obtaining specific results. As applied to ordinary differential 
equations, it can be used, in particular, for transformation of initial equations into 
equations with a predetermined analytic structure. 

Of course, it makes sense to state the problem of the transformation of equa- 
tions when the transformed equations admit if not the complete solution, then in 
any case a fuller study than the initial ones do. 


Problem statement Find a substitution of variables z > 2 that will transform 
equation (2.0.1) into (2.0.4). It is natural to seek the substitution in the class of 
nondegenerate substitutions, i.e. such that if there exists a substitution z —> $, 
then there exists an inverse one Z - д. 

Let the desired substitution of variables be represented by the equalities 


z=u(Z,t,u), 20 = u(Zo,0, и). (2.1.1) 


Obviously, the following identity is true: 
dz _ (5 =) Ou 


dt presen Oz’ dt Ot (2.1.2) 
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Replacing in this identity the variables dz/dt and dz/dt by the corresponding 
functions 2(2,Ь р) and 2(2,Ь р), and taking account of the substitution of vari- 
ables (2.1.1) we obtain a quasi-linear first-order partial differential equation, where 
the unknown vector-function is the conversion function wu(Z, $, р): 


Ou ди = = 
ot (5 2,1.) = Z(ul2, tnt 0) (2.1.3) 


By analogy with (2.0.12) we will call equation (2.1.3) а generalized equation of 
asymptotic perturbation theory. In coordinate form equation (2.1.3) is as follows: 
Our и Our = 
—+ —— 2, (21,... 2 
98 02, > e (2.1.4) 
= Z;,(u1,---,Un, tu), kK=1,...,n. 


To equation (2.1.3) or (2.1.4) the following initial conditions should be added: 
u(Zo, t, 4) = 20. (2.1.5) 


Thus, the substitution of variables (2.1.1) is defined by a system of quasi-linear 
first-order partial differential equations with sought functions u(Z,t, р) and initial 
conditions (2.1.5). If transform (2.1.1) exists and is not degenerate in the domain 
Gro С Griz (ie. the Jacobian matrix is nondegenerate in G¥,,), then in this 
domain equations (2.0.1) and (2.0.4) are equivalent. Here instead of the terms 
generator and generator equation it is more appropriate to use the terms system or 
comparison equation. In other words, equation (2.1.3) is the comparison equation 
for the initial system (2.0.1). 

In principle, finding exact solutions of equations (2.0.1), (2.0.4) and (2.1.3) 
is equally difficult, but for the construction of approximate solutions (and this is 
what asymptotic perturbation theory deals with) of initial equations (2.0.1) the use 
of comparison equations (2.0.4) and variables substitution (2.1.1) may be highly 
effective, as numerous applications show. 

To understand the sense of this discourse, consider two extreme cases that 
denote the bounds of applicability of the variable substitution method. 

A. Identical transformation. Let the comparison equation (2.0.4) coincide with 
the initial equation (2.0.1), i.e. 


dz 
— = Z(Z,t, и). 2.1. 
Fe (eb) (2.1.6) 
Then the generalized equation (2.1.3) takes the form 
Ou Ou 
— —, 7 (= =Z у 2.1. 
met (Se 261.) = Zot) (2.1.7) 
Obviously equation (2.1.7) admits the simplest solution represented by the identical 


transform 


Bee: (2.1.8) 
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In this case it is very easy to solve the equation defining the substitution of 
variables, but this solution would be no good, because we have not gained ground 
towards solving the initial equations. 

B. Transformation reducing to the simplest comparison equation. In this case 
we will assume that the comparison vector-function Z(Z, t, и) is continuous: Z = a. 
Then the comparison equation 


dz 
== 2.1. 
a (2.1.9) 
can be easily integrated, and its general solution has the form 

zZ=at+C, (2.1.10) 


and equation (2.1.3) will be as follows: 


Ou Ou 
— — = Z(u,t, м). 2.1.11 
met (See) = в (2.1.11) 
From (2.1.11) one can write the corresponding system for characteristics: 
dz _ - 
dt (2.1.12) 
a Z(u, Вр) 
dt —_ 7 ‚И © 


Hence it is clear that the transformation of the initial equation (2.0.1) into 
the simplest comparison equation (2.1.9) is equivalent to the solving of the initial 
equations themselves, and consequently the problem of transforming the equations 
turns out to be equivalent to the initial problem. This should have been expected. 
If there existed a substitution of variables that transformed an initial nonlinear 
problem into an integrable one, there would exist a universal method of solving 
nonlinear problems, which is clearly impossible. 

After the discourse on limiting situations it seems natural to find an interme- 
diate, compromise approach both to the selection of comparison equations and to 
the study of the properties of solving quasi-linear partial differential equations, de- 
termining the corresponding substitution of variables. This constructive approach 
is as follows. 


1. The comparison vector-function 2(2,Ь и) should be chosen so that its 
analytical structure should be as simple as possible compared with Z(z,t, 4), but 
at the same time inherent to it should be the main, characteristic properties of the 
latter, defining the properties of the solution of the initial equations. Only when 
the comparison function Z(Z,t, и) is chosen in that way should it be expected that 
the behavior of the solutions of the comparison equations may be analogous to that 
of the solutions of the initial equations. 


2. Comparison functions should be selected so that even if the quasi-linear first- 
order partial differential equations for variables substitutions cannot be integrated 
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exactly, then in any case they would allow for some analytical or qualitative analysis 
of the behavior of their solutions. Among all possible properties of the function 
u(Z, t, р) we will be interested in its boundedness and smoothness in some domain 
variation of the arguments. 


Items 1 and 2 characterize, as one might say, the mathematical averaging 
principle—the essence of the Krylov—Bogolyubov transform (see Bogolyubov and 
Mitropolsky [1], Grebenikov [3], and Grebenikov and Ryabov [1]) as applied to 
systems of ordinary differential equations. 

Now from these general observations we turn to the fundamentals of the con- 
structive part of asymptotic perturbation theory for multifrequency systems of 
differential equations with slow and fast variables: 


dx 
dt = их (т, y, t), 
. (2.1.13) 


Here x,X are m-dimensional variables, and y, w, Y are n-dimensional vari- 
ables. It is better to make the selection of comparison functions X and Y (here 
it should be stressed that, аз a rule, the frequencies w(#,y) remain unchanged in 
comparison equations as well) using the averaging operators. If vector-functions 
X,w,Y are analytical with respect to their arguments, then it seems possible 
to apply the formalism of power series both for the construction of comparison 
equations and for finding solutions of equations defining variable substitution. For 
example, write a comparison system for (2.1.13) in the form 


ат z 

dt = pX(z,y) + ) py Аь (2,9), 

rs Weg (2.1.14) 
YY та Ул * Вь (2,9) 

Tt = w(%,9) + МУ (5,9) + › и“ Вь (2,5), 


where Х, У aresome “average” values of the functions Х, У, and the functions Ак, 
By will be selected in each particular case, using some additional considerations. 

The substitution of variables (x,y) > (2,9), transforming the multifrequency 
system (2.1.13) into system (2.1.14) will be sought in the form of power series of a 
small parameter: 


k>1 


y=9+ > open (2,9,t)- 
k>1 


(2.1.15) 
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The analytic representations (2.1.15) allow us to rearrange the generalized 


equation (2.1.3) (which, as is known, is quasi-linear) into derivatives for the un- 
known functions ик and vz: 


Our Our hs 
ae + (= “(@.0)) 


= F(Z, 9, чт, V1, ... М1, Uk—1, 42, Во,... ‚ Ак), 


бо би p03 (2.1.16) 
ты (5 “(2.8)) 
= W,(Z, 9, t,u1,U1,--- ,Uk—1, Uk, Ao, Bo,... ‚Ак, Br), 
a a ee 


With k =1 we have 


OE: (= =.) = X (2,9, t) — X(z,9), 


at ду’ 
р - а (2.1.17) 
U1 U1 ers, = ONL, у =e Ул 


The infinite system (2.1.16) Ваз a remarkable property. It can be integrated in 
series: first from the first equation of system (2.1.17) the vector-function и1 (%, 9, t) 
is found, then the second equation of system (2.1.17) is integrated; as a result, the 
vector-function v1(Z,9,t) is found. Now we pass to system (2.1.16) with k = 2. 
The analytic structure of the first equation of system (2.1.16) with k = 2 includes 
the unknown function A2(Z,9) that can be selected quite arbitrarily. Usually it 
is defined so as to destroy in the second member of the first equation of system 
(2.1.16), ie. in function F5(@,9,t,u1,v1,A2), the summands that can give the 
largest increment in the solution u2(%,%,t). Having determined from any condi- 
tions the vector-function B2(%,%), we define the vector-function v2(%,g,t) from 
the second equation of system (2.1.16) with К = 2. This process can be continued 
for any value of k, and therefore, at least in principle, we can advance arbitrarily 
far in the formal definition of series (2.1.15). 

If we could define all the terms of these series and, moreover, prove their 
convergence as well as the convergence of the series in (2.1.14) in some (m+ 
п + 2)-dimensional domain of the Euclidean space Си. of the substitution 
of arguments т, 9, t, и, this would mean that the initial system is equivalent to 
system (2.1.14) in С, „+2. In this situation we would deal with exact transforms 
but not with asymptotic theory. Unfortunately, for complex nonlinear systems it is 
practically impossible to do this, so in such cases asymptotic methods of problem 
solving seems to be most suitable. Here a lot of variations are possible. Let us 
consider two of them. 

Instead of the substitution of variables (2.1.15) that contains an infinite number 
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of functions u,(Z,y,t) and v,(Z,¥,t) consider the finite expressions 


т ря 
$=2+ У ии, (2,9, 1), у=9+ Уи» (2,7, 1) (2.1.18) 
k=1 k=1 

and demand that the substitution (2.1.18) should transform the initial equations 
into the comparison system (2.1.14) containing an infinite number of functions 
Ax(,y) and B,(z,¥). Such a substitution of variables (z,y) > (2,9) can be 
found in principle, but unlike the previous case, not all functions А’(2,7) and 
B,(£,9) can be chosen at one’s own discretion. 

Indeed, the equations determining 2r of the functions uj, v1,..., Ur, Ur; 
exactly coincide with the first 2r equations of the finite system (2.1.16), where 
the choice of functions Ag, Во,..., A;, В, can be performed as before. As regards 
the functions A,41, B,4i1,..., they are determined successively and uniquely as 
quantities depending on similar quantities and functions with smaller indices, i.e. 


Ar, Br = 6;(&, 9, t,u1,.-- Ur, Ur, Ag, ... ‚ Bri); 
k=rt+1,r4+2,... 


Hence, the use of a substitution of variables of the type (2.1.18) in principle 
solves the problem of the initial system transformation into the comparison system 
(2.1.14), but the latter in this case only contains 2r—2 (but not an infinite number) 
arbitrary functions Az, В,..., A;, By. 

But one can put the following question: is it possible to find a substitution of 
the type (2.1.18), which would transform the initial equations into the comparison 


system 
ах 2, г k ат: 
dt > ИХ (2,9) + Sou Ас (5,9), 
42 ar р (2.1.19) 
у pa ae 
4+ = OED) + BY (ey) + Sou By (a, 9)? 
k=2 


A detailed analysis shows that this problem has only an approximate solution 
even in the framework of formal transforms. In other words, substitution of vari- 
ables (2.1.18) allows us to transform initial equations into system (2.1.19) of order 
O(u"*"). Indeed, let us suppose that the functions Х and У are representable by 
the equalities 


т—1 

Х(вуьи) = У и^Хь (ву, 6) + O(u"*), 
k=0 
r—1 

Y(a,y,t,4) = >> we (a,y,t) + OCU") 
k=0 


(2.1.20) 


in the neighborhood of the point (%,7,t,0). Then the functions ик, ок, An, Br 
can be found from the first 2r equations of system (2.1.16) by means of the above 
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procedure. But if for all that we substitute the second members of (2.1.20) and 
(2.1.19) into 


ат _ dt wn ,[ (dup dt ди, dg\ дик 
de dt AF (StS) + (Se F) +e], 


ие. 

а = dt = Oz’ dt Oy dt Ot 

then the difference “the first member minus the second member” will have order 
O(u"*"). It is exactly in this sense that one can use finite transforms (from the 
point of view of a finite number of items) to obtain comparison equations. Here 
it is no longer necessary to investigate the convergence of series, but at the same 


time the transforms are performed with a certain error of an order that can be 
determined. 


Se ee 


2.2 Classification of Systems of Differential Equations, where 
Resonances are Possible 


Poincaré’s theorem on asymptotic approximation of solutions says specifically that 
in asymptotic theory the ¢-proximity of solutions of exact and smoothed equations 
in one of the following time intervals is determined: 

(1) се (0, a], а> 0 andif wo0 а<®; 

(2) Е [0, 51|, 1>6>0; 


(3) ве [0, м ']; 

(4) ве [0, м °], B>1; 

(5) ЕЕ [0, oo). 
In the case (2) д = 0.5 is often taken, and then the time interval is equal to 
(0, 1/ yf 


With sufficiently small values of we have the inclusions 
[0, a] с 0, м] с [0, м С [0, 2-7] © (0, о). 


Note that the above time intervals do not include the trivial domain [0, а(р)], 
where a(u) > 0 as wp 0. 

In Section 1.4 the classification of resonances was given for the numeric vector of 
frequencies WwW = (W1,.-. ,Wn). In multifrequency systems of differential equations 


with variable frequencies of the form (2.1.13) resonance phenomena show up in 
a far more complicated way, because in the course of time some resonances may 
disappear, and other resonances may appear, and this process may occur a great, 
even an infinite number of times irrespective of the length of the time interval. 
The analysis given in Section 1.4 allows us to conclude that resonances of lower 
orders are most influential. Therefore during the development of a classification 
of resonance systems it seems advisable to bound above the norm of vector k that 
determines the resonance relations. 
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So, let there be given: 


(1) a multifrequency system of the form (2.1.13); 

(2) the range of definition of the right-hand sides of the system Саи = 
Gmn X [0, T] x [0, А], and the initial point (50, yo) Е Gm+n; 

(3) the positive number N determining the inequality 


ПА < м, (2.2.1) 


and amongst them there are resonance vectors k* determining the a- 
resonance zone, i.e. such that 


(K", w(x, у))| < а. (2.2.2) 


According to the behavior of the partial solution x(t, хо, yo, 14), y(t, Zo, Yo, 1) (here- 
inafter denoted by (a(t, и), y(t, р))) proceeding from the initial point (xo, yo) Е 
Gmtn, any multifrequency system can be related to one of the following classes of 
equations. 


I. Class of locally nonresonance systems. 

II. Class of systems with the property of the solution (a(t, и), y(t, и) remai- 
ning in one of the a-resonance zones, or in other words, in the neighbor- 
hood of one of the resonances with ||k*|| < №. 

Ш. Class of systems with the property of the solution remaining in the neigh- 
borhoods of several resonances. 

IV. Class of systems not having the property of the solution remaining in 
resonance zones. 

V. Class of degenerate resonance systems. 


To the class of locally nonresonance systems we will also relate multifrequency 
systems for which 


|(К, w(a(t, и), y(t, H)))| > а (2.2.3) 


with all ¢ € [0,7] and ||k|| < №. From this it does not in the least follow that in 
systems belonging to class I there are no a-resonances of frequencies. They may 
occur, but for them ||k|| > N or ¢ ¢ [0, T]. 

Class II includes those multifrequency systems with their partial solution 
(a(t, и), y(t, и)) corresponding to the integer vector k“) with its norm less than № 
and satisfying the condition 


(AM, w(a(t, и), y(t, )))| < а (2.2.4) 


for t € [a, с [0, T], 0< a<b< T and 6-а= O(Z). То Class II we will 
relate systems of differential equations that have the property of remaining in the 
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a-resonance zone with the resonance vector Е) within the time interval of length 
commensurable with the given domain [0, Т]. 

Now we will describe the systems that we relate to class III. 

Let there be some resonance vectors К)... ,k‘*) for which the conditions of 
remaining in the a-resonance zone are satisfied: 


(EY); wed, ув) Se, Pal. 58, 
те [a,, b,], О<а<... <а, <Т, 


02 bys bp, Ge abe (2.2.5) 
by — ay = О(Т), У (by — ay) = O(T). 
r=1 


Analyzing the conditions (2.2.5) we see that there are s resonance time inter- 
vals, the length of each of them is commensurable with the total domain (in the 
sense of the order of magnitude), and the sum of their lengths is also commensu- 
rable with T. 

To class IV we relate those multifrequency systems with their partial solutions 
satisfying the conditions of (2.2.5) on the one hand, and the conditions of the form 


0<y< (H” Cnn 


Е (2.2.6) 


оп the other, where y is positive. This shows the minimum rate of change of 
the function (k), w), guaranteering the withdrawal from the a-resonance zone 
within [0, T]. 

All the other behaviors of solutions of multifrequency systems will be related to 
class У. For instance, such a situation is possible when with a finite 7’ the number 
of a-resonances s approaches infinity. 

We have not hitherto ascertained the width of the a-zone and the value of ¥. 
If a does not depend on the small parameter и, and y does, then the intersection of 
classes II, ПТ and IV is possible. The opposite situation is also possible: (р) > 0 
as 4-0, and а > 0 as »— 0, and the solution may remain in the a-resonance 
zone of one of the resonance points. 

Classes III and IV are most difficult for study, because their solutions are 
actually both resonance and nonresonance, and we do not know any conditions 
allowing us to a priori point out the resonance and nonresonance time intervals 
and consequently the evolution of the system towards the resonance or nonreso- 
nance state. This assertion is even stronger when the matter concerns degenerate 
multifrequency systems (class V). 

In conclusion we note that at present some results on €-proximity of exact 
and smoothed solutions are known in the case when а(р) > 0 as и — 0, and 
t € [0, 21] or t Е [0, и \|, and some of them will be described below. 
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2.3 The Basis of the Asymptotic Theory for Locally Nonresonance 
Systems 


In Section 2.2 we noted that one of the parameters of multifrequency system classi- 
fication is an integral number N giving the number of those harmonics that should 
be preserved in the expansions for functions X (a, у, и) and Y (a, у, р), in order 
to ensure the construction of approximate asymptotic solutions with a given error. 
In short, the number N makes a division between the retained finite expressions 
in the expansions of functions X and Y and the truncated infinite residual series. 
For Fourier series there exist effective estimations for the number N, which will be 
given below. 

Now we will decide an issue that is very important for further study. Consider 
two rotary systems of order (m+n): 


dx 

dt = ИХ (x, Y, и), 

di (2.3.1) 

dz ы 

dt = bX n(&, у, и), 

di (2.3.2) 
with the same initial conditions 

т(0, и) = 2(0, 1), (0, и) = 9(0, и), (2.3.3) 


with their right-hand members defined in Gmin = {(5, у): ТЕ Pn, УЕ Qn}. 
A rotary system will be understood as a multifrequency system with its frequencies 
w(x) only depending on slow variables x, and vector-functions X (т, у, р), У (т, 9, р) 
being 27-periodic functions with respect to у in the domain @„ = ||Imy|] < 0. 
Assume that: 
(1) the solution of system (2.3.1) with the initial conditions (2.3.3) exists and 
is unique; 
(2) functions Хм, Ум, w in the domain G+, satisfy the Lipschitz condition 
|X (21, 41) — Xn (2, y2)|| < Lella1 — 22| + ув — yall, 
I|o(a1) — w(#2)|| < Вл — +5], (2.3.4) 
[Ум (ть, 1) — Ум(22, 2) || < teller — 22] + Ш — yell, 
where Lz, Ly, Lu, lz, ly are Lipschitz constants; 
(3) in the domain Си the following inequalities hold: 


|X (2,y)-Xn(@,wll<e1, |I¥@,y) - Yn(@, yl < =>, (2.3.5) 


where €1,€2 are given positive numbers. 
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Under these conditions the following estimations for solutions of rotary systems 
(2.3.1) and (2.3.2) are true: 
lly, 4) — H(t, wll < Cpe! + ое + Cs, 
e(t, — F(t, II < о + wel? [Сели + CLO (2.3.6) 
— Шуи в) — 96, м) - рез) 


where 


Ole: EIEN ССР Cpa 
№ — № 
И Е1 (4 + ple) — pLee2 
BLely — LyLy — Г, C29) 
Le+tly) , 1 
А1,2 = и +) ae 5 [м (Le + ly)? 


AGP DiS help lhe) 


Inequalities (2.3.6) can be used for solving an inverse problem. 
Let ¢ € [0, Т = Си {| and let there be given deviations of solutions of the 
system (2.3.1) and (2.3.2) from each other: 


[2-21 <5, lly - All < bo. (2.3.8) 


It is necessary to estimate the norms ||X(a,y, р) -— Xw(a,y,)||, IY (ay, в) — 
Yn (a, у, /)||, ie. calculate the values of =1 and =>. 
If we solve the algebraic equations 


CO мемТ + OM rel — peg = би, + pile] + ply do, 


(2.3.9) 
c®) + CM) eet + C3 = 62, 
with respect to €; and =2, we obtain expressions of the form 
=1 = ay (py, Г)д1 + ao(p, T) do, 
1 = а1(р,Т)61 + a2 (ps, T) do (2.3.10) 


€2 = (р, T)d1 + 8>(и, T) do, 


where a,(y,T), к (р,Т) are composite functions of и and Т. However it is possible 
to show that with sufficiently small и and T = Cy! 


ак(иТ) = O(1), be (us) = O(1). (2.341) 


So, from given values of 61, 62, and T one can compute =1 and => used 
for truncation of infinite expansions in the second members of equations (2.3.1). 
Indeed, let the functions X(z,y), У(х,у) bel times (J > п) differentiable with 
respect to у in the domain G,,,,+,,. Then we have the estimation (see Grebenikov 
and Ryabov [1]) 


C(n,N) S As) ae 
epee (VEO5t 0810) 


—n 


[x ayn= №, m@e” 


OS||AIISN 


s=1 
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with the following agreed notation: 


nit if N>1, 
nit? | 
C(n,N) = 5т—2° if N > 2. 
1 № п—1 
(м) it aS. МТ 
m(4n — 3) \ т 


Gy is a positive constant bounding above the norm of the s-th component of the 
vector-function X in the domain Чиа: 


Alo) X (8) 


да а а Cl), 2.3.13 
ду" т: Oye” 1 ( ) 


= max sup 
llell  O<ilallSllell (2,4) €Gma4n 


|x® 


A similar estimation can also be made for the components Y(z,y). If X and У 
depend on p, then oe = Go (р). 

Then construct two equations (or inequalities) of the form 
(N +05)" S~ CM <e,, k=1,2, (2.3.14) 


8=1 


C(n, N) 
l-n 


where ¢, are computed from the formulae (2.3.10). Each inequality is solved in- 
dependently, the minimum М is found that satisfies the inequality, and then from 
the two minimum values of N the higher one is chosen. This is the value of N for 
which the infinite expansions for the functions X and Y are truncated. 

Thus, we have solved three problems. If a number М is given, then, depending 
on the degree of smoothness of the functions X and Y, it is possible to calculate 
Е1 and € characterizing the deviations in norm of the Fourier polynomials from 
the given functions. With these estimations we are able to estimate the norms of 
differences of solutions of two systems (formulae (2.3.6)) via known time functions. 
If the deviations of solutions and the value of the time interval T are given, then 
the number NV can be found. In other words, at the first stage of the asymptotic 
theory of differential equations we learned to truncate infinite expansions in the 
right-hand side of equations in order to further deal with finite expressions. 

Now instead of the rotary system (2.3.1) we will consider the multifrequency 


system 
& LaXy(eym eu SD Хы, ре 
dt 7 7 7 7 
ОА 
4 : 23. 
+ =w(2)+pYn(2,y, и) =u(c) t+ »` Уна, we), Gat) 


O<|[KI|SN 
x(0, и) = Zo, y(0, и) = Vo, 


with its second members being trigonometric polynomials (with respect to fast 
variables y), but not infinite series. 
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Assume that the solution z(t, то, yo, м), У(Ь то, Yo, м) of the system (2.3.15) 
is such that for all 1 < ||k|| < № and for any t € [0, Т] the following inequality 
holds: 


\(k, w(a(t, то, yo, L)))| > a, (2.3.16) 


where a is a predefined number. 

Under these conditions, in accordance with resonance system classifications, 
multifrequency systems of the type (2.3.15) are locally nonresonant. To the right- 
hand side of the system (2.3.15) we apply the averaging operator(1.1.7) with respect 
to angle variables: 


Е 1 


2п 2п 
Хм.) = тут | и. Хм(х, у, р) dy = Хо(х, п), 


Yn (a, и) = Yo(a, п). 


Then the comparison system of the first approximation for (2.3.15) will be 


(23.17) 


written as 
dz 
dt —= иХо (т, и), 
dy (2.3.18) 
4+ = CH) + и (2, р), 
the system of the r-th approximation will be written in the form 
ах a . k os 
Hm Xow) + Dw ARE р), 
a ios <2 (2.3.19) 
у = = = 
р = (®) + HOE р) + DT Bee, м), 


k=2 


and the comparison system of the general form (or of any approximation) will be 


written as 
di _ ae 
aE = иХо(2, и) + У pw An(@, м), 
k>2 
dy (2.3.20) 


Fp =) + WYO uw) + УВЫ). 
k>2 
The vector-functions A; and В» are so far unknown. 

Comparison systems (2.3.18), (2.3.19), and (2.3.20) have an important pro- 
perty. The averaging operator with respect to y results in splitting of the (m+ 
n)-order equation system into two subsystems that are integrated independently: 
one subsystem determining the slow averaged variables has order m, the other 
subsystem determining 7 has order п. If the subsystem of the first approximation 

dz 


Че = ole м) (2.3.21) 
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can be integrated, then the calculation of fast averaged variables y adds up to the 
simple quadrature: 


t 


ей = yo + | [ы(а (т, в)) + w¥o(@(r, в), в)] dr. (2.3.22) 


It remains unclear how the functions 2 and 9 relate to the exact solution of т, y 
of rotary system (2.3.15). For the study of this question we will use the averaging 
method, because we will need asymptotic representations of these functions. We 
will seek for the substitution of variables 


a(t, 1) = 2( и) + > u*ug (2, 9, р), 
k>1 


(Ви) = 96 и) + У ок (2,9, в), 
k>1 


(2.3.23) 


that transforms system (2.3.15) into one of the comparison systems (2.3.18), 
(2.3.19), (2.3.20), and we will see that in each case we get different substitutions 
of variables (i.e. different functions ик and v,). 

Upon differentiation of (2.3.23) and the execution of the corresponding calcu- 
lations for transform (2.3.15) — (2.3.18) we get an infinite-dimensional system of 
linear partial differential equations: 


& (@)) = Xn (4,9, и) — Хо(®, и), 


= 
(Se wie) = уму ~Yorew) + (SE wi), 


(a) = (Ae) «(HED 
- (FB, хе) - (F, oe), 


(3. (@)) = (Soe в). “) + (Set =) (2.3.24) 
«(Cn + (Can) 


Ov, a Ovi he 
- (FE. же, - (FE в). 
Our ы. ae 
(5= «()) = 0. (5, 9, р, U1, V1,--- бе) 


ди 
(5- (@)) = У. (2, им, U1, Е 
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For the transform (2.3.15) > (2.3.19) we have 


д д 
- (Ge. Xora) — (2, уе.) — Ав, 
д дУм(х, 9, OYn(&, 9, 
(3. (@)) = (See “) р ( — В) ”) 
Ow (2) 1 92% (2) 
( Oz” ») x ( даа И] 
д д 
- (2, хм) - (5%) - Balen, 
Our > SS, 
(=. ~(@)) =: О, (2,9, и, U1, U1, ‚ М1, Up_1, 42, Ba, Ar), 
Ou, a ie 
(5 ~(@)) > V,(E, 9, Mus, cee ,Up_1, Ur, Ag, Ba, ... ‚ А», Br), 
ди, 
( a (@)) = Up 41(2, У, И, Ui, 1,. oes , Ur, Ur, Az, Bo,. ve ‚ А»), 
Our _ oes 
( a <) = V,41(%, 9, р, U1, U1, --- , Ur, иг, Ag, Bo, ... ,Ar, Br), 
(2.3.25) 
And finally, for the transform (2.3.15) > (2.3.20) we have 
Ou 
(5,269) = Хкбьвьи = Жив.) 
9 Ow (т 
(5. ( )) = Yn (2,9, и) — Yo(2, и) + ( _ 1), 
Our © ae 
(5=. ~(@)) = 0, (5,9, им, U1, - И —1, Ao, ‚ Ar), 
ди, _ ee 
(5- -()) = У-(5, 9, и, U1, U1, sr ,Ur—1, Ur, 42, cone ‚ Ar, Br), 
ди, 
( ae (@)) a U,44(%, Y, My UA, - 2 я ны pAvaa), 
ди г oe 
ag” (2) ) = Vp41(2, 9, р» U1,--- Vr, Uri, А2,... Arti, Вы), 
(2.3.26) 
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The infinite systems (2.3.24), (2.3.25), and (2.3.26) can be integrated succes- 
sively (to any value of the index) in analytic form. Indeed, substituting Хм, Ум 
into (2.3.24) — (2.3.26) for ui we obtain the equation 


(2. (2) = х жаре», (2.3.27) 
u Е 
and its general solution can be written in the form 
ва Хь (2, ре) 7 
и1 (2,9, |) = м. т + 21 (5, и), (2.3.28) 
1% № , 


where ‹р1 is an arbitrary vector-function differentiable with respect to Z. Due to the 
locally nonresonance nature of system (2.3.15) and the boundedness of ||k|| < №, 
the denominators (k, w(£)) in (2.3.28) with t € [0, Т] do not vanish. 

Now we will make two essential remarks. 


Remark 1 Comparing the first two equations of the infinite-dimensional sys- 
tems (2.3.24) — (2.3.26) we see that they exactly coincide, and consequently, the first 
approximation of asymptotic perturbation theory has the same analytic structure 
irrespective of the analytical form of the comparison equations. 


Remark 2 In the substitution of variables (2.3.23), in equations (2.3.24)— 
(2.3.27), and in the solution (2.3.28) the dependence of functions on the small 
parameter js аз an argument is shown. It is this parameter that is included as a 
symbol into (2.3.23) and into the functions from the comparison equations. 


If we now substitute the expression for u; (2.3.28) into the second equation of 
any of the comparison systems (2.3.24) — (2.3.26) and construct the general solution 
for v,; by the method of characteristics, we will obtain 


ee у У (z, ие) 


91 (2,9, 0) = - 
зам №4 (@)) 
ды (2) Xn(t, ре \ | "бы (2) i 
ы Ox” oy i(k, w(Z))? (( OE” Ф1( +) , 7) 
+ 91 (2, и), 


(2.3.29) 
where 41 is also an arbitrary function differentiable with respect to Z. 
Study the behavior of the functions и1(2,9, и) and v1(Z,9,u). If gi # 0, 
then in the function v; the following item appears: 


(SP ем}, в), 


which has the nature of a secular term, since it is proportional to the fast vector 
7, and the latter (or rather, its norm) is a semilinear time function $. If we assume 
that у: 2 0, then the function v,; will generate a secular term when finding 
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the function u2 from the third equation of comparison systems (2.3.24) — (2.3.26). 
Consequently, to build an asymptotic theory of the first approximation for the 
rotary system (2.3.15) in the form of trigonometric items, it is necessary to assume 


41(5, и) =0, y1(%, и) = 0. (2.3.30) 


ae Xk т, pb ей (№9) 
и (1,9, = >) т (2.3.31) 
«Ам ON 


5 Yale ae 
rchepen 1,4 (8) 


Ow (£) X;,(z, иде 9) 
+( 552. ров ) 


1<|lAIISN 


91 (5,9, м) = 
(2.3.32) 


So, from the infinite number of solutions of the first two equations of the 
comparison system (2.3.24) — (2.3.26) we have chosen solutions 27-periodical with 
respect to the vector 9, for и1 and vj. 

Now consider the second approximation of asymptotic theory, i.e. determine 
the functions u2(Z, 9, р), v2(Z,¥9, и) of the substitution of variables (2.3.23). First 
of all consider the third equation of the comparison system (2.3.24) that determines 
the function ua. Having calculated the partial derivatives Ou; /OZ and Ou; /O9 and 
having substituted them into the right-hand member of the third equation with ил 
and v1, together we will get the following equation: 


($2. ( ) = es O& : SS i(s, w(Z)) 


1<]5|< № 


(kX, У, уе +9) 
р ae @) 


1<|[KII<N 1<|[sl]<N 


(=, Sy Batten) 


— ! Ie 
ТАМ 1185 i(s, w()) 


(Оха w/e 
Gz i(k, (=) tas ») 


(2.3.33) 
where the symbol (k,e) signifies УК. In the right-hand member of equation 


Copyright © 2004 CRC Press LLC 


2. AVERAGING PRINCIPLE FOR MULTIFREQUENCY SYSTEMS 49 


(2.3.33) there are terms that do not depend on 9. We will write them separately, 
because it is these terms that generate the secular terms in the solution uz: 


(OXx (2, и) /02, X_4(Z, и) 
L2sec=- У ИА 
тм i(k, w(Z)) 
_ у Wale). Yel.) а 
1<|[RII<N (k, w(Z)) (2.3.34) 
= {| 220]. 5 ere w CEG 2) | 
( OF Днем i(k, w(Z))? 
with k+s=0. 


Now if we again write an equation for ‘и>(т, 9, 1), it will take the form 


д (OX;,/0%, Xs (k+8,9) 
(2 2(@)) = U2 sec + у. У` Вы 


oy 0<*||<№1<|8|< № i(s, w(Z)) 
k+s40 
eilkts,9) 


(KX. 
= Ds De pee w()) 


1<||KI|<NI<||s||<N 


k+sA0 
+(e уе jy ве 
Se 
Е № (8, w(Z)) 
k+s40 


7 (OX;,/dz)eth) 
eo КЕ.) ’ ») 


Хе 
(дея) 


15| № 


(2.3.35) 
Integration of equation (2.3.35) by the method of characteristics gives 


u2(Z,Y, и) = Ur sec x + 51 + 52, (2.3.36) 


9 
(т) 
where 

(OX;,/0z, Хе +8) 


Bue ~O7L А Atay 
o<iieicnictanen ® (8 + 8,62(Р)) (8,62) 
k+s40 
> SS (KX x, Y,)e i(k+s,7) 

a We er 
1<||KI|<N 1<|[s||<N i(k + 8,w(£))(s,w(x)) 

k+s40 
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Ow(Z) Xs, (Xk, (k,e))) eters у) 

ра д ’ У. У` и 

ee 1<|lkI<N1<Ilsi<n | (s,w(%))?(k + s,w(Z)) 
k+s40 


(OX;,/0z)e*D и 
-( уз т, Xela) 


15 Ам 


Хуе Я a 

-| У ел ии) | + -2(@.). 
«ем (he) 

Here > is an arbitrary vector-function differentiable with respect to 5, and the 

symbol U2 sec x § _ denotes a vector with ОН 


1 Yo 2 n 
5, Us а = Us ee р. aU oe 


with their upper ae stig. a the number of ie component of vector uz, 
@ = w(Z). 

So if we find a transformation of the form (2.3.23) transforming (2.3.15) into 
(2.3.18), then in the first approximation the indestructible secular terms (U2,sec x 
y/@ > t) already appear in the function u2(Z,¥%, и). If we integrate the equation 
for the function v2, it will be easy to see that the latter will also contain secular 
terms proportional to +. 

Hence it can be concluded that there is no trigonometric substitution of vari- 
ables (2.3.23) that would actualize the transform (2.3.15) -+ (2.3.18). Indestruc- 
tible secular terms are present among the second-order terms with respect to и ш 
the relations (2.3.23). 

Now consider the transform (2.3.15) -— (2.3.19). This is achieved through the 
use of the infinite-dimensional system (2.3.25). As we have mentioned above, the 
first two equations of systems (2.3.24) and (2.3.25) coincide, therefore the func- 
tions of the first approximation и: and %1 are expressed by the same formulae 
(2.3.28), (2.3.29), or (2.3.31), (2.3.32) as for the transform (2.3.15) > (2.3.18). 
But the equations of the second approximation already differ in the fact that sys- 
tem (2.3.25) still includes indefinite functions A2(Z, 4), Bo(Z, р). The presence of 
such functions in the second members of equations for uz, v2 allows us to use them 
at our discretion. The most expedient method seems to be to use an approach 
when with the help of Az, By we attempt to exclude from those equations items 
non-periodic with respect to 9, that have generated the secular terms in ug, 05 (see 
formula (2.3.36)). 

In other words, the functions Az, Bz should be chosen in such a way that the 
following equalities will be true 


2п 2п 
[--- ГО2(®, 9, и, мл, 01, А2) di +++ din = 0, 
Qn be : (2.3.37) 


f НЫ ГУ> (2,9, и, U1, U1, U2, Аз, Bo) dy - >: ду = 0, 
0 0 
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or explicitly, 


Ao(&, 1) = U2 sec (т, и), (2.3.38) 
Bo(&, р) = Vo,sec(Z, и). (2.3.39) 


Here V2 sec(Z, 4) is an item independent of у in the fourth equation of system 
(2.3.25) and results from the substitution of the previously found functions wy, v1, 
и2, Ag into it, and the execution of algebraic operations on trigonometric polyno- 
mials. 

Upon such a choice of the function A» the third equation of the system (2.3.25) 
takes the form 


uz (OX;,/0z, X,) ев) 
(Gea)- oy вы) 
1<||AI| SN 1<||s||<N 
k+s40 ( ' 
(hx EY, eilk+s,y 
ee eee See у 
1<||KI| SN 1<||s||<N 
k+s40 


Ou (E Х,, (Xk, (k,e))) е +9) 
+( se) Sas eee 


1<|[KI| SN 1<||s||<N 
k+s40 


(OX, /dz)e""9) р 
= У` ————— ; Xo (4, И) 
ey ee) 
X eth) 
Е SS 8 ® 19) 
ТАМ ^ 
(2.3.40) 
The method of characteristics gives 


т elk 8,9) 
u2(Z,9, и) = x У` Е 


O<IIRI<N << | Е + 8,w(£))(s,w(2)) 
k+s40 
Y,)e i(k+s,7) 


(КХь, 
Ne Se ee 


1<|[KI|SN 1<||s||<N 
k+s40 


dw (@) x7 Oak | 

с re ia a ees 

( OF ciel <n 1<ieln (Е + 8,w(Z))(s,w(Z))* 
k+s40 


(OX;,/dz)e(*D) Хье 
d a по м) - отб ® № 


тм пм" 
(2.3.41) 
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In a similar way one can find the function v2(&, 9, 1); if Bo is determined from 
the condition (2.3.39), then the function will not contain secular terms but will only 
be expressed via functions periodic with respect to 9. Of course, this is true on 
the assumption that the arbitrary functions yo and 45 emerging in the integration 
process are considered as identically equal to zero. 

So the obtained analytic expressions (2.3.31), (2.3.32) show that the functions 
U1, U1, U2, 02 constituting the Krylov-Bogolyubov transform (2.3.23), to an accu- 
racy of О (и?) contain only 27-periodic functions with respect to the fast variables 9. 
This property is also valid for each $ = 2,3,...,7r, if А,, В, are determined from 
the conditions 


2п 2п 

fon foo nue, ‚051, 42, Bo,... ,As) dg = 0, 
ня (2.3.42) 
fo [Veta ‚051, Us, 42, Bo,... , As, В,) dj = 0. 


0 0 


As regards the functions ит, Up4i, in accordance with (2.3.25) the defining 
equations do not contain any arbitrary functions, and the destruction of secular 
terms at the (r+ 1) step is impossible. The functions u,41, v,41 will contain 
both secular terms and items periodic with respect to 7, and can be symbolically 
written as 


Ur+1(&, 9, и) = U,+41,sec (2, р) ro) + {terms periodic with respect to 7}, 
vr+1(&, 9, и) = Vr+1,sec (2, р) а + {terms periodic with respect to 7}, 
(2.3.43) 
where the secular coefficients only depend on 1 and р. 

Hence a conclusion can be drawn, which is very important for the asymptotic 
theory of differential equations of the form (2.3.15). The transformation (2.3.15) > 
(2.3.19) can be achieved in the class of trigonometric substitutions of variables to 
an accuracy of O(u") only. There is no exact substitution of variables (2.3.23) in 
the class of trigonometric functions, that would transform the initial rotary system 
(2.3.15) into the comparison system of the r-th approximation (2.3.25). 

The situation fundamentally changes in case of the mapping (2.3.15) > (2.3.20), 
i.e. when the comparison system is a system of any approximation. For the map- 
ping (2.3.15) > (2.3.20) substitution of variables (2.3.23) is determined by the 
infinite-dimensional system of linear partial differential equations (2.3.26). The 
analysis of this system shows that at any step of $ (not only for $ < г) the equa- 
tions contain arbitrary functions of the form A,, B, that can be chosen in such a 
way that they would destroy secular terms at each step. Application of the method 
of characteristics allows us to find transfer functions us, vs in an analytical form for 
each s. For this purpose it is only necessary to integrate equations (2.3.26) at the 
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previous steps 1,2,..., 5—1. Thus, for из, и; we obtain expressions of the form 


us(Z, 9, и) = {terms periodic with respect to 7}, 
vs(Z, 9, и) = {terms periodic with respect to 9} (2.3.44) 
8=1,2.... 


Conclusion. The mapping of the initial rotary system (2.3.15) into the compari- 
son system of any approximation (2.3.20) can be performed with any prescribed 
accuracy O(*) in the class of trigonometric substitutions of variables of the form 
(2.3.23). With $ — oo there exist formal trigonometric substitutions of variables 
of the form (2.3.23), transforming equations (2.3.15) into equations (2.3.20) that 
also contain infinite power series of р. Convergence of such series is problematic. 

Having constructed the substitution of variables (2.3.23), i.e. having found 
the functions us, 05, it is possible to analyze the values ||a(t¢, и) — Z(t, и)|| and 
\|y(t, и) — g(t, #)||. То an accuracy of О(р?) it can be concluded that 


l|a(t, и) — Z(t, w)|| < има (2, 9, И), 


where Z(t, р) are slow variables of one of the comparison systems (2.3.18) — (2.3.20). 
For systems locally nonresonant on t € [0, Т] the norm of the function ил is easily 
calculated from formula (2.3.31): 


[из (2,9, W)|| < C/o, (2.3.45) 


where С is a constant bounding the initial function Хм(х, у, и) in the definitional 
domain Отит. Then, obviously, 


lle(t, 2) — &(t, || < иС/а (2.3.46) 


and with и-0, |5 -2|| > 0 for all фе [0, T], where the condition of the local 
nonresonance character of the system (2.3.15) is fulfilled. 

For the norm ||y — g|| the matter becomes far more complicated. Indeed, 
with the mapping (2.3.15) — (2.3.18) the function uz contains a secular term 
proportional to $. When finding the function vg this term generates a secular term 
proportional to #, so |ly(¢, р) — g(t, u)|| > 0, if, eg., T = Cyt. Hence it follows 
that without some essential additional conditions put on the initial functions w, 
Хм, Ум it is impossible to obtain the ¢-proximity of y(¢,w) and 9(Ь w). 


2.4 Initial Conditions for Comparison Equations 


In Section 2.3 we described the algorithm for finding the functions ик, ок for three 
classes of comparison equations: comparison equations of the first approximation 
(2.3.18), those of the r-th approximation (2.3.19) and those of any (including the 
infinite) approximation (2.3.20). Under certain conditions the Krylov-Bogolyubov 
transform (2.3.23) has a trigonometric form, but it turns out that in this case the 
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comparison equations should be solved with the initial conditions differing from 
those given for the initial equations (2.3.15). We would like to emphasize this 
important circumstance, because when justifying Krylov-Bogolyubov method for 
different classes of ordinary differential equations the overwhelming majority of 
authors formulate theorems on ¢-proximity of exact and averaged solutions for the 
same initial conditions. 

So we will look for such initial conditions for comparison equations that would 
guarantee the existence of trigonometric substitutions of variables of the form 
(2.3.23). We know that the necessary condition for the existence of 27-periodic sub- 
stitutions of variables is the equality of functions yx (Z, и), Фк (т, и) (k = 1,2,...) 
to zero. Under these conditions the functions uz, and ок are expressed by functions 
(2.3.31), (2.3.32), and if we substitute ¢ = 0 in them, then 


. | Хь(2(0, и), ме (К, 90,4) 
аи №6 @®, и) 


i п У» (2(0, р), р) et FO") 
1 (2(0, и), 9(0, и), и) = У` и 
мох 190, 1))) 


Tr eh gO, H)) 
: (eo моя 
15| я 

(2.4.2) 
For the above reason, in the first approximation the vectors ||x(0, р) — (0, 4) ||, 


lly(O, 2) — 9(0, 4)|| are not equal to zero vectors because 


(0, и) — 2(0, №) = pur (Z(0, и), 9(0, №), 14), 
(0, и) — 9(0, №) = por (2(0, р), 9(0, и), и). 


These norms have order O() which is retained in any s-th approximation. 

Thus, it is possible to find a Krylov-Bogolyuboy transform of the form (2.3.23) 
in a trigonometric form (in the form of functions 27-periodic with respect to g) in 
case one calculates the solution of comparison equations with the initial conditions 
defined from the following relations: for the mapping (2.3.15) > (2.3.18) 


(2.4.3) 


(0, 4) + pur (Z(0, 4), 9(0, м), м) = Xo, (2.4.4) 
9(0, м) + yi (2(0, м), Y(O, м), №) = Yo; 
for the mapping (2.3.15) - (2.3.19) 
2(0, и) + У рик (2 (0, и), 9(0, и), и) = 20, 
р. (2.4.5) 
9(0, 1) уу в (2(0, 4), 9(0, и), = yo 
k=1 
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and for the mapping (2.3.15) > (2.3.20) 


2(0, и) + У `` pur (2(0, 4), 9(0, и), и) = 20, 
k>1 


9(0, и) + > won (2 (0, и), 9(0-), м) = Yo. 
k>1 


(2.4.6) 


Equations (2.4.4)—(2.4.6) are function-transcendent equations that include 
&(0, 4) and 9(0, и) as unknowns; %o, yo are the initial values for the initial system 
(2.3.15). When solving such equations, as a rule one should use different iteration 
methods (cf. Bakhvalov [1]), including that of simple iterations. 

For the mapping (2.3.15) — (2.3.18) 


BHO, и) = to — pur (2—1 (0, р), 9-1 (0, и), в), 


(2.4.7) 
g” (0, и) = Yo — И (2-0 (0, и), ео (0, и), и). 
At the first step 
a (0, 1) = Xo — ри (50, Yo, И), (2.4.8) 
9) (0, 1) = yo — раз (20, Yo, В). 
For the mapping (2.3.15) > (2.3.19) we obtain 
2) (0, и) = to — > peus(E* (0, р), 9 (0, 1), р), 
8=1 
9%) (0, м) = yo — У p°v.(E4-Y (0, и), 9-1 (0, ), в), ee) 
8=1 
20, р) = Zo, g (0, 1) = Yo, k=1,2,... ; 
and for the mapping (2.3.15) — (2.3.20) 
2%) 0, р) = 2 — D> pus (2 (0, и), FY (0, и), в), 
8>1 
9%) (0, 2) = yo — У (2-1 (0, и), 9-9 (0, 1), 4), (2.4.10) 


821 
26) (0, и) =2, 9(0,u)=yo, k=1,2,.... 


Now we will give some totals of this asymptotic theory of locally nonresonance 
systems with slow and fast variables of the form (2.3.1). We write them in the form 
of an algorithm. 


Step 1. If we are given the errors 6, and д5 for the solution of equation (2.3.1) 
within the time interval ¢ € [0, Т], then we will first define the values ¢, and 
€2 characterizing the deviations of the right-hand members of the approximate 
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equations (2.3.2) from the right-hand members of the given equations (2.3.1). When 
finding =1 and =2, in formulae (2.3.10) one should substitute, e.g. 91/2 and 92/2 
instead of д: and 62. The compensation of the deviation of the solutions, equal to 
01/2 and 6/2, will be found through asymptotic theory. 


Step 2. Knowing the values ¢, and =>, we find № giving the place of “trun- 
cation” of the Fourier series for the functions Х (х,у, и), Y(«,y, р). Now instead 
of the rotary system (2.3.1) we will consider the multifrequency system 


dz : 
= = у i(k, 
dt = иХм(хт, у, п) = Xp (x, we у, 
0% № 
А : 
= = (5) + рУм (т, у, и) = w(x) + и › Ук (х, иде, (2.4.11) 


O<|[KI|SN 
x(0, и) = Zo, y(0, р) = Yo, 


with its right-hand members being trigonometric polynomials with respect to y, 
but not infinite series. 


Step 3. We apply the operator M, of averaging with respect to phase vari- 
ables y, to the right-hand members of equations (2.4.11) i.e. we find the comparison 
functions 


Xn (z, и) = M,|Xn(Z,y, и] 


2п Qn 
1 
0 0 


Yn (&, и) = Yo(, р) 


and construct the comparison equations of the first, r-th or any approximation 
(2.3.18), (2.3.19), or (2.3.20). For example, write the averaged system of the r-th 
approximation for (2.4.11): 


dt 
eh д (2.4.13) 
7 a ae 
Fp = (®) + HVOF р) + DBE). 
8=2 


Step 4. To write the equations (2.4.13) uniquely it is necessary to find the 
transfer functions 


LE У ии, (2,9, и), 
= (2.4.14) 

У=Я+ У 1%, (2,9, р). 
8=1 
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They are found in an analytical form by the method described in Section 2.3, 
and of course, this method seems extremely promising from the point of view of the 
use of computers for the execution of analytical (literal) operations. Expressions 
for A,, В, (s = 2,3,...,r) are written in analytic form as well, i.e. the right-hand 
members of comparison equations are written uniquely. 


Step 5. If we consider the transformation formulae (2.4.14) as asymptotic 
transformations of the initial unknown variables x(t, и), y(t, и), it is necessary to 
find the solution of the comparison equations Z(t, и), 9($ р). First we will calculate 
the initial values of Z(0, 4), 9(0, №) from the functional equations 


2(0, и) + puta ,9(0, 1), #) = £0, 


9(0, и) + pt ,9(0, 1), и) = Yo. 


Then we will solve the Cauchy problem for the comparison equations (2.4.13) 
with the initial values 2(0, и), 9(0, 4). However, since the averaging operator Му 
results in a separation of movements and the subsystem of m-th order differential 
equations for < does not contain the vector 9, the Cauchy problem should be solved 
for the subsystem of slow variables only: 


a = (2.4.15) 
т (и) о = ©(0, р). 
If т are found, then the fast variables у will be found by simple integration: 


g(t, и) = 9(0, и) + it )) + иуо(2(т, и), и) 


+в, we dr. 


Now substituting the functions Z(t, и) and 9(Ь р) into the transformation for- 
mulae (2.4.14) we will find the solution of the initial system (2.3.15) x(t, р), y(t, и) 
with error О(р”). 


(2.4.16) 


2.5 Averaging Operator for Time-Independent Disturbances 


The most widely used averaging operators M;, M,, М.($) described in Section 1.1 
have a certain drawback: in the smoothing process the dependence of the solution 
on time is not accounted for. Therefore when smoothing it is very important 
to consider, at least partially, the information on the dynamic properties of the 
solutions. 
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Such smoothing operators are the operator of averaging along the generating 
solution and the operator of averaging for time-independent disturbances. Appar- 
ently, the former was first used in the theory of lunar motion by Charles Delaunay 
(see Delaunay [1]), and the mathematical aspects of its applicability in nonreso- 
nance multifrequency systems were first considered by Volosov [1]. 

To construct this operator, substitute и = 0 into the initial differential equa- 
tion (1.3.1) and obtain, in accordance with Poincaré’s terms, the generating equa- 
tion 

dz) 
dt 


Assume that the general solution of this generating equation is known: 


= Z(2) 4,0) = 7 (2, 2). (25:1) 


2 (t) = y(t, C), (2.5.2) 


where С is an n-dimensional vector of arbitrary constants. Replacing in Z(z, t, и) 
the variable z by the function y, we obtain a new function depending on the 
parameters С’ 4 and on time: 


Z*(t,C,u) = Z(vlt,C), t,p). (2.5.3) 


To this function we can apply the time averaging operator M,[Z*] determined 
from formula (1.1.6): 


T 
- 1 
M,[Z*] = Z*(C, р) = lim = | Z*(t, С, и) dt. (2.5.4) 
To0 Т 
0 
In this case the comparison equation of the first approximation will be written 
in the form 
4 2 
— = 2*(С 2.5. 
т (С, м), (2.5.5) 


and evidently it can be integrated right away: 
Z(t, w) = Z*(C, p)t + 20. (2.5.6) 


It is hard to expect that the solutions of the system (1.3.1), 2( 4) and Z(t, м), 
would be e-close in norm; therefore some workers recommend replacing the vector 
С (or the vector of initial values zo) in comparison equations by the function 2. 
After that the comparison equation of the first approximation for (1.3.1) takes the 
form 


di, 
— = 4" (5, и), 2.5.7 
ит (=, №) (2.5.7) 
and this was the subject of inquiry in the work of many mathematicians. But 
it should be noted that the procedure of changing С to Z is not strongly valid. 
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To eliminate this drawback to a certain extent, another averaging operator was 
proposed by Grebenikov [2,3] which can be called an averaging operator for time- 
independent disturbances. 

In (1.3.1) perform the substitution of variables 


p(t, u) = z(t, и) — ett, C). (2.5.8) 
Then the vector-function p is defined by the differential equation 
4 
= = Р,ь С, и) = Z(t ¢,t,n) - 2 (Vt,0), 8), (2.5.9) 


equivalent to the initial equation (1.3.1). Now apply the procedure of averaging 
with respect to $ to the second member of (2.5.9), in the integration process re- 
garding р, С, as constants: 


T 

= 1 

РФС, = Jim т | P@.t.C,n)at. (2.5.10) 
0 


It is the formula (2.5.10) that defines the averaging operator for time-indepen- 
dent disturbances. 
The comparison equation of the first approximation for (2.5.9) takes the form 
ар _ 
а 
If we write a comparison equation of the first approximation for (1.3.1), construc- 
ted by means of an averaging operator for time-independent disturbances, we will 
obtain 


P(p,C,p). (2.5.11) 


= = P(z—, Cp) + ZO (y, 0). (2.5.12) 

The rule of construction of such an operator automatically saves, in the second 
members of the comparison equations (2.5.11) and (2.5.12), the unknown р(® и) 
and 2( р); therefore there is no uncertainty like in the case of the use of an 
operator of averaging along the generating solution. 

Now we will give an example of an application of an averaging operator for 
time-independent disturbances to show its main advantage. 

Let X(z,y) be a 27-periodic function with respect to у and satisfying in some 
domain Gmin = {(5, 4): ХЕ Pm, УЕ Qn} the conditions of the Jordan—Dirichlet 
theorem on Fourier series expansibility. In the domain G,,+, we will have 


Maye У феи, (2.5.13) 
ЩЕ 


Applying the operator of averaging with respect to у (Gauss’s operator) to (2.5.13), 
we obtain 


Му] = aay ff xen dy, ...dyn = Xo(2). (2.5.14) 
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This very operator was used for the construction of the asymptotic theory of 
locally nonresonant systems (see sections 2.3 and 2.4). Now suppose that 


y(t) =wt+p (2.5.15) 


and the numeric vector w has rationally incommensurable components, i.e. 
(k,w) 2 0 for all integer vectors К, except the vector with zero norm. If the 
substitution (2.5.15) is performed in (2.5.13), we obtain the conditionally periodic 
function of time 


X(x,wt +p) Е. Хь (2) exp{i(k, w)t + i(k, p)}. (2.5.16) 
||| 20 


To (2.5.16) we apply an averaging operator for time-independent disturbances, in 
the integration process regarding p as a constant vector: 


M[X (x, wt + p)] = Jim tps (x, wt + p) dt = Xo(z). (2.5.17) 


Now let the frequency vector w have rationally commensurable components, 
i.e. the equality (k,w) = 0 is true for some set of integer vectors k*. Then 


X(a,wt+p)= У Xe(x) expfi(k,p)} 
he{k*} (2.5.18) 


+ pees (x) exp{i(k, w)t + i(k, p)}, 


where two primes denote summation over the set of integers apart those for which 
(k,w) = 0. In other words, the first sum includes resonance harmonics, and the 
other nonresonance harmonics. 

After application of an averaging operator for time-dependent disturbances we 
obtain 


МИХ (a,wt + p)] = X(a,p) = YS Xu (aye, (2.5.19) 
ke{k*} 


hence it is clear that after the smoothing procedure not only do the “resonance” 
summands of expansion remain, but implicitly the dependence of the averaged 
function on p was kept as well. 

Though the averaging operator for time-dependent disturbances is denoted by 
the same symbol as the operator of averaging with respect to the time-averaging 
operator, there is an essential difference between them. First, the averaging opera- 
tor for time-dependent disturbances is also applied when the initial functions do not 
depend explicitly on time, and second, time is introduced through the dependence 
of the generating solution on it, but not arbitrarily. 
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2.6 Asymptotic Theory of Systems with Their Paths Passing through 
Resonance Points 


Revert to rotary system (2.3.15) 


dx 

— = ux 

dt LU N(@, YH), 
d 


x(0, и) = Zo, y(0, и) = Vo, 


where the vector-functions Хм, Ум are represented by n-fold Fourier polynomials 
with respect to y 


Xn (x,y, и) a У` Хь (=, pet), 
O<||KI|SN 


Ум(т,у, и) = D> Yala, pe. 
O<||KI|SN 


(2.6.2) 


Instead of (2.6.1) we introduce a system for disturbances, using the substitution 
of variables 


р=х-—10, G=Yy-—wWot—Yo, Wo = (50), (2.6.3) 
and obtain 
dp 
ad — иХм( + 10, qd + Wot + Yo, и), 
г (2.6.4) 
я — «(р + Xo) — Wo + ВУ» (р + Xo, q + wot =F Yo; и); 
Xv= > Хыр+то, и) ехр{ ИК, о) + i(k, q+ yo)}, 
о< Ам (2.6.5) 
У = > У, (р + то, п) exp{i(k, wo)t + i(k, ¢ + yo)}. 
O<|[AI|SN 


The equivalence of (2.6.1) and (2.6.4) is obvious. 
Let the initial vector of frequencies wo satisfy, for К € {k*}, ||k|| 4 0, the 
resonance condition 
(k, wo) = 0. (2.6.6) 


Apply Gauss’s operator M, to the right-hand members of equation (2.6.1). Then 
the averaged equations of the first, r-th and any approximation will exactly coincide 
with the comparison equations (2.3.18) — (2.3.20). Аз an example see below the 
comparison equations of any approximation 


di 
р = ИХо(Ф, р) + HARE, и), 
k>2 
a 2 (2.6.7) 
YY (т У (т ^В, (т 
ар = 9 (2) + мо (т, и) + > Be (2, и). 


k>2 
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It seems that for the construction of the mapping (2.6.1) > (2.6.7) one should 
use the substitution of variables (2.3.23) and the system (2.3.26) since there is no 
external difference between (2.3.15) and (2.6.1). However the solution of system 
(2.3.26) for (2.6.1) with consideration for the resonance conditions (2.6.6) will differ 
from the solution given in Section 2.3. Indeed, the equation for ил in this case can 
be written in the form 


& w(@)) = YS Xela, + У” Xe ре, 2.68) 
4 Е ам 
where the first sum contains terms for which (k,wo) = 0 (resonance sum), and the 
second sum contains nonresonant terms. In locally nonresonant systems the first 
sum is lacking. 

Due to the presence of the resonance sum the solution of equation (2.6.8) is a 
complicated procedure. 

First assume that the paths of system (2.6.1) have the property of remaining 
in a resonance point, i.e. the equality 


(k, w(Z)) = 0 (2.6.9) 


is true not only at the initial point хо, but also for some interval of t. In equality 
(2.6.9) the vector k takes the same values as in the first sum in (2.6.8). Then, using 
the method of characteristics, we can write the general solution for (2.6.8) in the 


form 
7 af fe (k,9) 
man = 2 В У" alee 
= 2) мм 
у" Hele wet 
ТАМ hae) 
where 1 (&, 11) is an arbitrary vector-function differentiable with respect to @, like 


it was before. The first summand in (2.6.10) actually contains a secular term 
multiplied by e“(*-9), because 


(2.6.10) 
+ Yl (т, и), 


n on 
_ У` = _ +4 {small function}, (2.6.11) 
n — ws(Z) 
i.e. the first summand consists of terms of the form tsinat, tcosat which Poincaré 
called mixed disturbances. 

So, if the averaging of the right-hand members is performed by means of the 
operator M, and for some vectors k the resonance relation (2.6.9) holds, then 
already at the first step in the Krylov-Bogolyubov transform (2.3.23) secular (or, 
more exactly, mixed) terms appear, and consequently an asymptotic theory of 
disturbances of rotary systems of the form (2.6.1) in trigonometric form cannot be 
constructed. 

Now assume that the resonance relation (2.6.9) holds true on some discrete 
set of points {Zreg}. In this case we have two analytic representations for the 
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function ил: 


т — Ys : (kg) 
ui (2,9, р) п ее пе 

= 2.6.12 
к у” Xi (B, ре №) + ( ) 

Ко) И 

1185 № 
if (К, w(Zres)) = 0; 

Sef am Xp (5, п е *,9) + 

и1 (2,9, р) = У` т + y1(&, и), (2.6.13) 


if (k,w(Z)) 2 0. 

So for the transform (2.3.23) we will have two variations: (2.6.12) for the 
resonance case (it contains secular functions) and (2.6.13) for nonresonance points. 
Of course, the double expression for the function и1(2,9, и) generates a double 
expression for the function v1. 

In the first case we obtain 


v1 (, 9, и) 
he Fy р _ ры „ У (а, рек, я 
= a > У` Yu (т, pe (9) + У` и 


~ ws(Z) 
s=1 1<А| м 1<А< м 


оо, мне) 


в=2 1< IRIN 


+l SPs Sars) Ene 
д 


1% 


р 13| № 
ule). Yl (г, a Ч (Z, и). 


O& 


(2.6.14) 


The expression (2.6.14) shows that already in the first approximation in the 
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resonance case the function 01 contains a secular term of the form ¢? (y/w1 ~ t), 
and in the nonresonance case, a secular term of the form $, if y1(Z, р) = 0. 

So we obtain two variations of the asymptotic theory of disturbances of first 
order: one for the resonance case, another for the nonresonance case. It is easy to 
infer that this conclusion remains true for the theory of disturbances of a higher 
order as well. 

Now let the condition of initial resonance (2.6.6) be kept, and a procedure 
of averaging of functions Хм, Ум by means of an averaging operator for time- 
independent disturbance be performed. Then the comparison equations of any 
approximation will be written in the form 


dp ! 7 ; = = 

Tia У` Хь(ф + xo, ре 9 + У`мАк(р,4, р), 
о< Ам he? 

aq 


1 ze 
FH = Wt 20) — (0) +и DT Ур + 20, weer? (2.6.16) 


O<|AIISN 
+У`шВь(р, 4, р). 
k>2 
Our main objective is to show that the mapping (2.6.4) > (2.6.16) can be 


achieved by means of trigonometric substitution of variables of the form (2.3.23). 
Find the Krylov-Bogolyubov transform in the form 


р=р+ > wue,aty), а=а+> ик ,ФЬ р). (2.6.17) 
k>1 k>1 
Then the system determining the transformation functions us, vs will have the 
following analytic form: 


a a 
> + (Se. w(p + xo) — “» 
и 
= >» Хьб+ор) exp{i(k, + wot + yo)}- 
тим 
a д 
> + (5. (р + Xo) =) 
Mn | ды (р + 
= "Velo zo,nheswtitk a+ ant-+ wo)} + (PEF), и, 
1<| м ры 
ee oe oe р ae 
at И Аи 
= О (рр, м, ть... ‚Из_1, Us—1, 42, Вз,... ‚ As), 
Ove | диз о Sts 
at fg 


=> У, (р, д, и, U1, aera ‚051, Us, 42, Bo, SS , As, Bs). 
(2.6.18) 
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In sums with two primes k only takes nonresonance values. The system (2.6.18) 
may be successively solved in analytic form. For example, we have 
ae 1 Xe(p + 20, И) expt{i(k, 4 + wot + yo)} 
HOLD ^^ 
тм ° 
+ Фа (р, 1), 
a У Ук (р + го, и) exp{i(k, 4 + wot + yo)} 


Е о) 


д (р + то) " Хь(р- то, и) ехр КК, а + wot + yo)} 
+( 9 2. Риф + т) 


+ у (р, р). 


15 Ам 


(2.6.19) 

Expressions (2.6.19) show that in the case of averaging with respect to ¢ it 

is possible to determine the first terms of the Krylov-Bogolyubov transform in a 
trigonometric form, assuming that 


71 (р, и) = ул (р, и) = 0. 


If at each step of the iterations the functions A,(p,q, и), В, (р, а, и) are chosen 
as average values of the right-hand members of equations (2.6.18) with respect to t, 
i.e. if they are determined from the relations 


lim rf dt = 0, jim ak dt = 0, (2.6.20) 
Т-со Г 

and the functions ф,, Ф, are equated to zero, then it is possible to construct the 
Krylov—Bogolyubov transform in a trigonometric form for higher approximations 
as well. Then, to obtain the asymptotic representations of the solutions of the ini- 
tial system (2.6.1) it is necessary to substitute the solution of comparison equations 
(2.6.16) and the solutions of the form (2.6.19) into transform (2.6.17). The tran- 
sition from the variables (disturbances) p,q to the initial variables x, y is trivial. 


Conclusion If the solution of the multifrequency system (2.6.1) passes through 
one or several resonance points, then on averaging of the right-hand members by 
means of the Gauss operator Му we obtain a sufficiently complicated asymptotic 
perturbation theory with secular terms, with different analytical representations for 
resonance and nonresonance sections of the path. By means of the averaging ope- 
rator for time-independent disturbances the analytical form for the disturbances is 
noticeably simplified, but solution of the problem of the first, second and other ap- 
proximations becomes more complicated, because in the presence of the resonance 
of initial frequencies, comparison equations of the first, second and any approxima- 
tions do not split into subsystems separately determining the slow variables Z(t, и) 
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and the fast variables g(t, р). If frequency resonances are present, there is no split 
of motions in phase space. 


2.7 The Algorithm of Joining of Resonance and Nonresonance Path 
Sections 


Formulae (2.6.12) — (2.6.15) show that for approximate solutions of the initial multi- 
frequency system (2.6.1) we will have different analytic representations for different 
points of time. These analytic differences generate analytic formulae for solutions, 
quasi-independent from each other, but since the integral path of initial equations 
is a continuous function, we should join the different sections. 

For this purpose we will split the closed interval [0, Т] into two sets: 


(a) the time resonance set Г.з (Г) consisting of intervals for which 


К, w(a(t,))) За, te [1% 


1,гез? 


ый (2.7.1) 


where a is the width of the resonance zone, and #2) and tas are the 


left and the right ends of the s-th resonance interval; 
(b) the time nonresonance set Inonres(Z') consisting of intervals for which 


(k,w(E(t, р) >a, ве [te regs H2 


1, попгез? а ) 


(2.7.2) 
(s) 


и Неа are the left and the right ends of the s-th nonreso- 
(8) = t 


1 попгез T,Tes» 


where t 


nance interval ( because the first interval is a resonance 


one, (К, wo) =0, i = 0, eee = о. 


1, гез 1, гез 


It is obvious that 
Тез (Г) U Inonres (T) = [0, Т]. (2.7.3) 


On the set Г..(Г) asymptotic perturbation theory is represented by formulae 
with secular disturbances, if the averaging was made by means of the operator Му, 
and оп the set Inonres(Z’) by formulae of the form (2.6.13). For both variants 
to represent the solution x(t, р), y(t, и), it is necessary to join these expressions 
at the points ae = К onres, tes = й попгез № is also necessary to join the 
expressions for the derivatives dx/dt, dy/dt, because the right-hand members of 
the initial equations are continuous functions. To perform the joining it is necessary 
that 2(т + п) satisfies the conditions of the form 


oars и) = an Canes и), о и) = UO esac: м), 


dx Caer и) dx (ines, и) dy Gay и) № ау GO aids и) 


(2.7.4) 


dt dt | dt dt | 
The joining conditions (2.7.4) constitute а system of 2(m+n) functional equa- 
tions with the arbitrary functions yi, v1 and their partial derivatives dy, /dt, 
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di, /dt to be considered as the unknown functions, if the theory of the first ap- 
proximation is being constructed. Since yj, 41 are arbitrary functions differentiable 
with respect to Z, then for system (2.7.4) to be compatible we should introduce 
2(т +n) unknown parameters. For example, аз y{°), 4”) 
linear relative to 2 


we can take functions 


х® (Z, и) = Ass + pbs, т (Z, и) = CE, + ра, 


ЗЕ аьИй СИ 


(2.7.5) 


and then system (2.7.4) adds up to two subsystems of linear algebraic equations. 
(One is of order 2m with the unknowns a,, b, (s =1,...,m), the other is of order 
2n with the unknowns c,,d, (г =1,...,n)). Systems of the form (2.7.4) have to 
be solved each time when passing from a resonance interval to a nonresonance one 
and vice versa. 

Now it remains to define the width of the resonance zone—the number a 
determining the moments ae t\%)., in particular. The latter essentially depend 
on Т, i.e. in the time interval in which the asymptotic theory of multifrequency 


systems is constructed. If T = O(u~'), then it is expedient to take О(и) as a, e.g. 
a= hp, (2.7.6) 


i.e. we think that the width of the resonance zone is equal to 24. To obtain О 
(4 = 0 owing to the fact that (k,wo) = 0), it is necessary to solve the following 
equation with respect to t: 


(К, w(@(¢,n))) = и (2.7.7) 


where k* is the resonance vector with the lowest norm. 
Let the solutions of the equation (2.7.7) be denoted by 
0<t <Б<...<Т. (2.7.8) 
Then it is clear that Whe = t, is = 6, etc. Of course, the situation 
can arise when the equation (2.7.7) has no solution ¢; < T. This means that 
within the interval [0, Г] the path does not leave the a-zone of the initial reso- 
nance (К, о) = 0. 


2.8 Periodic and Quasi-Periodic Oscillations in the Van der Pol 
Oscillator System 


In electric circuit theory (see Van der Pol [1]) mathematical models are used that 
are called autonomous and nonautonomous Van der Pol oscillators. The former is 
the second-order differential equation 

ax dx 


—— 2 = = 2 — 
рт их = и -х зе (2.8.1) 
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and the latter is the equation 
x dda 
— 2х = (1 - А + pr cos At. (2.8.2) 


Here x(t, р) denotes the strength of current in a tube generator with an oscilla- 
tory circuit, w is the eigenfrequency of the oscillatory circuit of the tube generator, 
jis a small parameter characterizing the connection of the circuit with the vacu- 
um tube, Л is the frequency of the exciting current strength, and к is a positive 
parameter. 


w-A= OW), 721, (2.8.3) 


i.e. the eigenfrequency and the frequency of excitation are closely approximated, we 
have a dual-frequency resonance; the greater is 7, the “sharper” is the resonance. 
This will also be clear from the analytic constructions shown below. 

A more general mathematical model is comprised of the systems of autonomous 
and nonautonomous Van der Pol oscillators, described by the systems of ordinary 
differential equations 


xp, : 
Gxt Wate = Ufk(a, £), (28.4) 
BS (Bip) CES Bigs to hae BS 
ae . 
a +O = pie, ВЕ (2.8.5) 


where f,(z,Z,t) are analytical functions of the variables x, & in the 2n-dimensional 
open sphere Ke, with radius В 
nm 
У (ae + 4%) < В. (2.8.6) 
k=1 
The method of asymptotic series in trigonometric form was apparently first 
applied by Lindstedt (see Poincaré [3]) to the one-dimensional Van der Pol equation 


= +? т = pf (2, t), (2.8.7) 


where f(z,t) is afunction analytic with respect to x and periodic with respect to {. 
His ideas and the analytic form he proposed were generalized and developed for 
Hamiltonian systems by Poincaré [2]. In the one-dimensional case, moreover when 
there are no external exciting forces, resonance phenomena do not occur, therefore 
for us the systems of Van der Pol oscillators (2.8.4) and (2.8.5) are of special 
interest. Unlike the one-dimensional equation, both resonance correlations of the 
form (k,w) = 0 and resonance between frequencies w and excitation frequencies A 
may appear. 

With и = 0, generating systems for (2.8.4) and (2.8.5) consist of the second- 
order equations independent of each other 


(0) 
4 
ae ale wpa = 0, k == 1, ке ‚п, (2.8.8) 
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with their general solution expressed by the formulae 
20) (t) = Ак coswzt + Bysinw,zt, kK=1,...,n, (2.8.9) 


where Ах, By are arbitrary constants. Each function 20) (Е) has the period Dit. 5 
but the general solution of (2.8.9) may be both a periodic and a nonperiodic vector 
function $, and its nature is determined by the arithmetic properties of the fre- 
quency vector w. The geometric interpretation of paths on an n-dimensional torus 
given in Section 1.5 is fully applicable to the solution of (2.8.9). 

Now consider the disturbed system (2.8.4). Instead of 2n unknown functions 
ть, Lp We introduce new variables uz, ок by the formulae 

TE = Up Sin Wet — Ve COS Wyzt, 


, : (2.8.10) 
Le = Wk (ux COS Wet + UZ SIN wyt). 


The second equality of (2.8.10) means that the following conditions are imposed 
on the variables ug, vg: 


Cae t- ee t=0 
dt dt Ts (2.8.11) 


Uk (0) = 5% (0), Uk (0) wr = бк (0). 


where 2;,(0), 2к(0) are the initial conditions for the initial equations. The condi- 
tions (2.8.11) exactly coincide with the similar conditions appearing in the classical 
method of variation of arbitrary constants (see Stepanov [1]). 

Using the new functions, system (2.8.4) may be written as 


du 5 4(8,м 
У О 

I|s||>1 
io | i en (2.8.12) 
SE = ии) + У иде, 

|8 >1 


where $x, Wr, yl), ts) are analytic functions of variables u,v in an open 2n- 


dimensional sphere К», 


n 


У` (uj + 9) ов 


k=1 


Now introduce the 2n-dimensional vectors 


— (lies ин ‚бт, Z= (ее И Wn); 
Z= (т, + Spelt Dn + У ев). 


In this notation system (2.8.12) takes the form 


— = pZ(z,t), 2(0) = 20. (2.8.13) 
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System (2.8.13) is a so-called standard system in Bogolyubov’s sense (see Bo- 
golyubov [1]). We will write a comparison system of the first approximation 


ЧЕ р2(2), #(0)= 20, (2.8.14) 
where the comparison function has the form 
Я T 
Z(z) = jim, т ] Z(z,t) dt. 
0 


Unfortunately, it is impossible to apply the remarkable Bogolyubov theorem 
(see Bogolyubov and Mitropolsky [1]) on ¢-proximity of 2(Ь р) and 2% и) in 
an asymptotically large time interval (Т = O(y~')) because the function Z(z,t) 
does not have an average value over t, uniform in the whole domain of its existence. 
Therefore we will now consider one iteration method allowing us to construct the 
exact solution of system (2.8.13). This goes back to the work of Mandelstam and 
Papaleksi [1]. 


Theorem Let: 


(1) the vector-function Z(z,t) be continuous together with its partial deriva- 
tives with respect to z in the domain Сида = {(z,t): 2 € К, t € 
(—00, 00))} and its Euclidian norm satisfy, with respect to z, the Lips- 
chitz condition with the constant L 


(ZG SZ" ape BP Ho" |) ee eK (2.8.15) 


(2) Z(z,t) be a periodic function t with frequencies wy = Apeq, (A is any 
real positive number, pp, qx be integers, К =1,...,п) or a quasi-periodic 
function with respect to t, consisting of a finite number of harmonics; 


(3) the norms ||Z|| and |92/02|| be bounded in Спа 


— 


Z| < K, ||OZ/dz|| < К; (2.8.16) 


(4) 2(t,) Е К.» as t € (—00, 00) together with its p-neighborhood. 


Then for all = > 0 and A > 0 there exists ш(&,А,р) > 0 such that with 
НЕ [0, wo] and with Е [0, Au "| the following estimation holds: 


Е) — 2(t, wll <e, 20) = (0) = 20. 


Proof In view of condition (2) of the theorem, the function Z(z,t) can be repre- 
sented as 


Z(z,t) = Z(t) + >` 2, (ей. (2.8.17) 
|1 
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If it is periodic with respect to $, the norm of the summation index ||s|| can 
also be unbounded, and if Z(z,t) is quasi-periodic with respect to $, then in sum 
(2.8.17) 1< ||| < М. 

Now we will construct the solution of system (2.8.13) by the method of itera- 
tions, supposing that the first approximation is determined by the relation 


t t 


zi(t, и) = 20 + и [26 z(T, 1)) ат + в У` (2(т, ие" =>)" dr. (2.8.18) 
0 ||5|1>10 


In other words, as а zero approximation the solution of the averaged system 
(2.8.14) is taken. Integrating the last summand by parts, we find 


ells w)t |t 
(и) — =p 55 2, (2) CEE 
I|s||>1 , 
Gs (2.8.19) 
OZs > е* SW 
и? 5 а 
р 20) Tay 
||5|1> 10 
In systems of Van der Pol equations the frequencies ил1,..., и are constant, 


therefore the existence or the absence of resonance relations between them do 
not depend on time. A system is either always or never a resonance one. From 
condition (2) it follows that for all integer vectors s for which (s,w) #0 we have 
the estimation 


|(s,w)| > a > 0, (2.8.20) 


and it is important to note that a > 0 as ||s|| > oo. In addition, we constructed 
the function Z(z,t) in such a way that those summands of Fourier representation, 
for which (s,w) = 0, were beforehand included into Z(z). Therefore in sum (2.8.17) 
the summation index-vector s only takes nonresonance values. 

Then, taking into account the condition (3) of the theorem and estimation 
(2.8.20), from (2.8.19) we derive the estimation 


2иК 2Kt 
Пра 4) — alt, < + (2.8.21) 
and with 0 < pt < A we obtain 
K(2+AK 
l(t.) -2(t,w)|| <u, с=К@+АЮ (2.8.22) 


a 


Using the Liptschitz condition, it is easyto estimate the norm of the difference 
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of the second and first approximations: 


Il22(t, №) — 1 (tI < в [122,9 — 2(2,7)|| dr 


t 
< aL ] llea(r, #) — (7, ву dr, 
0 


and with 0<#< Ан" 


||22(, №) — 21 (6 4)|| < ВАСГ. (2.8.23) 


For the m-th approximation we have 
Gai 
т (Ъ И) — %m—1(t, Ce as 
[|2 (t, №) — Zm—1(t, HI] < р ОТ 


therefore 
l|2m ($ и) > R(t, и) < ucer”, 


Performing the limit transfer with m— со, we obtain 
llz(t, 4) — Z(t, м)|| < wCeA”. (2.8.24) 


Now let there be given an arbitrary value = > 0. Then if (=, A, р) is chosen 
from the condition 


poCe*” = ШЕЕ, р}, (2.8.25) 


then with all де [0, uo] and with all t € [0, Ам "] all approximations together 
with the exact solution z(t, 4) will belong to the ball K4,,, and on the other hand, 
we will have 


z(t, и) — Z(t, и)|| < =. (2.8.26) 


So the theorem has been proved. One might say that it expresses the averaging 
principle for the Van der Pol system. 


Now consider another aspect of the mathematical problem of Van der Pol 
asymptotic theory. 

Let there be given an n-dimensional cube P, = {0 < a, <1, k =1,...,n} 
and an arbitrary point ме P,. We will study not a single system, but a set of Van 
der Pol equations systems of the form (2.8.4) considering that w = (wy,...,Wn) Е 
P,, and the vector f = (fi,...,fn) is analytic with respect to x, & in the ball 
Koy, and its expansion contains an infinite number of summands. Then for the 
arbitrary vector w with irrational components from the cube Р, we see that it is 
always possible to choose a subset of vectors s such that on the one hand ||s|| > co, 
and |(s,w)| + 0 on the other. Here we come across a situation typical of problems 
with small denominators. In view of the fact that |(s,w)| — 0, the quantity 
С (а) included into estimation (2.8.22) grows without limit, and for this reason the 
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inequality (2.8.24) though not being violated, becomes senseless. Consequently, 
without additional conditions it is hardly possible to prove the averaging principles 
for such Van der Pol systems. The most natural additional conditions may be: 


(a) the condition of analyticity of 7 (2, t) with respect to z in a 2n-dimensional 
ball K3,,; 

(b) introduction of a “metric concept”, i.e. consideration not of all points 
of the cube P,,, but “almost all” (in the sense of Lebesgue measure, see 
Shilov [1]) its points, but such that for them |(s,w)| > 0 would follow 
some regularity if ||s|] — oo. 


We will study the above conditions in more detail. 


Condition (a) Let the vector-function Z(z) be analytic and 27-periodic with 
respect to z in some domain || Пи z|| < a. Then in this domain we have the Fourier 
representation 
A= ys Zee, (2.8.27) 
I|s||20 
and if ||Z(z)|| < М, then (see Arnol’d [1]) 


[25| < Meals, (2.8.28) 


Inequality (2.8.28) shows a very fast exponential decrease of the Fourier coef- 
ficients of the analytic function. 

Now let Z(z,t) be obtained by means of the above-described transformations 
from the vector-function f = (fi,...,fn) analytic with respect to x, & in a 2n- 
dimensional ball Ky,. Then it is analytic with respect to z in the ball А’, and 
periodic or quasi-periodic with respect to t € (—с0, со). A question arises: what is 
the structure of the representation coefficients (2.8.17) and what is their decrease 
rate аз ||s|| — со? 

Representation (2.8.17) was obtained from the expansion of vector f in terms 
of powers of z,,Z, their replacement by new variables и, v with consideration for 
(2.8.11) and as a result regrouping of an intermediate expansion for obtaining a 
standard Fourier representation. From these operations it follows that 


20) = Ава ee (2.8.29) 
or, in vector notation, 
Laie Sy ge”: (2.8.30) 
AZ ай 
If || f(x, %)|| < В when (5,2) Е Kon, then 


| fies,... hon l < (2.8.31) 


kyl-++ kon! 
Then 
B* 


|Ан,... shen | > Fils kon!’ 


(2.8.32) 
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where B* = BN, and N is an integer depending, generally speaking, on А1,... , kan. 
This implies 


2n 
B* 
12| < О AFI = [8]. 
=, И be e 
kyle B51 


Condition ($) Almost all (in the sense of Lebesgue measure) points w € P,, satisfy 
(see Arnol’d [1]) 
R 
I(s,w)| > Taal т (2.8.33) 
8 


where R(w) depends оп w only. Now we can formulate the next theorem. 


Theorem Let: 
(1) the vector-function Z(z,t) be analytic with respect to z in a unit ball К. 
and depend on t € (—00, со) in a periodic or conditionally periodic way; 
(2) its norm be bounded in the domain К5„ x (—00,0o) by a constant К; 
(3) the frequency vector w belong to a unit n-dimensional cube P, and satisfy 


(2.8.83); 
(4) z(t, и) Е К, with t € (—с, со) together with its p-neighborhood. 


Then for any Е > 0, A > 0 there exists po(e,A,p,w) > 0 such that with 
ИЕ [0, wo] and ЕЕ [0, Аи] 


z(t, р) — 2( м) <=, 2(0, и) = 2(0, р) = 20. (2.8.34) 
The proof of this theorem is given in Arnol’d [1]. 


In conclusion we will show one more transformation (x, %) — (u,v) instead of 
(2.8.10) and (2.8.11), which is often used by physicists and mathematicians. It is 
possible to seek the solution of equations (2.8.4) in the form 


p(t) = ag(t) cos(wyt + yz (t)), kK=1,...,n, (2.8.35) 


where ак (+), yz (t) are slowly changing amplitudes and phases. In this case instead 
of (2.8.11) we will have the conditions 


а а 
oT cos(wet + фь) — an sin(wet +e) =0, k=1,...,n. (2.8.36) 
Taking account of these conditions, the initial functions x, are determined 
from the differential equalities 
as 
dt 
Naturally, substitution of variables (2.8.35), (2.8.37) can be effectively used for 


sufficiently small р, because with р = 0 the amplitudes of oscillations a, and their 
phases фь are constant (see formulae (2.8.9)). 


= авик зп +p), K=1,...,n. (2.8.37) 
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We will show the aspects of the averaging principles on Van der Pol equations 
and, in particular, study the influence of resonance upon the qualitative behavior 
of solutions. 

First consider the autonomous Van der Pol oscillator 


a dx dx . 
TE twa = p(l—- x?) 2(0) 0 т 7 = 40. (2.8.38) 
We will look for a transform (5,2) > (a, ф), 
(tn) асы +), AGH = _aussin(wt + 9), (2.8.39) 
that will transform (2.8.38) into the system ф =wt+y 
ae = pasin? y (1 — а? cos” 4), 
a (2.8.40) 
aaa psin с034 (1 — a? cos? 4). 


The existence of the transform (2.8.39) implies that the additional conditions 


= cos(wt + ф) — aud asin(wt + y) = 0, 


a(0)cosy(0) = хо, a(O)wsin (0) = —4o, 


typical for the Van der Pol method and for the method of variation of arbitrary 
constants are satisfied. 

System (2.8.40) contains one slow variable a and one fast phase ф (¢ = wt + 
slow phase vy), therefore the method of the averaging principles for Van der Pol 
oscillator systems can be applied to it. Thus, we will look for a new substitution 
of variables 


а=а+ pui(G, р) + и?и> (а, 4) + ---, 


_ . 2.8.41 
ф=ф + ша, $) + и’ (а, $) + --, 


that will transform the system (2.8.40) into the comparison system of any approx- 


imation 
da 
a = Ai (@) + и? Аа) + .-., 
dp (2.8.42) 
pw + MBs (a) + и? Ва) +> 


Now if we perform all mathematical operations necessary for the averaging 
method, we will obtain an infinite system of partial differential equations for the 
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calculation of ‘ик (а, 4), чь(а, 4): 


ди а(4-—а”) асоз2ф  а3с0з4ф 


vee ee. 
a bs ЕВЕ > = _ в @), 
oat = =A, ee ua(1 = Sea) 
_ За? и (1 = cos4y)) avy = 4$ _ Жи (2.8.43) 
а = Ар - BZ - = 
uy mae (2 an cos 2) _ а? (1 Несов) _ в» (а) 


This infinite system can be integrated by the method of characteristics. From 
the whole set we will choose the simplest class of periodic solutions. Following the 
general rule of finding the unknown functions Ах, Вь, we find 


2п 
1 a(4— а? acos2W а? cos4y] - 
Ака) = 5- в“) 5 oe 
у (2.8.44) 
1 2—а?) 312% @а?9040| - 
Вка) = 57 oe = | dy, 
0 
or 
Hyg 2D 
Ay (4) = ee RO=0 (2.8.45) 
Therefore 
2 7 2 sin dap 
паба) = [- sina + |+ ра) 
ее (2.8.46) 
_ 7 (@ —2)cos a” cos о 
91 (а, ) = a А Tae + 9; (а), 


where фт, 6; are arbitrary differentiable functions of the variable а. The appearance 
of arbitrary functions in the structure of (2.8.46) is a corollary of the general theo- 
rem on the analytic structure of the general integral of partial differential equations 
(see Stepanov [1]). For the functions ил, v1 to have only trigonometric summands, 
it is necessary to assume 


фл (а) = 81 (а) =0. (2.8.47) 
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In this case we obtain 


и1 (а, 4) = = |- sin 249 + oe } 
С (2.8.48) 
91 (а, 4) = а | (а? — 2) cos 2 + a? cos 40) Е 


Then, substituting (2.8.48) and (2.8.45) into the third and fourth equations of 
system (2.8.43), we obtain 


pow _ G(—32 + 29а? — 441) sin 2p | a(16 — 5a” — 24a*) sin4y 


9 _ 128% 256% 
a?(1—4a?)sin6) a? sin 8 7 
ase, ee 
. (2.8.49) 
ow _ —32 + 48а? — 11а* _ (@ + а“) cos 2 
Oy — 256w 64 
Е: (—16- 4a? — 3a*)cos4y _ а? cos6y а‘ cos8p | В» (а). 
128% 64% 256%) 
Using formulae similar to (2.8.44), we find 
—32 + 48a? — 11a‘ 
а) = Bs(a) = м—. oO. 
A» (а) 0, 2 (а) 956 (2 8 50) 
Then, integrating the equations for ug, ve, we obtain 
(a, 8) = а(32 — 29а? + 4a*) cos2y _ a(16 — 5a” — 24a*) cos 4y) 
Pande ee 256.7 102402 
а3(1 — 44а?) созбф а? cos 8 
= oi ee + о + ф2(а), 
768 4096w (2.8.51) 
2,8) = —@(1+a’)sin2p | (-16 + 4a? — 3a*)sin4y 
а 128.02 5127 


a?sin6y а‘зш 8 
3844.2 2048w? 
where by analogy фо, 05 are arbitrary differentiable functions of the variable a. To 

keep the trigonometric form of the transform (2.8.41) it is necessary to assume 


+ 9- (а), 


4ф2(а) = 9 (а) = 0. (2.8.52) 


So the above method makes it possible to integrate successively the infinite 
system (2.8.43) to any number s and consequently obtain in trigonometric form 
(with respect to 42) the transform (2.8.41) 


а=а-+ У` peur (a, 4), ф Е ф + Уи on (a, ~) (2.8.53) 
k=1 


k=1 


which satisfies with error O(u°t') the system (2.8.40) equivalent to the initial 
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equation (2.8.38). For the relations (2.8.53) to give explicit dependence of variables 
a and w on t, it is necessary to determine the functions а( и), Y(t, и) from the 
comparative system of the s-th approximation 


da 
dé — pA, (@) +... + ИА, (а), 
ae (2.8.54) 
We = w+ pB, (a) +--++ В, (а) 
The function а(Ь р) is found by way of direct integration: 
a(t H) Ре 
a 
Аа) + ЗАЗ) + +A) 2.8.55 
Аа (а) + р? Аз (а) +--+ AQ © ( ) 
a(0, и) 


where the initial conditions @(0, 1), 4(0, 4) are determined from the system of 
functional equations 


а(0, и) + У ^^ ик (а(0, и), $(0, и) = a(0), 
у: (2.8.56) 
$ (0, и) + У и’ъь(а(0, р), $ (0, 4) = 4 (0). 
k=1 
After finding the function а we easily find 
2 t 
Эм) = G(0,p) tat + | Ван) dr. (2.8.57) 
k=1 0 

Now substituting the functions a, 4 into relations (2.8.53) we find the functions 
a(t, р), Фи), and then, using formulae (2.8.39), we find the solution of the Van 
der Pol equation x(t, и), satisfying то, Zo. 

Now we will perform a more detailed study of the functions x(t, и) and «(t, р) 
(see 2.8.39). They constitute the solution of the Van der Pol equation in the form of 
slowly changing time functions. Though transform (2.8.41) is periodic with respect 
to ~, from this it does not follow that «(t, и) is a periodic function of t. 

Indeed, we will make sure of that, constructing first approximation theory. 


Then _ 
da _ ie dy _ 
га нА, (а), a Ww, (2.8.58) 
a(t.) d 
Ww cs 2 
Ao =pt, w=wt+y7(0). (2.8.59) 
a(0,p) 


Considering (2.8.45) for the coefficient A; (а), from (2.8.59) one can find the 
explicit dependence of а on tf: 


‘s | Сем ар : ы 
a(t, js) И Cee =? C= вт ag = a(0). (2.8.60) 
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Taking into account the transform of the first approximation 


a(t, и) = a(t, р) + пил (@, $), (2.8.61) 


v(t, и) = Ot, р) + ок (а, 4) 
we obtain a rather complicated dependence of the amplitude a and the fast phase 
w on time t: 


Et 
Ce | 


в. : 
СЯ = sin(2wt + 24) 


и) =2 
а( ‚ р) 4w 


Сей . - 
+ agar sin (4wt + 7) . 

(2.8.62) 
w(t, uw) =wt + + = |-2 cos(2wt + 240) 


4Сеё 


4 cos(4wt + 4Фо) 

Formulae (2.8.62) show that the amplitude а(ф р) is not a periodic function 
of $, therefore the initial function «x(t, р) = a(t, и) cos ¢(t, р), generally speaking, 
is not a periodic time function, because upon respective substitutions we obtain 


Kt _ 
Hip) = 2 —— | _ == sin(2wt + 2420) 
г. (2.8.63) 
Г т 
dp Cel =a sin(4wt + 10) cos w(t, и). 


The analysis of the formula (2.8.63) shows that if the initial value of the ave- 
raged amplitude Go # 2, then for any ¢ > 0 the function х( и) is bounded, 
though not periodic. For any given but sufficiently small и > 0 the following 
asymptotic equality is true 


(и) > 2 E — и sin(Qwt + 240) + я sin(4wt + 4uo)] cos w(t, и) 


(2.8.64) 
as t > со, 
and for any given t > 0 another asymptotic relation is true: 
C ee 
x(t, ps) > 2 а cos(wt -+ 40) as и- 0. (2.8.65) 


So, with arbitrary initial values то, го the approximate solution of the au- 
tonomous Van der Pol equation (2.8.38) is a bounded non-periodic time function (of 
course, the trivial case го = 20 = 0 is excluded, i.e. the trivial solution x(t, и) = 0). 

Now we will use the system of s-th approximation to find the equilibrium, 
or stationary solutions. The necessary condition for the existence of equilibrium 
solutions is that the following equality shall hold true: 


Ai (а) + wAo(a) + --- + и” ТА (a) = 0, (2.8.66) 
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but since 42(а) = 0, we have 
Ai (а) + /?Аз(а) +++: + и ТА, (а) = 0. (2.8.67) 
The equation (2.8.67) has three real roots: 
а =0, @2=24+ O(n), @3=-2+ O(n’). (2.8.68) 
The first root corresponds to the trivial solution x(t, 4) = 0. The other two 


roots G2 and аз generate two periodic solutions, because with a constant value of 
а we obtain 


qo(t, и) = [w+ р? Bo(G2) +--+ + и*В,(а>)] t + deo, 


2 Z (2.8.69) 
фз( р) = [w+ №? Во (аз) + --- + w*°Bs(G3)] t + 0, 
and the final form of these periodic solutions will be: 
15 (и) = [@2 + pi (G2, дэ) + --- 
+ и*и,(а2, 42) | cos [45 (&, м) + wri (@2, 42) +--+], (2.8.10) 
тз(& и) = [аз + мил (аз, з) + --- 
+ ии, (@з,$з)] cos [Фз(Ь и) + wor (аз, з) + --:]. 
The periods of these solutions are respectively equal to: 
i= : 27 - — 
о (2.8.71) 
The solution @з = —2+ O(u?) has only theoretical meaning, because it is 


natural to consider а as a positive value. 
Now apply the averaging principle described above to the non-autonomous Van 
der Pol oscillator 


2 
a +we = p(l—- aye + pkX cos At, 
dt? dt 
4 (2.8.72) 
x(0) = Zo, 2 м = То. 


Using the substitution of variables (2.8.39), it is easy to obtain a system of two 
equations (one for the amplitude, the other for the fast phase), equivalent to the 
equation (2.8.72): 


А 
eee pasin? 4 (1 — a? cos” $) + uke sin w cos At. 
ai wW itd (2.8.73) 
aoe + psin~ cosy (1 — a? cos? 4) — a cos 4 с08 At. 
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We will look for a substitution of variables 


рН ‚$, t) + р?и>(а, 4,8) +... , (2.8.74) 
p= P+ ри (а, 4,1) + p?v2(a, 4,1) + 


that would transform system (2.8.73) into the comparison system of any approxi- 
mation 
da 2 р. 
= = ИА: (а) + м’ А2(а) +... , 
(2.8.75) 


4 
г = + иВк(а) + к’ Boa) +... 


For the realization of the transform (2.8.73) — (2.8.75), we obtain an infinite 
system of partial differential equations of the form 


Ou, ди: _ a(4—a@)  асоз2ф i а3 cos 4y) kX cos At sin w 


at | ap 2 8 w 
— Ака), 
oun te Ou. _ (2-а?) эт 2) a’ sin 4y ‘s Кл conn cosy) _ в, @), 
Op _ 4 8 aw 
_ ди> Oui du.  u(1—cos2y) _  , 
Coe ee a aS pe ee 2 
5} т Ay Da Иа т 5 + ат sin р 
_ За?ил (1 -— с0844) _ ал sind Хит cos At cos) _ As(@) 
8 4 Qu ne 
Ovo Ove дит Ov, ат ат 4a 
Bas i gE В ae 
a Op ra 1 Op 2 4 
а? 1 (1 — с0844) | (2—a?)v cos2y vi (1 + cos 4) 
a ee + Ee ee eee SS eee 
8. a 6 
kXvi cosAtsinw  kAug cos At cos w >. 
Е о о к ЕВ (а), 
аи aw 


(2.8.76) 
Calculating Ат, В1 as average values of the right-hand members of the first equa- 
tions of (2.8.76) with respect to 4 and t, we obtain 


a= [a : а?) is 2$ 


7 z a 2.8.77 
a? cos 4y) 4. ee аб, ( ) 
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Then the first two equations of system (2.8.76) are easily integrated by the 
method of characteristics, resulting in 


re _ asin 2 % a® sin 44) 


= = a 32u 
_ КА | + At) + с0$(ф — 0) 
Qu wtar w— 2X : 
ь (а? — 2) соз2ф а? cos 4a eee) 
ane 8 aa 
kX = + At) р sin(¢) — 0) 
Qu wtr w—X | 


For the next summands in transform (2.8.74) also to have a trigonometric form, 
we assume in the expressions for ил, v; that the arbitrary functions ф1 (а), 01 (а) 
appearing during integration are equal to zero, Note that in this case, unlike the 
autonomous Van der Pol oscillator, the function u; may be very large if there is a 
resonance between the eigenfrequency of the oscillator w and the frequency of the 
external excitation A, i.e. if м — A = O(a), where a is sufficiently small. 

The algorithm for the calculation of A;, В. in the first step of the iteration 
process and the method of integration of first-order partial differential equations 
can be used in the next steps of the iteration process, and in this way it is po- 
ssible to determine all functions u,(@, 1, t), vs(@,,t) of transform (2.8.74). These 
expressions are very large, and we cannot write them here. However note that 
at any step of the iterations us,vs are expressed by trigonometric functions of 
arguments w,t. They can be periodic, quasi-periodic and generally more composite 
functions of time. This is determined by arithmetic properties of the frequencies w 
and A, as well as by the small functions 4A;, wB,,... included in the right-hand 
members of equations (2.8.76) and determined at the previous iteration steps. 

The above examples of autonomous and nonautonomous Van der Pol oscilla- 
tors show that transforms of the form (2.8.41) and (2.8.74) allow us to effectively 
construct approximate solutions of Van der Pol equations in analytical form, with 
any prescribed accuracy. The transforms themselves exist in the class of periodic 
functions, and resonances and consequently splashes in the behavior of the devi- 
ation of the exact solution from the approximate one occur where the external 
excitation resounds with the eigenfrequency w of the oscillator. Another situation 
is distinctive for Van der Pol oscillator systems even in the absence of external excit- 
ing forces. To illustrate this statement, consider a system of two weakly connected 
Van der Pol oscillators. 

Consider the following system of two equations: 


24 dx 

ape ила = wl — я), 

es : (2.8.79) 
2 2 2 1 

qe +2212 = wl - 22). 
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Here w = (ил, We) is a two-dimensional vector of eigenfrequencies, and yu is a small 
positive parameter, as always. 
Using the substitution of variables 


тк = Ag(t) cos(wet + фк(0)), 


2.8.80 
oe = фак (В wp Sin(wet + pr(t)), k&=1,2, ( ) 


after some computations, quite intricate but obvious in essence, instead of (2.8.79) 
we obtain the equivalent system for slowly changing amplitudes a(t), а2(®) and 
fast phases w(t), W(t): 


a = pray sin 1 sin > (1 — aj cos? 41), 
1 
= = re es sin 71 sin 1 (1 — a} cos” we), 
a We (2.8.81) 
a =u tue = sin 2 cost (1 — aj cos? 71), 
d 
ae = wat He =, sind COs Wz (1 — а? cos? 125). 


Now use the substitution of variables of the form (2.8.41), considering а as a two- 
dimensional vector with components @1,@2, and w with components 41, 125, to 
transform system (2.8.81) into a comparison system of any approximation of the 


form 
da 
CO = pA (ви, 65) + PAD) ан) +. 
da 
AO = pAP (ay, 65) + PAL (ita) +, 
г (2.8.82) 
а ИВ, 6) + PBL (Gyan) +, 
. 
= = Wy + ИВ (ay, а) +p? BY? (a1, a2) +... 


In “coordinate” form the substitution (2.8.41) for this case should be repre- 
sented by the equalities 


a = Oy + py? (ra, $) + pPus? (a G1, 42,1, $2) +... , 

ay = dy + pul? (а, в, Dr, a) + и Gr, de, Bide) to, 

Wr = th + poy” (ат, G2, Pr, he) + роб (di, а, $1, 62) + eee 
фа = фо + pu (G1, Go, Hr, Bo) + wv? (G1, de, Hr, Bo) + -- 


Instead of the system of partial differential equations (2.8.43), for the wo-dimen- 
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sional case we obtain the following system of equations: 


OU es ou? _ GQW2 ( 


Ob Ob Dan 
a2 
GQW2 
= Don (1 — 7) cos(q1 + 42) — 
ae 92022 


+ ———^ с03(341 + 45) — 


= ЕО ее. [= 
get (2) ne ди) GW ( ae 
т ь Oye № 2% 4 


Oia (1 = “) cos(w1 + 42) — 


2W 


—_ 


a2 
1 =) cos ~ dy) 


922 cos(3y1 — 42) 


А (a1, a2) 


Ate (a, a2), 


Gy soe 


с0$(3> = ~1) 


+ —— с03(345 + 41) — A) (G1, G2) 

= =? ее ры A®) (ax, da), 
geen (1) out ) AqW2 a? = = 

ЗЕ. 1 =e — 
ag +4 = Эл ( 4 ) а 
а? 
A2W2 @1424/2 т 
Е (1- 4 2) cos(w1 + 42) — соз(Зу1 — 42) 


G1 A2QW2 


+ ——— San cos(3e1 + 2) — 


= o{! а = 


en 


BY) (a, az), 


= 0$(3$> — 91) 


В (а, г. 


AS? (a4 ’ a2), 


AY) (a, а), 


By (ат, 


G1, a2), 


Oo dv) Q4Wy az = = 
= = a А 
Е о: Deas ( 4 ) а 
= =2 
= Fa = №8 
ot (1 a ) сорт + >) — 
ne Ray 60882 + Bi) - 
= of (ay, da, Jy, de) = Be ) (Gy, 2), 
wo, 9% (1) 9 (1) a 
wae + We ah = в) (G1, Go, 41, 42) = 
(2) (2) 
ий ди be ae ah 
а + We Bis = FO) (a1, a, $1, be) = 
9 (1) By) а 
1 Bhi + We Bila = $0) (a, a2, $1,2) — 
д (2) д (2) ы 
1 ah + We ahs $ (G1, G2, 41, 42) 
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In the infinite system (2.8.84) the first four equations are the result of identi- 
cally equating the coefficients of р in equations (2.8.81), the second four equations 
are the result of a similar operation at 2, etc 

Here we cannot write out the analytic expressions for the functions Fo), Fo), 
$0), $0 in full due to their super-intricacy, so we will describe them. Those 
functions are trigonometric polynomials of the form 


3 3 
F&A) ph) = Bit) (2kiby + 2k 
(8 *)= hb pee oe (2.8.85) 


+ Cae sin(2ki 1 + 2kovo)| , 
where the coefficients a Ва ay к. are fractional rational functions with denomi- 
nators including one of the following expressions: 


Wy + We, Зил + (2, 32 + Wi. (2.8.86) 


It is essential that not all coefficients 0} ee oft) ky are nonzero, but of F 0, i.e. 
the trigonometric polynomials (2.8.85) contain “free” terms. Hence it follows that 
if the objective is to construct the substitution of variables (2.8.83) in trigonometric 
form (without “secular” terms), then the unknown functions AY) A?) Bo B® 
included in the infinite system (2.8.84) should be determined as average values of 
the functions FS), Е), 6), 6? on the square of periods [0, 27] x [0, 27], i.e 


Qn 20 


: 1 AN tt ee 
(9) BG)) = = () pf) 
(4 ‚ BE ) = ] | (Е , & ) 46146. (2.8.87) 
оо 
It follows that, 
AMY) — A?) — BM = BP —0, AY, BY = (09). (2.8.88) 


As an example of Ag ), BY take 


= 52 72 
Ту, Ра а145 a a 
A aaa = rao (1-3) (1-3) 
2 


аз» (5a3 — 4) az 3a} dow} 
) 


16416 (wz — w 64w4 (Iw? — w) 


(2.8.89) 


Analyzing formulae (2.8.82), (2.8.84), and (2.8.88), two conclusions can be made 
that show the essential difference of the behavior of two weakly connected Van der 
Pol oscillators from the current strength fluctuations in one of them. 
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First, in the one-dimensional case A; 4 0; therefore the averaged equation 
for the amplitude had the form da/dt = A, +---. But here A) = A?) = 
BY) = Be) = 0, so da/dt = py? Ap +---. Yet for the fast phases in both cases the 
equations have the same form: 


4$ 


И = + O(p?). 


Second, integration of the first four partial differential equations of system 
(2.8.84) by the method of characteristics gives the following analytic expressions 
for the functions of the first approximation uj, v1: 


Gow а2\ sin(d, — wb 
Ob, oe) = (1 _ 7) А 2) 
2W1 W1 — We 
_ G2W2 1— а sin(q1 Be 42) xs A7A2W2 sin(3q1 = 42) 
2 4 Wy + Wy Зил Зил — We 
г а1алио эт(З1 + 45) 
Зил Зил + We 
аи а2 \ эщ(45 — wb 
1 (1,02) = 5. (1 = =) snl, 9) 
я (2 We — Wy 
Gy he a; sin(¢2 + 41) G1 G2W4 (342 — 91) 
22 4 We + ил Bw Зил — ол 
G1 QW, sin(3y» + 41) 
Bw 3W2 + ил 
pres =2 . 7 7 
ат т. _ 242 _ м 81 (41 — 422) 
1 (dr ¥2) Е. Зале (1 4 ) Wy — We 
sg OT В az \ sind + Y2) _ Giagu» sin(3y1 — 45) 
204 W} 4 Wy + We 8 Зил — (6/2 
+ G1 A2W2 sin(3q1 + 42) 
Зил Зил + We 
=2 . ce a 
AW _ 45 31 (> — 41) 
1 (Dra) = Qiguiy (1 4 ) Wy — Wy 
= QW ie a sin(2 + 41) _ G1 A2W, эт (345 == 41) 
2422 4 We + Wy Bw Зил — ол 
G1 d2W, 1 (3425 + 1) 
82 За фл ^ 


(2.8.90) 

Formulae (2.8.90) show that already in the first approximation, in the oscillator 

system the resonance terms may appear due to the presence of a denominator of 
the form ил — We, Зал — We, if these values are close to zero. 
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This phenomenon never occurs in the one-dimensional case. During construc- 
tion of the second approximation, i.e. under integration of the second four equa- 
tions of the system (2.8.84), resonances may increase, because upon integration 
of the functions ил, 91, the functions uz, v2 will contain denominators of the form 
(wy — Ww)”, (Зал —w2)?. However, the functions uz, v2 are multiplied by 2, which, 
generally speaking, may decrease the influence of small denominators in transform 
(2.8.83). 

Now write the equation of the second approximation for the slow amplitudes а1 
and а>, which should be studied in order to probe the interaction of two oscillators: 


da, Ро (1) yn A a) G1W2 _ a _ @5 
go SF т 4 


азиз (5az — 4) ; az Е 347 GQw3 
1644 W (wi? — w3) 64w4 (Iw? — w3) |’ 


daz _ 240) 


али? (5a3 — 4) ae а? % 34341 wi? 
) ) 


164202 (3 — wi? 64422 (93 — wi 


(2.8.91) 


System (2.8.91) is nonlinear with respect to @ and Gz, therefore it is impossible 
to obtain an exact solution in compact form. Such systems should be solved by 
methods of numerical integration. Even a study of equilibrium solutions of the 
second approximation, i.e. finding the solution of the algebraic system 


AY =O, AY S0 


with respect to G, and G2 entails extensive work. 

In conclusion we point out once more that, using the average principle and 
the asymptotic theory of ordinary differential equations, it is certainly possible to 
study systems of Van der Pol oscillators. The features of resonance systems would 
be relevant to them, if the predefined frequency parameters (w,... ,W,) are ratio- 
nally commensurable. This may cause a great increase of oscillation amplitudes in 
electric circuits, and a considerable change of phases. Obtaining qualitative estima- 
tions for those changes adds up to solving partial differential equations of the form 
(2.8.84), systems of ordinary differential equations of the form (2.8.91), and to the 
construction of substitutions of variables of the form (2.8.74). As the reader may 
have noticed, the solution of equations (2.8.84) can be obtained constructively as 
exact formulae, and the solution of the equations (2.8.91), by the use of numerical 
methods. Obtaining the initial functions, i.e. the construction of substitution of 
variables (2.8.74), upon solving the first two problems, is quite obvious. 
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2.9 Study of Multifrequency Systems with Their Solutions 
Not Remaining Close to Resonance Points 


It is possible to choose three most interesting aspects of the comparison of solutions 
of exact and averaged equations 


Fa аи), 2(0)=%, (2.9.1) 
= (Е.И). -2(0)= 20. (2.9.2) 


Aspect 1 Let there be given an arbitrary positive number = > 0 and a time 
interval [0, T]. It is required to find the conditions to be satisfied by the function 
Z(z,t, и), so that the following inequality should hold: 


l|z(t, и) — 2(t, и)| <=, ЕЕ [0, T]. (2.9.3) 


ТЕТ is an arbitrarily small number, then the ¢-estimation for the norm ||z— 2|| 
can be directly deduced from the classical theorem on the continuous dependence of 
the solution on small changes of the right-hand members. If T is a finite quantity, 
then it is very difficult to obtain such estimations for the norm ||z — 2||. For some 
classes of equations regular with respect to a small parameter и, time intervals 
T = O(u-') or Т=О(и “) (а> 0) are considered, which obviously makes the 
problem even more intricate. This can be illustrated by the averaging principle for 
Van der Pol systems, described in Section 2.8. 

Aspect 2 Let there be given a time interval [0, T]. It is necessary to determine 
amaximum К > 0 that bounds the norm 


lle(.0) —2(, I< К, if t€ (0,7). 


Knowledge of the upper bound of the norm of the deviation of the approximate 
solution from the exact solution plays an important part in applied problems. 

Aspect 3 Let there be given a positive number К > 0. It is necessary to find 
those time intervals in which 


Il2(, р) — 2(t, w)I| < К. 


Actually these aspects are the essence of ordinary differential equation theory 
from nonlinear analysis; therefore analytical, qualitative and numerical methods 
have been developed for their study. Among these, due to the constructive nature 
of asymptotic methods they are especially effective for the study of the first and 
the third aspects. 

Revert to the (m+n)-dimensional multifrequency rotary system of differential 


equations 
dx 
dt =r ИХ (x, у), 
dy (2.9.4) 
ae w(x) + МУ (x,y), 
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where xz, X are m-dimensional vectors, and y,w, У are n-dimensional vectors. 
Vector-functions X(a,y), Y(#,y) are defined and 27-periodic in the domain 


Gnan = {(t,y): CE Pn, |lImyl] <«< 1}. (2.9.5) 
Along with (2.9.4) consider the corresponding averaged system of the first 
approximation: 
dz ae 
dk = их (2), 
ae (2.9.6) 
<= #(@) + и’ (2) 
Average values of X and Y are calculated by the formula 
1 27 27 
(Ke), 76) = a ] i | (X(#,y), ¥(wy)) Чл 4. = (97) 
0 0 


It is most difficult to obtain ¢-estimations for the norm ||x(t, 4) — Z(t, и)|| with 
T = O(p~"') due to the possible occurrence of resonances between the frequencies 
W(X), W2(Z),..., W,(x). Unlike Van der Pol oscillator systems where the frequen- 
cies W1,...,Wn are constant, here we do not know beforehand what will happen 
with the frequencies if $ changes, because we do not know the solution x(t, р) 
itself. The complexity of this question is illustrated by the study performed by 
Arnol’d [3] who was the first to obtain an effective estimation for the deviation 
norm ||a(t, 4) — Z(t, »)|| in the two-frequency case. With п > 3 a similar result 
can be found in Neishtadt [1]. 

Now we will describe the results of proving the averaging method for systems 
of the form (2.9.4), obtained by Popova [1, 2]. 

First we will give some auxiliary statements and estimations. 


(1) Let 0< К <1<N < oo. Let Рьм denote the set of all points « Е Pr, 
in which (k, w(x)) #0 with all integer vectors k having the norm 0 < ||k|| < №. 
In other words, Ри, м is the set Ри, minus zero-resonances (exact resonances). 


(2) Let Ри, м,к denote the set of those points « Е P, that belong to Ри, м to- 
gether with their K-neighborhood. It is evident that for хе Риьм,к the following 
estimation is true: 


(k, (2) > К, 0< < М. (2.9.8) 


(3) The complement of the set Pm w,« with respect to the set P, will be 
denoted by Rin. K: 


Rn,N,K в fen \ Pin,N,K- (2.9.9) 
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(4) Let (a(t, р), y(t, 4)) be the solution of the system (2.9.4) provided ф Е 
0, и |, « € Pm. Divide the time interval [0, и "| into two sets: the nonreso- 
nance set Pm,n,K for which хе Рим.к, and the resonance set fm,n,K for which 
DE Rim,N,K- 

(5) Suppose that at least one component of the function Х (5,9), e.g. the s-th 
one, at any point (z,y) € Ginn satisfies the condition 


|X.(2,y)| > Cy", (2.9.10) 


where C, > 0. This inequality does not allow the return of the path (or more 
exactly, of the m-dimensional projection of the phase path) into the small neigh- 
borhood of the point after the time interval At = |t — t1| 4 0. 


(6) Suppose that the frequency vector w(#) on the solutions of the system 
(2.9.4) satisfies the inclusion 


w(a(t,u)) Е С" (0, и 1, (2.9.11) 


where 1 < п: < © and |[»(2)| > y > 0 when Е P,,. Here we demand not the 
analyticity of the vector w(x), but only the п: times differentiability with respect 
to t € [0, м ']. Consider the (п — 1)-dimensional vector-function 


Ma) = (a sd ae (2.9.12) 


W(x)’ wn (x) 


and let Гутез denote the set of integer resonance vectors К, 0 < ||| < №, such 
that (k,w(z)) =0 for some хе Pp. Vectors of dimension (п — 1), obtained from 
the vectors КЕ In,res by truncation of the n-th component, will be denoted by k~. 
It is easy to verify that ||k7|| > 1. 


(7) Let a, = “(tr,,u) be the resonance points of system (2.9.4), i.e. 
(Е, w(z,,)) = 0. Suppose that at time $ all derivatives of some resonance hete- 
rodyne frequency (k~,A(x(t,4))) with respect to $ to the order пь, — 1 (where 
Nk, < пт, 1 <1) inclusive become zero: 


_ Ae (ty) 
Ee = 2.9.1 
iG : и 0 (2.9.13) 
when j =1,...,пь, —1. Regarding the n,,-th order derivative we will assume 


that with д < p* for any t € [0, и | the following inequality is true: 


кз 
есь 


cae 2.9.14 
ia aI’, (2.9.14) 


where the constant С5 is positive and does not depend on р, К, |||, v= n+ 1. 
Conditions (2.9.13) and (2.9.14) guarantee that the system (2.9.4) cannot re- 
main on any resonance of order | < № within the time [0, м1. 
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Lemma 1 Let Ayn,» denote the number of n-dimensional integer vectors with 
their norm exactly equal to N. The following estimations are true: 


An,n < 2nN™? for n>1, if N>1, 
п2 
Ам» < ру for п>1 if М>2, (2.9.15) 
3 6N \"* 
Ann < «| —— or n>2, if N>n-1. 
Nin =" тт — 3) ca é о 


To obtain а e-estimation for the norm ||x(t, р) — Z(t, и)||, it is necessary to 
impose the following additional conditions on the right-hand members of sys- 
tem (2.9.4). 


(8) The norms satisfy 
|X (ву) < С,  llw(ay<e (2.9.16) 


in their definitional domains. 


(9) For any integer vector р = (p1,.-., Pn) andany s =1,... ‚т the following 
inequalities should hold: 


: . ОИРИХ, (x,y) 
х U Se 
Oy?" se io Oyh” 


m p <6. (2.9.17) 
0<|lell<l (z,y)EGm4n 


(10) The Fourier coefficients of the function Х (т, у) satisfy the estimation 
OX, (2) 


Ox 


sup 


LEPm 
||| >1 


(11) The norm of the matrix 0w/0z is bounded: 
Ow 
Ox 

Using all these conditions it is possible to formulate a number of lemmas nece- 

ssary for the further computations; their proofs are given in Popova [1, 2]. 


| 20% (2.9.18) 


| ag" (2.9.19) 


Lemma 2 With the above assumptions, the path жи) of the system (2.9.4) 
within the time [0, и '| cannot pass more than 2п №"? — 2 resonance points. 
The time of stay in the neighborhood of the resonance point of radius K does not 
exceed 


1/ni 


|Atres| < Сзи (КИТ) (2.9.20) 


where 
C3 = (20"Cam 1)". (2.9.21) 


Lemma 3 Let 


dz 
|| «+50, teoi<e 
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where a,b,C' are not negative. Then 


ll2@)|| < т 


C+ ] b(r) tn eon. (2.9.22) 


Here т is the length of the vector 2. 


Now let the scalar function f of the vector variables x, y belong to the class О 


f(x,y) € С Стан], (2.9.23) 


i.e. be J times continuously differentiable with respect to у, and let it be repre- 
sentable by the n-fold Fourier series 


fen = У, ве. (2.9.24) 
к >0 
As above (see Section 1.1) let, 
Sn(ey)= So (фе. (2.9.25) 
O<||KIISN 
Introduce one more item of notation: 


loll F(z 
IF (2 Woy > Ре 


ду" ... дул” 


шах i) ) 
O<llellSllell (+) ЕС ть 


IF(@ Wyo < ©", if llall <1 


(2.9.26) 


Lemma 4 With the above listed conditions satisfied for any vector р = (p1,--- , Pn) 
such that 0 < ||p||<l—n-—-1, the following estimate is true 


CG WALDO rate IN re 
f(x,y) — Sn(a,y)| < И” (м + 5) ; (2.9.27) 
where 

Qni+1— ИР, if N>1, 
nit2-llell 

O(n |ll.N)=4 а ae 
=— (4) р iff n>2, N>n-1>1. 

m(4n — 3) \п-1 


This lemma allows us to estimate the residual Fourier series and its derivatives 
depending on the degree of smoothness of the function expanded in the Fourier 
series. From (2.9.27) it is easy to deduce an estimation for the vector-function 


C(n, №) И 
< = .9. 
SS (w+5) 5 C3, (2.9.28) 


Х (x,y) - > Xz (xe) = 


OS||AIISN 
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where 
nit, if N>1, 
nit2 | 
C(n,N) = apn” if N>2, 
1 n—-1 
oe (| , if n>2, N>n-1>1. 
m(4n —3) \п-1 


Lemma 5 Let condition (2.9.18) be satisfied for | > 2v-+n+1. Then in the 
domain С мк = Pm.n,k X Qn there exists an m-dimensional vector-function 


#=2+ Zy(x,y) (2.9.29) 
such that 
||2— || < Capk™, 
- — ИХ (=) | < Cap? К" + Cop? К-т NY + Сор? К-т + рб, {2330} 


for М = 0'51/ 1" and и < СК". The function Zn(x,y) is 2п-речос 
with respect to y т Gn,x, and the constants С do not depend от и, №, К. 


The above-described conditions guarantee the non-remaining of the solutions 
of the rotary system (2.9.4) (or more exactly, the projection of x(t,)) in the 
neighborhood of any resonance point with all t € [0, р "]. Together with the 
above lemmas they allow us to formulate and prove the theorems proving the 
averaging principle for rotary multifrequency systems when the averaging operator 
Му is applied to them. 

One of those theorems is given below. 


Theorem (see Grebenikov and Popova [1]) Let: 


(1) the vector-function X(x,y) in the domain Gm+n satisfy the conditions 
(2.9.10), (2.9.16) - (2.9.19); 

(2) the vector-function w(x) satisfy the conditions (2.9.13), (2.9.14); 

(3) the solution x(t, и) belong to Pm for all t € [0, со) and all p € [0, pol; 

(4) the order of resonances 1 be higher than max (2n,2v+n+1). 


Then for any и Е [0, uo] there exists a number a > 0, such that for all 
t € [0, р '| the following estimation is true 


[26 №) — E(t, в) || < Св", (2.9.31) 


where X(t, и) is the solution of the equation of the first approximation 
dz 


ri их (2). (2.9.32) 
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The parameters included in (2.9.31) are expressed by the following relations: 


if ny =1, then 


= 
= (2271) ; 
[[-п 


Cig < 2Сип (С) {2Ciev Са (C3) 


+ Cyg [Cape”/—™ + Co (C§)"] и т (1 OE и *) (2.9.33) 
Ci0C 16 
С УС 1+С S| uv 
oF + | 4(1 + Cis) + т \ 
v+2 v+1 и+1 
а (1+), а (1+7), ES ieee eA) 


if ny > 2, then 


a= [+ (па - 1) (m + ane 


О (С')* {212 (CL) erin Ga) 
+ 4/7) (1+ Crs) wh? + Свой "Ито [cane (r) (2.9.34) 


+ Cy (Cg)” (т — 1) 18 + 


1 —ny1/(ni4+1 
In, = [C101 inet J + cs}, 


a= alm -1) (m+ 7"), wy =a ne EEE, 


l-n l-—n 


Proof Let the successive time intervals composing the nonresonance set py,K be 


denoted by ее #7 onres] (1=1,...). Note that вы | Етмк- 
(1) 


For definiteness, assume that & ге, 


=0€ry,x. Denote 


(j) (5) t) 


т, попгез? “1, попгез? 


a(t, и) = 2(x(t, и), y(t, и), 
(3) 


a) = A a, а а = (1, г). 


p= a 


Then 


2(6 и) — E(t, и) < |=) - 2; (t, Il + У ен и) — B)(t, ||. (2.9.35) 
zl 


Using Lemma 3 from Grebenikov and Ryabov [1, p.40] that allows us to es- 
timate the deviation of smoothed solutions, conditioned by the deviation of the 
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initial points, we obtain 


|12(6, 2) — Bt, Il < (6 в) — 2) (t, м) 


+ Cr {р — 2+ [29 (ев) — #4) (нивы) 
121 


(2.9.36) 


} 


where Cy, =e”, and L is a Lipschitz constant for Х (т) in the domain 2 Е Py. 


The interval [t¥honres, а belongs to the resonance set ry,x, and its 


length can be estimated by means of Lemma 2. Therefore 
arte ie ae tl sf я 
п — af] + Je и < бк, оз 

Cig = ССЗ. 


In the resonance domain С м,к = Рьм,к Х Qn construct the vector-function 

z(x,y) with the properties specified in Lemma 5. On each interval 
(7 j 
[t Lene а G PNK 
the following inequality is true: 
z(5) 
dz 7 ах Е dz 
dt dt || — 
C13 =D. 


de Xe) (2.9.38) 
d 


Taking into account (2.9.10), we obtain 
Eee aa т) = lt ec) || > Cy" pr. 


Hence, x(t, и) Е PaN.K+Cy lpr for 


: | Vets : 
те м TT; ie 5 т т< 2 (re = | i 


Then from Lemma 5 the following estimation is true on the specified interval: 


dz — 
|= - их] < 2a + CoN + Ри) 
+ w?Cio(K + Cyt pr)? + pe. 

_ © 


: @) 
Since |x? nonres 1, nonres 


| < pt, then 


40) 


hams 
] |; = их) dt < pC, (Св + CoN”)C14(K) 
о (2.9.39) 


1, попгез 
pC, Cio 


K72mt1 
2n1 —1 ae 
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where 


i 
ее if mn =1, 
Cu(K) = one : 


(пл — 10 eee 3 Gidea if ny > 1. 
From Lemma 5 it follows that 


(1 ее — a(t 1, nonres 


| < иск”. (2.9.40) 
Now, applying Lemma 3 to inequality (2.9.38) and taking account of (2.9.39) 
and a we obtain for ош € [0, и 1] 
|2 (#47) ошгез} — B (КЯ оптев) | < m[uCaK-™ +e + иС1 (Св + Сэ") Са 
+ иСтС1о (п: — Е 


Then the second summand under the summation sign in (2.9.36) can be estimated 
by means of the relation 


| (5) ) - 2 ( (5) | 


(tr попгев  nonres 
< [ше — 2(t2bonres)|| + (ыыы) — 4 (¢Poonees) | 
< иСа(1 + Cis) К" + Cree 
+ pCr6 [(Сз + CoN”) Cig + (2,1 — 1) Cig K-71], 


(2.9.41) 


where C15 = men13, Ci6 = C1 Cis. 

Note that relations (2.9.38)— (2.9.41) are true for any t € py,~. Consequently 
for any t € [0, и '| estimation (2.9.37) or (2.9.41) is true. Summing up on all 
resonance and nonresonance time intervals, we obtain that for t € [0, м '] 


|= р) — z(t, м)|| 
<2Си (№ — 1) [2о (км) LOMA Can 


+ Cio [H(Cs + CoN’) Са + Cio (2n4 = нА \ + Cyge. 
(2.9.42) 
For the complete justification of the averaging method it is necessary to show 
that the right-hand member of equation (2.9.42) with р — 0 also approaches zero 
with the appropriately selected fo > 0 and К > 0, when = > 0 is defined. 
To obtain a classical c-estimation it is necessary that the following conditions are 
simultaneously satisfied as ps — 0: 


N"(KNYH)Y™ 0, МрКк-т 0, 


ДАЕТ —# 0, пл > 2, 
в №" (1+ СТК") 30, m=1, 
uN" K-2™+1 40, Ne > 0. 


(2.9.43) 
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Select ий == and К = Bu’, where a> 0, 6 > 0. From Lemma 4 it follows 
that N ~ eV") or М» и 9/-”). Relations (2.9.43) hold for a and 6 such 
that the following system of inequalities is satisfied: 


1 1 
fi ie SO Ey a ho, 
l-n ny l-n 
h=- а: 
> 
[-п (2.9.44) 
рт 950, 0<9<1 m=l, 
—п 
Е — b(2n1 — 1) > 0, 
fexa-—“ >0. 
[-п 


From the condition fg > 0 it follows that the condition [> 2n should be 
satisfied. Take separately the cases пл > 2 and п: = 1. 


Case n, > 2. For the conditions f; = fe, fs = fe to be satisfied, a and В 
should satisfy the system 


1 
a=1-0(2n, - 1), peepee). 
l-—n 
Hence we obtain 
ie alae 1 
a= |1+ (211 +1) ie ; er eae : 
[-п [-п 
With these a and b we get 
и+1 ny—1)v+1 
fr- foam -D(m+ т), f-f=afnt+ Geet) 


Hence follows that 
fa>fe, fs>fo=h=fe. 


For the conditions of Lemma 5 to be satisfied it is necessary that js should 
satisfy an additional inequality from which at B = О m+) follows the inequality 


1—b(m +1) >0. (2.9.45) 


Substituting the expression for b into (2.9.45), we obtain 


1 1 
1+ 2-1 ыы = ‘oe (ni +1) >0. 
[[-п l-n 
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The last inequality is always true for п: > 2. Reverting to (2.9.42) with Е 
[0, м1 ре [0, Hol, n= 2, we obtain 
lle (6, #) — #06 в) || < Сир, 
Ст = 2т ба (С)" {2 (Сет Cl 
ats Gerd at Cig) pe Die ea) 
Cie, О [Caner + Co(C§)") (и — 1-1 


x palrit(m—De+D/-)) + (Qn, — О es Cis}. 


(2.9.46) 
For the inequality (2.9.46) to be nonformal, it is necessary that the smoothness 
degree of the function X (x,y) (number /) be higher than sup{2n,2v +n + 1}. 


Case ny = 1. Then fo = fs. If the parameter В is calculated by the above 


formula, then 
—1 
о = 6, 
l-—n l-—n 2 
and inequality (2.9.45) does not hold. So we will introduce the bound 6 < 1/2 and 
demand that the equality f; = fe should hold. Then 


1 
Ба (1+1 ), (2.9.47) 

l-—n 

where ’ 

ace (2+27**) (2.9.48) 

l-—n 

With b< 1/2 it is always true that fo > fi. Let 

@=1+7—~b. (2.9.49) 


Then jf, = fi and consequently, with the conditions (2.9.46) and (2.9.48) 
satisfied, we will have fs = fo > fi = fa = fe. 

Taking into account all these relations, (2.9.42) can be given the following 
analytic form: 


||5( и) a E(t, т] < Свит, 
а 21а (С) {2Сь УСС" 


+ Cro [Cont”!—) +. СС In(1 а (ora и’) (2.9.50) 


+ и" [УСК + Crs) + СоСвУ С + Cis}, 
1 1 
Ki = sv+)G-nty+ly < 5. 
The parameters a, b,@ are chosen in accordance with formulae (2.9.47) - (2.9.49). 


In e-terminology the statement of the theorem is as follows: 
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For any = > 0 there exists po(e) <1, such that for any Е [0, мо(=)] on the 
interval t € [0, и \|, ||x(t, р) — Z(t, 4) || < Е is true. 


2.10 Study of Multifrequency Systems Belonging to Class П 


We have more than once pointed out that integral average values of the function 
f(y) depending оп п variables у1,...,уи (and 27-periodic with respect to each 
of them), constructed by means of different smoothing operators, may differ from 
each other. The equality 


M,[f(y)] = Milf wt)] = fo 


is only satisfied when (k,w) #0 for any integer vector k with a nonzero norm. If 
for some vectors k (with ||k|]| 4 0) the resonance condition (k,w) = 0 is satisfied, 
then, as is well known, 


M,[f(y)] 4 Milf (t)], 
because here M,|[f] = fo, and 
M,[f(wt)] = у" fe; (2.10.1) 
I|A||>0 


where the prime at the sum, as before, means that k only takes those values that 
satisfy (k,w) = 0. 

This circumstance makes us separately consider the question of proving the 
average method of multifrequency systems with no coinciding average values over 
time and fast variables. 

Again write the rotary multifrequency system: 


dx 
ae ИХ (x,y), 
dy 
a w(x) + МУ (x,y), 
Х (2,9) = be X,(z)e*™), V(2,y) = Se У» (где, (2.10.2) 
1%] >0 1%] >0 


(Е, у) = У keys, ПА =>. lel, ks = 0,412 223 
8=1 s=1 


We know the sufficient conditions ensuring the departure of the solution «x(t, р) 
from the neighborhood of radius O(,/f) of any resonance point within the time 
of order O(y-'/?). For a dual frequency system this condition was found by 


Arnold [3]: 
Ow, Owe 
—,xX —|—,x 
(= os (= Ja 
for all y = (91, 92) Е Qo if « € Py. If the number of frequencies is more than two 
(n > 2), one of the sufficient conditions for not remaining close to the resonance 


>0 (2.10.3) 
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of radius O(,/f) can be written by means of the inequality (see Grebenikov and 


Ryabovy [1]): 
-1 a 
0<c< IG (5. xX <6, (2.10.4) 


if (ту) Е Gnin. It is the left-hand member of the inequality (2.10.4) that ensures 
the non-remaining of the solution х(Ь и) in the resonance neighborhood of the 
form |(k,w(x))| < ¢2,/p. 

Now we will study the behavior of multifrequency rotary systems that have 
the property of remaining close to a resonance point of the form (k,w(x)) = 0. We 
related such systems to class II. 

We will use the operator of smoothing for continuous disturbances, first intro- 
ducing phase coordinate disturbances by the formulae 


р=х-10 C=Y-—wot— Yo, (2.10.5) 


where т = 10, у = Wot + yo is the solution of the corresponding generating 
(undisturbed) system determined by the initial point (50, yo) Е Gm+n- In the new 
variables system (2.10.2) takes the form 


а 
ЧЕХ (p+ 20, 4+0 + Yo); 
(2.10.6) 

dq 
at = w(p + xo) — Wo + ру (p+ 10, q+ wot + yo), 
X= У. Хь(р + Xo) exp|2(k, qtwot+ yo); 

| |>0 (2.10.7) 
Y = SO Ye(p + 20) expli(k, 9 + wot + yo)]. 

I|kl>0 


For simplicity we assume that yo = 0. System (2.10.6) is convenient for the 
performance of smoothing with respect to $, because it contains time in an explicit 
form. Let the frequency vector (50) = wo at the initial time satisfy the resonance 
condition (k,wo) =0, ||К|| #0. Then 


- ; | 
Хр, = МИХ = D7 Xe(pt zoe), 


ie bees (2.10.8) 


! . 
У(р,9 = МУ] = D> Уф + zoe. 
[А >0 


The respective system of averaged equations of the first approximation will 
have the form 


dp а 

77 = 1X(p,0), 

ila (2.10.9) 
а w(p + то) — wo + LY (р,4), 
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and reverting to the initial variables, we obtain 


dz = 

dt = ИХ (1,9), 

: (2.10.10) 
а) + ИР) 


First we will assume that the Fourier series of functions X,Y contain a finite 
number of summands: 


Х (х, у) = У` Хь(т)е 9), 
O<||AIISN 


Y(a,y)= SD уфе, 
O<||AI|SN 


(2.10.11) 


and try to find some sufficient conditions guaranteeing the remaining solution 
x(t, ) in the vicinity of a resonance point, e.g. the initial point (50, yo) Е Gm-+n- 
So, let the initial vector of frequencies wo = (w1(Xo0),--- ,Wn(%o0)) be such that 


(k, wo) =0, КЕ In, res; (2.10.12) 


where Гмтез denotes a set of resonance vectors with the norm ||k|| < №. If In nonres 
denotes a set of nonresonance vectors k with the norm ||k|| < №, then, obviously, 
there exists a positive number ay > 0 such that 
O<an= inf |(k,wo)|. (2.10.13) 
КЕТМ№, nonres 
With N -— co the value ay, generally speaking, may become indefinitely 
small. However sometimes ay 4 0 with М -$ oo. For example, this is the case 
described in Section 2.8. 


Lemma 1 Let 
(1) the norm of the matriz Ow/Ox satisfy 


Ow Ows 
Ox 


Ox; 
in the domain Ginanj 


(2) the norm IX [ука 


n т 


= ee 


s=lr=1 


an 
— 2.10.14 
<" (2.10.14) 


mn Ве less than C2 < 1. 

Then for all t € [0, р "| the following inequalities hold: 
I(k, w(x(t,4)))|<an, КЕ Гм, тез, (2.10.15) 
|(К, w(a(t,)))| > ам, КЕ IN, nonres- (2.10.16) 


Condition (2.10.14) expresses the sufficient condition for the solution of initial 
system (2.10.2) to remain in the neighborhood of the resonance point (10, yo) Е 
Gm+n of radius ay within the time interval t € [0, и]. But it should be noted 
that this neighborhood may contain a great (maybe, infinite) number of resonance 
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neighborhoods of radius \/fz, because as и + 0 these neighborhoods decrease with- 
out limit, and the value ay independent of и may not approach zero. So the con- 
dition (2.10.14) gives quite a crude division of the phase space into resonance and 
nonresonance domains, and consequently the class of multifrequency systems satis- 
fying inequality (2.10.14) may also contain systems with solutions passing through 
resonances in the process of evolution. 

Now consider multifrequency rotary systems for which the following condition 
holds true at any point of Чиа: 


OF Tha IG (5. x(ew)))| < Ci’, (2.10.17) 
where a > 0, 1< |A|| < №. 


Lemma2_ [fin Gmin condition (2.10.17) is satisfied, then the solution of system 
(2.10.2), starting at the resonance point (то, о), remains in its neighborhood of 
radius O(%) provided t € [0, и \|. 


The lemma points out that the solution x(t, и) of system (2.10.2) behaves зо 
that (k,w(x)) with k € In,res may change by O(%), if t € [0, и "|. Hence the 
condition (2.10.17) guarantees that the solution remains in the neighborhood of 
radius O(u%), but unfortunately from this condition it does not follow that the 
solution of the averaged system Z(t, 4s) also has the property of remaining in the 
vicinity of a resonance point of radius О(и“). Now compare the solutions «x(t, р) 
and £(t,) for (2.10.2) and (2.10.10). 


Theorem Гей: 


(1) the functions (2.10.11) be twice differentiable in Сить; 

(2) the frequency vector w(x) be also twice differentiable in x Е Ри; 

(3) [|X|] < C2, ||¥ || < Co, |lw|] < Cy т the domain Gmin; 

(4) the initial point (xo,yo) be а resonance point, i.e. (k, w(ao)) = 0, КЕ 
In, res; 

(5) the solution of the averaged system (2.10.10) for t € [0, со) satisfy the 
inclusion (Z(t, р), U(t, р) Е ть; 

(6) in Gmin (2.10.17) be true. 


Then for any = > 0 there exists pio(€,C1,C2) > 0 such that for all uu € [0, шо] 
and for all ЕЕ [0, "| the following inequality is satisfied 


||2(6 №) — Z(t, || < =. 
Proof Find а transform (x,y) > (2,9) 


c=8+) ии, (2,5), у=9+ У и*о, (2,9), (2.10.18) 
821 821 
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that transforms the multifrequency system (2.10.2) into the comparison system of 
any approximation 


dz — 3 м 

rie BX (2,9) + > А. (т), 

р i (2.10.19) 
у : epee is < 

Fe) + BY (1,9) + У eB, (2). 


8>2 


If we substitute (2.10.18) into the initial system (2.10.2) and demand that 
system (2.10.19) should be finally obtained, then we obtain an infinite system of 
first-order partial differential equations for the successive calculation of the func- 
tions и1,01,..., 2, Bo,...: 


(5%. ~(@)) = X(%,9) — X (2,9) Е У X, (ze, 


15 Ам 


(2.10.20) 

In equations (2.10.20) the symbol У" means that the summation is only per- 

formed with respect to nonresonance values of k Е Гм, nonres, for which (К, wo) 4 0. 

One of the solutions of system (2.10.20) can be easily found by the method of 
characteristics, and it has the form 


Ne ad и Xk (z)et(*-9) В 
и1 (2,9) = = “(ha + y1(Z, Zo, yo), (2.10.21) 
ТАМ 


where 1 (2,50, Yo) is an arbitrary vector-function differentiable with respect to 2. 
If the initial conditions (Zo, %o) for an averaged system coincide with the initial 
conditions for the initial system (ao, yo), then it is evident that 


и1(2(0, 1), y(0, #4) = 0. 


Hence at the initial time 


$1 (2(0, 14), то, Yo) = — у 


15 Ам 


п Хь (тоуе лю) 


Е. (2.10.22) 
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If the initial conditions (20,90) for an averaged system are defined from 
ф1 = 0, then for the function и1 we will have the following expression: 


Bite п Хь(& Be i(k, 9) 
u1(%, 9) = >. Е. Per 
ам № (2) 


In both cases in the domain Сп the following estimation holds: 
ыы < оС» ay = ам — Caw), (2.10.24) 


where Сз(р) > 0 аз и — 0. Direct differentiation of the function ил and the 
condition of the theorem allow us to write the estimations 


Ош 1 
БЫ N 10. 
DE a C2(CoN + an), (2.10.25) 
Ou N 
— — Cr. 2.10.26 
| 0% = an ? ( ) 
Now we will introduce a new function 


and for its norm ||éz|| construct an estimation at t € [0, и ']. This function 
satisfies the m-dimensional system of ordinary differential equations 


ах 

dt 

Indeed, differentiating (2.10.27) with respect to t and using equations (2.10.2), 
(2.10.10), (2.10.20), and estimations (2.10.25) and (2.10.26), we obtain 


diz _ ах dz (= =)- (= а, 


= ИХ (x,y) — их (2,9) + О(и?), 92(0, и) =0. (2.10.28) 


‘dt ds dt 05’ dt dy’? dt 
ea a eg) ie Oe | oe) Sh (ke 
= р ›У ›У L Эт’ и ag” L ag” 
= их (в, - Ха) -в У" хим + OW). 

т 


Now if we consider that 


Х (2 9+ У” Xe (FE е №9) — Х ( 


1<|[&l|<N 


к] 
=< 


then equation (2.10.28) is obtained. In coordinate form this will be written as 


d(dx5) 


ae = p[X (ay) —X@,9)] + OW"), 


615 (0, №) =0, s=1,...,m. 


(2.10.29) 
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Then, applying the Lipschitz inequality to the difference Х“°) (a, y)—X*)(z, 9), 
we obtain 


8 а 6 8 
ива + u[X (x,y) — Ха, 9] + OM) < 28) 


dt (2.10.30) 
< LY [bal] + Ху) — X (2, 9)] + OW), 

where ||da|| = > [0%5|, and Г) is a Lipschitz constant for the function X() (x,y) 

by © € Pn _ Write the differential equations 


dws 
Se = THEY we + и (e,y) — XO ($,9)] + OW), 
15 (0, и) =0, 8=1....,т; (2.10.31) 
Se = ры, + Ху) — х(в,8)] + OU2), 
25 (0,4) =0, s=1,...,m. (2.10.32) 


Since 1, (0, 4) = 955 (0, и) = 2, (0, и) = 0, then in view of (2.10.30) 


We(t, MW) < 9%. и) < 25 и), 8=1.... т. (2.10.33) 
For the function w, and 2, we have the following integral equalities: 
O(w? 7 
ws(t, ) = a (1 — exp{—pL©)t}) 
pLy 
t (2.10.34) 
+ pexp{—nLt} | exp{ublr}.K(, и) dr, 
0 
O 2 
(Бр) = и (exp{pL\t} _ 1) 
ИГ 
t (2.10.35) 
+ tks miata и) dr, 
0 
K(r,p)= SY) Xx(a(7,p))lexp{i(k, y(z, р} — exp{i(k, (т, и). (2.10.36) 


1 
Since the condition (2.10.17) is an integral estimation for the whole domain 
Gmtn, and the condition (5) of the theorem is true, then 


(в (F.xev)-x@n)) 


at all k satisfying 1 < ||| < М. 

For multifrequency systems (2.10.2) the norm ||Ow/0z|| has order O(1) in the 
domain « € P,, and therefore condition (2.10.37) can be satisfied everywhere in 
Ст When and only when ||Х (5,9) — X(Z,9)|| < Cip® for any couple of points 
(x,y) and (2,9) from Я ть. From this it follows that ||К (т, и)| < Сим”, a> 0. 


0< 290 (2.10.37) 
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Then, using (2.10.34) and (2.10.35), we obtain 


w(t, wl < Саи", ев < Cap’, (2.10.38) 
if 0<a<1, or 
l(t, I< Cum, Пер) < Cam, (2.10.39) 
if a> 1 for all t € [0, и ']. Then from (2.10.33) we have the estimations 
|Ox(t, p2)|| < Cape, (2.10.40) 
if 0<a<1, or 
|Oa(t, р) || < Cap, (2.10.41) 


На>1 for all ¢ € [0, и ']. However, since in the first approximation ||x(t, р) — 
(Ви) || < ||Ox(t, в) + ulus (2,9) ||, from this it follows that 


|5(6 и) — (и) < Cop 


with ЕЕ [0, д ']. The transfer to “eterminology” is trivial. The theorem is 
proved. 


2.11 Multifrequency Systems with their Solutions Not Leaving 
the Neighborhood of a Resonance Point 


Earlier we discussed multifrequency rotary systems, the solutions of which may 
remain near the resonance point, in a neighborhood of radius и” (а > 0). If 
as и > 0 the neighborhoods of resonance points to not contract to a point, then 
the issue of €-proximity of exact and averaged solutions requires separate study. 
Popova [1] was the first to pay attention to this, and the results described below 
belong to her for the most part. 

So consider a (m+ 7)-th order multifrequency system 


ах 

се = иХи(а) + 2, (в) 

ap (2.11.1) 
т = ula) + WY (0,0) 


with initial conditions (0, 4) = 10, 9(0, р) = yo. In (2.11.1) Х, = (Xs,,--.,Xs,,) 
($ =1,2), = (@1,..., 2m), y= (M1,--- Yn), Y = (M%,--- У»), w = (W1,.--- , Wn) 
is a frequency vector, 0 < д < ш < 1. Note that the vector-function X (x) 
depends only on the slow variables x. Vector-functions X,Y are determined in 
the open domain Gmin = {Pm X Qn} as usual and are 27-periodic with respect 
to y in О», and X,(#) and (т) are determined in Ри. 

In the system (2.11.1) perform the usual substitution 


р=1-—10 G=Y-—wot— yo. 
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With the help of this substitution the initial system will be written as 


4 
г = Хр + to) + р? Х»(р + о, 9+ wot + Yo), 


dg _ 
dt 


w(p+ то) — wo + pY (p+ то, q+ wot + yo), (2.11.2) 


(0, и) = 9(0, и) = 0. 
Apply the operator of averaging for continuous disturbances to the right-hand 
members of the above system. As a result, we obtain the averaged system of the 
first approximation 


dp __ —— 
= HX (P+ 20) + wXa(P + 20, + yo); 
t (2.11.3) 
dg й Ty = 
i = w(p+%o) — wo + ИУ (P+ Xo, + 0). 


Below we will prove theorems оп ¢-proximity of the solutions of systems (2.11.2) 
and (2.11.3) in the time interval ¢ € [0, ~~*] with the different properties of 
smoothness of the functions X2,Y in the case of initial resonance. In addition, 
we will show that the proximity of slow and fast variables of the initial and ave- 
raged systems is guaranteed within ¢ € [0, и’ "|, where 0 < y < 1, under weaker 
conditions imposed on the right-hand member of the system. 

First we write some additional estimations. If the following two systems are 


given 
= = ИХ (p.q), 
dq (2.11.4) 
4+ = WP) — #0 + У, 9); 
Я = иХм(, 4), 
7 = ©) — wo + иУм(,9, (2.11.5) 


p(0, и) = Р(0, р), 9(0, №) = 4(0, в), 
then, as shown in Section 2.3 above, 


lla(t, 2) — (м) < Cert + OM et + a, 
[Ре р) — Blt, wl] < (Lu + lp)? [C}? met + OL roe" (2.11.6) 
— plalla(t, в) — 4(&, м) — wer]. 


In these inequalities 


= E1 (Lis a Шь) — ИГрЕ2 СР) — аА> + HEL СР SG Cl) 
ПГ — Тао ИГ —~* №- № '° 2 — 
1 1 
Аь2 = 5h(Lp + 4) = 2 И (Lp + lq)? — A(u? Lglp — pPLplg — pL, La). 


(2.11.7) 
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Suppose that 

Га > Lglp, €1 = €2/f=e. (2.11.8) 
If the Lipchitz constants Lp, Га, ly, ly, Г do not depend on the small parameter 
р, the following estimations can be obtained: 


O<A1 < Kip 
1 
= 5 [М5 + 14) + 4/ мо (Гр + Eq)? + 8, | м, 
1 
№ <0, |^№| < Kay = У мор + lq)? + 84, (2.11.9) 


Li + ро + Гр /ро 


а| < К = АЕ, 
al Га» — po(Lpla — Lyly) 


1 1 
ак slale + 5 (214), ICP | < Kee. 


Relations (2.11.9) are true provided that 
Lalu 
sate Гра = Lgly’ 
which does not in the least limit the commonality of the considered class of equa- 


tions. From (2.11.6) and (2.11.9) we conclude that for any point of time from the 
domain [0, 1/,/f] the following estimations are true: 


[9-91 < Kee, |lp— dll < KreVu, (2.11.10) 


where 
Ke = КаеК! + K3 + Ks, 
ky= be [Kak e™ + А-Аь + Ка\/но + 1]. 

Inequalities (2.11.10) show that the proximity of the solutions of systems 
(2.11.4) and (2.11.5) of order О(р) for slow variables р, р and of order O(,/f) 
for fast variables 4, 4 will take place even if the value € is not small together with 
р, but in this case the proximity of functions X and Хм should be at least of 
order O(,/f1). 

In case =1 = €g = € the estimations (2.11.10) also hold, and the constants Аз, 
K4, K7 can be replaced by smaller ones: 


= Г р -—1 — _ f 
Kee + polLp — ly] | к: Ho 
LL — но Гы — Го 2 24/2L Li, 


К. = Tie? [Е Кале” + А-Кь + 1, K6./ 0 + Уре]. 


Now let the Fourier series of functions Х5 and У be trigonometric N-fold 


polynomials: 
Xe (x,y) ИИ У` Х2ь (2)е №, 
O<|[AIISN 
| (2.11.11) 
Y(z,y) = У` Ук (в)е №»). 
О<ИА < 
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In addition, let the point хо be a resonance point at the initial time (¢ = 0), i.e 
(k,w(to)) = 0 for КЕ In ves, and within ЕЕ [0, и "| this resonance is isolated. 
This means that for any integer vector k such that ||k|| < № and (k,w(ao)) # 0, 
the following inequality is satisfied: 


[(K,w(x(t, и)))| 28 > 0 (2.11.12) 
for any t € [0, и "|, where BA 0 аз wp 0. 


Theorem Let: 


(1) conditions (2.11.11) and (2.11.12) be satisfied and the coefficients Хэк 
and Ух be differentiable in the domain Py; 
(2) the following inequalities be satisfied in Gmin 


oa <<, [|Xall<¢, ПУ|< С, 


=> Spd 


r=1 j=l 


<С1, s=1,2, 


|2: | ae 
(3) in the domain Pm the function w(a%) be continuously differentiable with 
respect to x and the following inequalities be satisfied 


Ows 


On; 


Jw] < С, [= <С, j,s=l1,...,m; 


(4) the solution of the averaged system (2.11.3) within the time ЕЕ [0, u—"] 
remain in the domain Ginin- 


Then there exists и“ > 0 such that for any 0 < и < p* and for any point of 
time t € [0, и "| the following inequalities are satisfied 


IIp(t, №) — BL BI < Ай”, [9 в) — a(t, м) < By, (2.11.13) 
where А, В do not depend on и. 


Proof Construct the first approximation for the solution of system (2.11.2) by the 
method of Krylov-Bogolyuboy, 1.е. find the solution of (2.11.2) in the form 


p(t, 4) = Ри) + D> pus, G 0), 
8>1 


аи) =а&6 +» `и*о, (7,4, t)- 
8>1 


(2.11.14) 
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Substituting (2.11.14) into (2.11.2), expanding its right-hand members at the 
point (p,q) into series in terms of и, and equating the coefficients at и and py”, we 
will obtain the following systems of partial differential equations for the calculation 
of the vector-functions uj (р,4,%), vi(p,g,t) and ue(p,¢, t): 


Og’ Ot 
д д Ow (p+ 
(=. w(p + то) a) ae = = ( — Zo) ) 


+ У(р- 20, + wot + yo) — У(р+ to, @+ yo), 
Ou Ou 
( ap w(p + to) — w) + = Хр, Чи) 


Ot 
= OX1(pt+ 
— X2(p+ то, + yo) + (Suga “) 


Ou1 _ дил 
- (Gp 96+) - (рт) 
(2.11.15) 


where 0X1/0p, 0w/Ap denote some average values of the functions ЭХ1/др and 
Ow /dp in the corresponding domains. 

From the first m equations it follows that it is possible to choose a vector- 
function и1 = 0. Since when averaging for continuous disturbances the functions 
Х.(р-+то, @+%) and У(р-+то, ¢+yo) include all harmonics for which (k,wo) = 
0, the second members of equations Юг v; and uz contain only the terms for 
which (k,wo) # 0, i.e. only nonresonance terms. As before, denote the sum for 
КЕ IN nonres by 


п 


ке ae 


КЕ1м,попгез I<||AI|SN 


The general solution for vj and и> has the form 


Е "„ Ук(р +20) exp{i(k, 4 + wot + yo)} 
=», Е ae 


ам о) 


+ Filg— t(w@ + то) — wo), ф1(Ф)], (2.11.16) 


Sa „ Xon(p + то) exp{i(k, а + wot + yo)} 
и ( Я ,t) = Se fe AS 
os en i(k, w(p + £0) 
) 


+ Е @ — t(w(p + 20) — wo), Y2(p)], 


where F,, Ё> are any differentiable vector-functions of (т -+ п) variables (their 
dimensions are п and т respectively) and фл, 2 are arbitrary differentiable vector- 
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functions of т variables р. Assume д = р = 0. Then the functions 11, and us; 
(s =1,...,n; 9 =1,...,m) are trigonometric polynomials with respect to ¢ of 
degree not higher than n. 

It is easy to verify that the vector-functions v; and ug are bounded on norm 
together with their partial derivatives with respect to р and 4: 


1 Ovi 1 
—C = С NCC 
lol < 50, [FE < 50 + mca, 
Ov, 1 1 
— || < —<NC < —C 11. 
| tl < SNC, || < 50, (2.11.17) 
ди> 1 1 Ou2 
< -С —mNCC < ine. 
IF =e ge Ie 8 


Consider the functions 


p2(t, и) = Ри) + и?и2(р, 4,1), 
(2.11.18) 
q(t, р) = q(t, и) + шт (p, 4,0), 


that are an approximation of system (2.11.2) to the exact solution (2.11.14). Dif- 
ferentiating expressions for po,qi, we obtain 


4 ар д =e 
pe = By? | (FE, Xo 20) ++ 2009+ 00) 


д = д 
+ (=. «(р + 20) — wo + 7+ 20, G+ w)) + a 


OX. 
= wX1(p + 50) — » (=. ws) + pw? X2(p2 + то, 41 + wot + yo) 
OX» ОХ диз — диз = 
В Ее = === ЕЕ, 2 X ——, Y 
Г (= v1) L » (Se aq и) +и |(55=. itp 2) + (5%, ) 
= pX1(p2 + to) + и? X2(p2 + Lo, 41 + wot + yo) + ИЗ, 
44: _ dq 


дит 
зи = чи (их + 20) + /?Х>(р + xo, + ust +) 


Ot 
= w(p2 + то) — wo + HY (po + то, Gi + wot + yo) + и? Въ, 


9 7 9 
+ (=. р + 20) — wo + HY (P+ 20, +m) + oF | 


where 0X1/Op, OX2/Op, OX2/Oq are average values of the corresponding func- 
tions in their definitional domains. In Gmin with t € [0, u~'] the following 
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estimations hold: 


2 N 
Dill < $0 (201 +NC+ "сс , 


2 т 3 т № 
р = [+=] С +МС+ —— СС: |. 
| all < 5 (3 +5) HENCE, 1 
The system of equations for the functions po(t, и) and qi(t, р) 
d 
Fe = WX: (Po + 20) + и? Хр + 0,41 + Wot + yo) + WD, 
dq 
Gp = (р + 20) — Wo + HY (Po + 0, 41 + Wot + yo) + HDs 
and the system (2.11.2) satisfy the conditions described in Section 2.3, with con- 


stants 
=Oi(l+p), Lg=pNC, ь=0, =NC, Ly =mn0. 
Then estimations (2.11.6) are true, and 
il < Kips Del < Kay, <, (CP |< Kay 167 < Ку, 
Consequently for all t € [0, и '] 


lp — pall < Khu, |lq— all < Ken, 


where the constants Аз, К; do not depend on р. But on the other hand, with 
t € [0, и "| we have 


2 1 
[ра — Bll = lleuall < GHC, lla. — all = Iver ll < sh 


So 
llp — dll < llp — pall + |lp2 - all < Ар”, |la—al| < Bu, 


where the constants А = K1+C8-'!, B= K+C£"' do not depend on р. The 
transfer to e-terminology is trivial. The theorem is proved. 


In conclusion we note that equations (2.11.1) may relate to any of the classes IT, 
Ш or IV, and this fully depends on the width of the resonance zone ||(k, w(x))|| < а. 


2.12 Comments and References 


In this chapter we described the main presently known mathematical results of 
proving the applicability of asymptotic theory to multifrequency systems of or- 
dinary differential equations typical for modern resonance dynamics. These are 
equations determined on tori or toroidal manifolds, with their right-hand mem- 
bers being multiperiodic functions with respect to fast angular variables, and the 
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frequencies being functions of slow phase variables. Sufficiently well-investigated 
equations include those of Van der Pol, Mathieu, Duffing, and Hill, and one might 
say, simple cases of multifrequency systems defined on tori. For these equations the 
phase space has dimension 2, and though the subspace of fast variables (torus) has 
dimension 1, here also occurs the problem of small denominators, like the Poincaré 
problem of reflection of a circumference on itself. Generally speaking, this is suffi- 
cient to understand the difficulty of the mathematical problems of the construction 
of exact, but not asymptotic solutions of equations defined on many-dimensional 
tort. 

For the interested reader we formulate some mathematical problems of the 
asymptotic theory of multifrequency systems. 


Problem 1. We do not know a single proof of the averaging principle for mul- 
tifrequency systems for which it is sufficient to impose conditions not on the right- 
hand members of the initial equations, but on their averaged values. Consequently 
the matter concerns the separation of a subclass of multifrequency systems with 
the above-mentioned properties from the class of multifrequency systems defined 
on many-dimensional tori. 


Problem 2. For dual frequency systems the resonance of frequencies kyw , + 
kaw, = 0 (except the obvious case ki = ko = 0) may take place only when both 
components k, and kg of the integer vector k are nonzero. Another situation occurs 
in the case of multifrequency systems (or more exactly, n-frequency systems with 
п, > 2). Here the existence of s-resonance manifolds is possible, with 2<s <n, in 
the space of frequencies w1,Wo,... ,Wn, for which the mathematical justification of 
the averaging principles has not been investigated by mathematicians. As regards 
the construction of asymptotic approximations of such multifrequency system solu- 
tions, it should be expected that their analytic form will be simpler in comparison 
with the general case. 


Problem 8. Finally, we do not know any proof of the averaging principle for 
multifrequency systems in the case when the basic frequencies wz, depend not only 
on slow variables x, but also on fast variables y, i.e. w = w(x,y). In this case the 
undisturbed system 


is, generally speaking, nonintegrable, and therefore even the geometric interpreta- 
tion of an undisturbed solution on tori is an intricate problem. 


Section 2.5 Strict definitions and properties of the averaging operator for 
continuous disturbances are given in Volosov [1], and Grebenikov [1, 3]. 
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Section 2.6 A new analytic form for disturbances of phase coordinates in the 
case of 0-resonances was first derived in Grebenikov and Ryabov [2], and detailed 
comments were given in Grebenikov [3]. 


Section 2.8 The proof of the convergence of the iteration method for the Van 
der Pol scalar equation was first obtained by Mandelstam and Papaleksi [1]. The 
extension for the many-dimensional case is given in Grebenikov and Ryaboy [1]). 


For several results and references on the comparison principle in the theory of 
nonlinear systems with slow and fast variables see Martynyuk [1]. 
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3 Some Resonance Problems of Nonlinear 
Mechanics 


3.0 Introduction 


The previous chapter described the mathematical aspects of nonlinear differen- 
tial equation theory, based on the averaging principles. We have more than once 
pointed out that the main mathematical difficulties of this theory arise due to the 
possible occurrence of small denominators in asymptotic formulae. Problems with 
small denominators (or problems with frequency resonances, which is the same) are 
not particularly abstract, but reflect the real picture of dynamic processes going on 
in micro- and macrocosms. Therefore here we will discuss some resonance problems 
of analytical dynamics that have certain theoretical and practical importance. 


3.1 Newtonian Three-Body Problem 


In the Preface we said that historically the problem of small denominators arose 
during the investigation of the movement of Jupiter and Saturn around the Sun. Ig- 
noring the existence of other planets, it turns out that the dynamic model consisting 
of three homogeneous material balls mutually attracting each other in accordance 
with Newton’s law is an extremely complex resonance system investigated by prac- 
tically all outstanding naturalists of the past. In the mathematical model of the 
three-body problem the matter concerns the study of the motion of each of the 
three bodies Po, Ри, P2 with arbitrary masses mo, ти, mz for arbitrary initial con- 
ditions and in an infinite time interval. Assuming that mo is the mass of the Sun, 
ти is the mass of Jupiter, and т» is the mass of Saturn, the quantitative relations 
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пи А 10 3то, mz = 3 x 10 4то are true, and consequently in the three body 
problem Sun—Jupiter—Saturn one mass is much greater than the other two masses. 
This model is called the planetary variation of the three-body problem. From the 
mathematical point of view this means that in the problem a small parameter is 
naturally present. If the masses of all the bodies are approximately the same, it is 
called the star variant of the three-body problem. 

If a rectangular Cartesian coordinate system with origin in the center of the 
Sun (the so-called rectangular heliocentric system) is introduced, the differential 
equations of planetary motion around the Sun are written as (see Duboshin [1]) 


dt? т? д}, ть 
Фут | (mo + та) | Hi | 
= тэ _ 2 
dt? re А. ae 
Ф (mo+mi)z _ В 8 
dt? rs ie ee eee 
(3.1.1) 
412  (mot+me)r2 _ - E — 12 =| 
=m pega 
dt? т? 4, п’ 
dy. (то + тэ)уз _ i EF = ¥y | 
=m ees 
dt? ra Ato т] |’ 
dz (mo + т2)22 _ m, [21—22 _ 24 
dt? rs 173 8] 


where 25,Ys,Zs are the rectangular heliocentric coordinates of the planet P, 
(s = 1,2), 


Aiy = (22 — 21)? + (yo — 91)? + (2 — д), 


2 


(3.1.2) 
- = 12 НУ +22, 8=1,2. 


is 


The system of fundamental units was chosen so that the gravitational constant 
is equal to 1. The order of system (3.1.1) is 12, and though the latter is quite 
compact in form, it is impossible to obtain its exact solution in an analytic form 
because it is essentially nonlinear. In the past the search for its first integrals was, 
as one might say, a point of honor for every outstanding mathematician. And 
though they did not manage to do very much, it would not be an exaggeration to 
say that the three-body problem was the main generator of ideas in the fields of the 
analytic, qualitative and numerical theory of ordinary differential equations. This 
is easily explicable. In the 18th and 19th centuries the majority of mathematical 
models were drawn by scientists from their study of the visible cosmos, they knew 
practically nothing about the microcosm. And their idea of the cosmos was in 
the first place the solar system where movements of certain periodicity had been 
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observed from ancient times. Therefore many things created in mathematics and 
mechanics were first of all verified on the model of the solar system. 

But equations (3.1.1) have one essential drawback. Though they are compact 
(there are no infinite expansions in them), the basic frequencies of the problem 
(the functions w(a) in multifrequency rotary systems described in the previous 
paragraphs) are not perceived in explicit form, so the above asymptotic theory 
cannot be directly applied to them. On the other hand, in the planetary system 
the basic frequencies of the three-body problem are visible, as the saying goes, “on 
the surface.” Indeed, as far back as the epoch of the outstanding astronomer of 
antiquity Hipparchos (2nd century BC) the average angular velocities of the then 
known planets of the solar system were calculated, those planets included the Sun 
and the Moon which, as the ancients thought, were moving around the Earth. 
The angular velocities of the planets around the Earth (in the Earth-centered 
system of the world) are just the angular velocities of the planets around the Sun 
(in the heliocentric system of the world proposed by the great Polish astronomer 
Nikolai Copernik in 1543). It is very important to note that though the ancient 
astronomers were not armed with telescopes, their visual observations of planetary 
motions relative to the stationary stars made it possible to calculate the angular 
velocities of the planets (astronomers call them, as we have already mentioned, 
average motions of the planets) with a relatively high accuracy. 

So, to investigate the three-body problem by asymptotic methods, it is nec- 
essary to turn from configuration space Poxryz to phase space where some of the 
variables personify the slow movements, and the other, fast movements. The term 
that is most frequently used for planetary problems is Keplerian phase space. We 
will not overburden the text by a great number of formulae for the transition from 
one space to the other, but we will only give a qualitative description of this geo- 
metrical operation (for the details see Duboshin [1], Grebenikov [1], etc.). 

The three-dimensional space Poxyz, as mentioned above, used to be called 
configuration space, and this name seems to be the most obvious, because in this 
three-dimensional rectangular Euclidean space our daily life is enacted. 

Each equation of system (3.1.1) is a second-order equation; therefore from the 
mathematical point of view the most usual form is the notation of equations of 
motion with the use of a system in normal form, where each equation is of first 
order. And this means that instead of the three-dimensional space Poxyz the six- 
dimensional phase space Poxyztyz of coordinates and velocities is introduced, but 
this also does not solve our problem. It is only the transition to the six-dimensional 
Keplerian phase space that makes it possible to describe the motions in the three- 
body problem by means of a multifrequency rotary system. Keplerian space also 
has a simple geometric interpretation. (It is enough to recall Kepler’s three laws 
of planetary motion around the Sun.) 

According to Kepler’s laws, each planet (if it was the only one) moves around 
the Sun along an elliptical orbit with the Sun located at one of the foci, and the 
orbital revolution itself is performed so that the squared periods of revolution of 
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two planets around the Sun (e.g. expressed in terrestrial years) relate to each other 
as the cubes of the major semiaxes of their elliptical orbits. From this naturally 
follows the expediency of the following operation: since on the one hand the po- 
sition of a planet in the six-dimensional space Poxryzayz at each point of time is 
determined by the six quantities (a(t), y(t), z(t), z(t), y(t), 2(¢)), and on the other 
hand by the dimensions of the ellipse, by its position in space, as well as by the 
position of the planet itself on the elliptical orbit at the same point of time, exact 
formulae are established between the quantitative characteristics of these two phase 
spaces, as described e.g. in Duboshin [1], Grebenikov [1], etc. The characteristics 
or coordinates of the (six-dimensional) Keplerian space are the following quantities: 


a) the major semiaxis a and the eccentricity e of the elliptical orbit; 

b) two angles: the inclination i and the ascending node longitude ©, deter- 
mining the orientation of the elliptical orbit’s plane relatively to some 
basic coordinate system; 

c) one angle: the perihelion argument w determining the orientation of the 
ellipses in its plane; 

d) an angle: the average (or true) anomaly M (or v) characterizing the 
position of a planet on the orbit itself at every point of time. This angle 
is an analogue of the azimuth in the polar coordinate system. 


The following characteristics of planetary orbits are also widely used in celestial 
mechanics: 7 is the longitude of the orbit perihelion (7 = w+), п the average 
angular motion of the planet, [ the average longitude of the planet in the orbit 
(l=7+M), М =n(t— to) + Mo, and Мо is the value of the average anomaly 
at the initial time to, so in undisturbed motion the average anomaly is a linear 
function of time t. 

From the meaning of these characteristics and from Kepler’s laws it follows that 
the characteristics (a, e, 4, ,9, w) in the problem of two bodies (the Sun and the 
planet) do not depend on time, i.e. they are constant, and only one characteristic 
M varies with time. If each planet is influenced by the attraction of other planets, 
the above phase picture is ruined, but due to the smallness of planetary masses this 
evolution goes on very slowly. The first five parameters of planetary orbits (the 
major semiaxis, the eccentricity, the inclinations, the longitudes of ascending nodes 
and the arguments of perihelia), are constant in the absence of any extraneous 
disturbances, but when disturbed they start to change slowly, i.e. they are slow 
phase variables (variables of type x in multifrequency rotary systems). The sixth 
variable M is a fast phase variable in the same terms (a variable of type y in 
multifrequency rotary systems). Hence it follows that the description of dynamics 
in the problem of three bodies (Sun—Jupiter-Saturn) with the help of Keplerian 
phase variables adds up to the study of a multifrequency rotary system of ordinary 
differential equations with slow and fast variables; the vector of slow variables is 
ten-dimensional, and the vector of fast variables is two-dimensional. 
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In these Keplerian variables the planetary three-body problem is described by 
the following system of 12th order differential equations (see Grebenikov [3], and 
Subbotin [1]) (the symbols most common in astronomy are used here): 


das 2 ORs 


dt паз Oly’ 


des _ . \/1- е2 OR, _ ез\/1 -— ез ОВ, 


dt nsaze, дп; nga? (1+ vI-2) al,” 


dis _ _ 1 дв, _ 1 tet Ee of) 
dt nga2sinig,/1—e2 0%, n,ga2,/1—e2 © 2 \ бт, Als J’ 

dQ, _ 1 ORs 

dt ~ n,a2sinis/1 0,’ (3.1.3) 


dir, 1 ig 2 Re , VIR, 
dt nga2,/1—e2 ~ 2 0%, nsaze, де, ’ 
dl, 2 OR; 1 is ORs 
Gp = Ms + 


In equations (3.1.3) the following symbols are used: п, are the longitudes 
of perihelia of the orbits of the planets Р; (пл, = ws + @,) where ws are the 
arguments of perihelia of the orbits of planets P,, and they should not be confused 
with frequencies in multifrequency systems; the average motions of planets пл, n2 
are the basic frequencies of the problem (earlier they were denoted by w;(x)). The 
average anomalies of planets are calculated by the formula 


М; = ns(t — to) + М, (3.1.4) 


from which it is clear that in undisturbed motion they are linear functions of 
time, and in disturbed motion п. they become slowly changing functions of time, 
and consequently the average anomalies М, (and therefore /, as well) in their 
turn become quasi-linear functions of time. Kepler’s third law can be given the 
mathematical notation refined by Newton: 


f(mo + т.) 
as ° 


Ns = (3.1.5) 

Here f is the gravitational constant (we assumed it to be equal to one). It is 
from formula (3.1.5) that it follows that even if the masses m, of all planets are 
supposed to be zero (certainly, except the mass of the Sun mo), the average angular 
velocity of a planet п, (1.е. the basic frequency in terms of slow and fast variables) 
does not become zero. 
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The discourse on system (3.1.3) would not be sufficiently complete while the 
explicit dependence of the right-hand members on the small parameter yz is not 
shown. The planet P, is influenced by the attraction from the direction of the 
planet P:, therefore the disturbing (perturbation) function R, is proportional to 
the mass mz, and the disturbing function Rz is proportional to the mass т. If 
the masses are considered small quantities (of order 11), i.e. if we consider that 
ms = Lsu (where Г, is some constant of proportionality), then all disturbing 
functions R, are proportional to the small parameter p. 

Finally, for equations (3.1.3) to have the form of a multifrequency rotary system 
it is necessary that the right-hand members should be Fourier series with respect 
to the fast variables y. Construction of concrete Fourier series for the disturbing 
functions R, and their partial derivatives is one of the most intricate problems of 
analytical celestial mechanics: great mathematicians spent decades trying to solve 
it. First of all it is necessary to mention the titanic work performed by Le Verrier 
at the Paris Observatory after the great triumph that resulted in the discovery of 
Neptune. Le Verrier obtained a series for a disturbing function (see Le Verrier [1]) 
in which all the terms of the Fourier series with coefficients up to the seventh power 
inclusive with respect to the small quantities were determined: the eccentricities of 
the orbits of the two planets е1, е2, the ratio of the major semiaxes of their orbits 
а1/а2 and sin?(J/2), where J is the angle between the planes of their orbits. 

Now we introduce the following symbols: 


Gs =Xs, Cs = 1.42, 15 = Usi4, Q, = 15-6, Ws = Тз+8, 


ls =Ys, Ws =Ns, VL (Big os 5210) y= (y1,Y2); и = (ил, 422), 
2 OR; 
Xi 
eee NgGs Ols’ 
ie \/1- е2 OR, €s\/1—e? OR, 
PA 542 пзазез OTs n a2 (1+ 1 =) al, 2 
х..- 1 ОВ, 1 т is (= xe) 
pen nsa2sinis,/1—e2 0; nga? /T—e2 ~2 \ On, Als J’ 
x 1 ORs; 
НА в = р: 
oar nga? sinis,/1 — e? 0% 
х.. 1 р & дн, | V/1—e5 ORs 
а nsa2y/1 ты e? ь 2 dis пзазез дез | 
у — 2 ORs; a 1 te i, ORs €s\/1—e? ORs 
И! NsQs даз пза2 \ AL = e2 2 Ois nsaz (1 + vI-@) дез у 


8=1,2, 
ХА 0) YS (i539): 
(3.1.6) 
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Then system (3.1.3) can be represented as a multifrequency rotary system 
dx 


= ИХ (x,y), 
_ (3.1.7) 
dt = w(2) a BY (a, y), 


where the vector-functions X and У are 27-periodic with respect to the average 
longitudes y1, y2- 

As the two-planet three-body problem is now described not by equations (3.1.1) 
but by equations (3.1.7), it is possible to apply to the latter all the mathematical 
results stated in the previous sections. First of all we will give a general averaging 
scheme embracing practically all the averaging schemes applied by the classical 
work of celestial mechanics. For that we will introduce а (т + n)-dimensional 
column vector R(x,y) with its components being the right-hand members of a 
multifrequency system: 


7 Xm (x,y) 
R(x, у) = ее (3.1.8) 


Wn (x) + HY n(z, у) 


For this study we will also introduce the rectangular numerical matrix 
Asn = (ij), 1=1...,8; g=l,...,n; s<n, (3.1.9) 
and generate an s-dimensional vector D with the help of the equality 
D = (Аш, у). (3.1.10) 


Let rank А; = $, and for definiteness suppose that, 


Ass = det(aj;) #0, a,j = ля ,3- (3.1.11) 

Now solving the system of algebraic equations (3.1.10) with respect to 
Y1,---5Ys, we obtain 

Vi = FLD Mette Yn); t=1,... 5; (3.1.12) 


where f; are linear functions of their arguments. Then change the fast variables 
Yi,---,Ys in R(w,y) by using (3.1.12): 


R(a, y) = R(a, Dy ys4i, cee Un): (3.1.13) 


The function R is periodic with respect to D, ys41,---,Yn, but the period 
with respect to each of these arguments can differ from 27. The values of the 
new periods are determined by elements of the numerical matrix (3.1.9). Denote 
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the new periods of the function R with respect to Ys+1)---5Yn by Теа, --- [т 
respectively and calculate the average value of R over the variables Ystly--- Yn 
within the corresponding new periods, in the process of integration considering x 
and D as constants: 


Ts+41 Ts, 


=e 1 Se 
R(x, D) = ———— ] vf R@,Dy yess ‚уп dys41---dyn. (3.1.14) 
Tg ee J / 


In Grebenikov [1] it is shown that this formula contains as particular cases the 
averaging operators described in Section 1.2. However for the three-body problem 
concrete averaging schemes were used that are called by the name of the author 
who either was the first to use them or obtained essential results via using them. 
For instance, Gauss’s averaging scheme is the averaging of a disturbing function 
over all fast variables (averaging operator Му). 

The Fatou averaging scheme (see Fatou [1]) is expressed by the equality 

2a 


Ri (a1, а2, tax ‚Пт, 72,11) = ] В(ал, @2,..- wl, le) dlz, (3.1.15) 
0 
where [5 is the average longitude of the planet regarded as the disturbed (but not 
disturbing) body. 
On the contrary, in N.D. Moiseev’s scheme the averaging operation is performed 
over the average longitude of the disturbed planet (see Moiseev [1]): 


2a 


Ri (a1, a2, Bee ‚Пт, Па, 12) = > ] Б(ал, @2,..- wl, le) ап, (3.1.16) 
0 

The schemes of Moiseev and Fatou are typical for averaging over some of the 
fast variables (operator Му.» from Section 1.2). 

Now consider two schemes applied in the resonance three-body problem. These 
are the so-called first and second schemes of Delaunay—Hill (see Молзееу [1], and 
Subbotin [1]). 

Using the general averaging scheme for the problems of celestial mechanics, 
instead of the rapid variable [5 introduce the function 


D= kil, + 6515. (3.1.17) 


This is called the Delaunay anomaly. If the integers Ат, К5 are arbitrary, the De- 
launay anomaly will be the same fast angular variable as [1 and [5, but if they are 
such that kien + kin ® =a is asmall quantity (a-resonance of the frequencies of 
undisturbed motion of the two planets P; and P2), then the Delaunay anomaly be- 
comes a slow angular variable. At an exact resonance of average angular velocities 
of the planets (a = 0) the undisturbed Delaunay anomaly becomes constant. If 
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we now express from (3.1.17) the longitude [5 by О, and substitute this expression 
into the Fourier series for the disturbing function, we have 


Ву (ал, @2,--- ‚|, Is) = R(ai, @2,--- ‚0, 1). (3.1.18) 
Then upon averaging over [1 we obtain 


= 1 т _ 
В! (ал, а2,... ,D) = z/ В(ал, d2,.-. ,D,l) ай. (3.1.19) 
0 


Here T is the least common multiple for the numbers 


тк" | 
(185 — kaki) 


with К1,К2 =1,2,.... It is easy to see that in the averaged function R, all reso- 
nances are preserved, i.e. all the harmonics with the small denominator kj n + 


kien. From this it uniquely follows that the scheme of Delaunay—Hill is a partic- 
ular case of the averaging operator for continuous disturbances. 

In the two-planet problem the second averaging scheme of Delaunay—Hill is 
also used. It is constructed as follows. 

Introduce the so-called “generalized Delaunay—Hill anomaly” by the formula 


+1 — Mo, (3.1.20) 


where М: and М. are the average anomalies of the planets P; and P2, and по) 13 
ап undisturbed average angular velocity of the disturbed planet. Then by means 
of (3.1.20) exclude the difference @ — М> from the Fourier series of the disturbing 
force working upon the planet P,. After that average the disturbing function Ву 
over the average anomaly M, by means of the operator 


Ae 


Ri (a1,02,...,72,D) = lim > Ry(a,...,D,Mi) dM. (3.1.21) 
0 


Now applying any of the averaging schemes of celestial mechanics and the Krylov— 
Bogolyubov transform to system (3.1.7), one can obtain averaged equations of 
any approximation (including the first one), and then the principal procedure of 
application of the whole arsenal of the asymptotic theory of differential equations 
can be followed. 

For instance, applying the first Delaunay—Hill scheme to equations (3.1.7) and 
assuming that т: = 0 (in this case it is said that we are dealing with a limited 
three-body problem, where the motion of a planet with zero mass under the influ- 
ence of a second planet with mass и = mg is studied), then in the notation usual 
for astronomers, the averaged equations of the first approximation will have the 
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da aOR dp р 98 
к Е лы 
dt Vimo OD’ dt 2VV mo AD’ 


form 


di cgi OR в OR 
@ /mop OF — sinix/mop OD’ 
dQ 1 OR 


ЕВ (3.1.22) 
dt  па?зш//1- 22 Ot 

ат _ а idk | VI-@ oR 

@&  па?/Т- 2? 55 naze Oe’ 


dD eer . Га 08 = OR 
dt ( Е ) 1 \/ mo да ь sint,/mop 04 


Unlike equations (3.1.3) here instead of the eccentricity е an elliptical parameter 
is introduced by the formula р = а(1 — e?). 

Since Delaunay—Hill averaging preserves resonance terms in the Fourier series 
of the disturbing function, then while solving the partial differential equations for 
the functions ил, v1, U2, v2,--- constituting the Krylov-Bogolyubov transform that 
transfers system (3.1.3) into system (3.1.22) we obtain that the above listed func- 
tions will contain small terms periodic with respect to D. The harmful influence of 
resonance harmonics (or small denominators, which is the same) is localized in the 
averaged solutions of system (3.1.22), i.e. in the averaged Keplerian elements а, р, 
7, 0, т, О, and it will not occur in the Krylov-Bogolyubov transform. Naturally, 
this reasoning is true provided that the partial differential equations for us,vs are 
solved by the method described in Section 2.6, or by a similar one. 

To be able to use the Krylov-Bogolyubovy transform for the asymptotic rep- 
resentation of the solution of the initial equations (3.1.3), it is necessary, as has 
been emphasized more than once, to obtain a solution of the averaged equations 
(3.1.22) in explicit form. Unfortunately it is impossible to integrate exactly equa- 
tions (3.1.22), but in the plane version of the problem (when all three bodies move 
perpetually in one fixed plane, e.g. in the plane 1 = 2 = 0) the system is reduced 
to a fourth-order system (without equations for 7 and Q); its four first integrals are 
known (see Grebenikov [1], Moiseev [1], Subbotin [1]): 


k* 
Va > т=УР — Ст, 
2 
kx (0) = 
or 2 JVmoa + В (а, é,@,D) = Cr, 
98 (3.1.23) 
то Op 


= a =e ee 
ne | ПИ One cams Oe CAR ee 
as mo да mo Op 
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However to obtain an explicit dependence of the unknown functions а, р, @, D 
on time # it is necessary to perform the operation of inversion of these first integrals, 
which in itself is a very difficult analytical problem. 

This problem for different averaging schemes was considered in the papers of 
Gomtsjan [1], Grebenikov [1], Grebenikov and Isaeva [1], Karaganchu [1], Pri- 
khod’ko [1], etc. Here we will only say that if the problem of inversion of the first 
integrals of a first-order averaged equation is constructively solved, then obtaining 
the initial Keplerian coordinates is the problem that we have already solved, and 
as a result we obtain 


hanes: He ty Ge a cP ate ay i tag (3.1.24) 
L(t, и) = Ци) + pry (а: ый Роз 


Explicit expressions for the functions из, v1 in the case of a three-body problem 
were also found in the paper referenced above. 


3.2 The Problem of Justification of the Averaging Principle 
in the Bounded Newtonian Three-Body Problem 


In the monograph by Grebenikov and Ryabov [1] justification of the averaging 
schemes applied in the bounded circular three-body problem were described. In 
particular it was shown that for Gauss’s scheme (the operator of averaging over 
all fast variables — in this problem the fast variables are the average longitudes of 
the disturbed and the disturbing planet) the following estimations necessarily hold 
with фе [0,1] 


a(t, и) — a(t, и) | ~ pln? pt, 
et) = atta)» Yr и, Lon 
it, м) —2(t, w)| Уши, 

l(t, w)@(t, и) Ури? м" 


in that part of (six-dimensional) Keplerian phase space where the following in- 
equality is satisfied: 


—|>0; (329) 


here К is the disturbing function of the bounded circular three-body problem, and 
M is the average anomaly of the disturbed planet. 

So we have to find in the phase space (a, e, 1, 2, и, М) connected domains 
where inequality (3.2.2) is satisfied. If a Le Verrier series (se Le Verrier [1]) for the 
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disturbing function is used, then inequality (3.2.2) takes the form 
ys SS нае 
k1=0 ka=—00 kg=—0o (3.2.3) 


x sin(k; М + ko (Q = М2) + k3w) > 0. 


Here the coefficients Су. ‚к,,кз are infinite power series of the eccentricity of the 
orbit of the disturbed planet e, the ratio of major semiaxes a = а/а> and sin? (i/2) 
(i is the angle between the planets’ orbital planes). 

Solving inequality (3.2.3) without additional bounds is extremely difficult; 
therefore in the expansion of the disturbing function we only keep terms con- 
taining e,e”,i = 0 (the plane variant of the bounded three-body problem) and 
a/az = а < 1. The latter means that within the time interval [0, u~'] the dis- 
turbed planet remains in the area bounded by the circular orbit of the disturbing 
planet, i.e. there is no crossing of paths. 

Under these conditions inequality (3.2.3) becomes substantially simpler, be- 
cause in this case 


о (k) 2 
OH у. {|S тт = (4870) + D(C) + D(C{P)) ] sinks 


OM ag 2 


Е2=— со 
-5 [%С® + D(C{”)] (& - (5+ М) 


2 
т а [ancy — 5k + (4k — 3)D(C) 


+ D(C") (® — 2)sin(kS + 2m} = = (1 = 5) sin S 


2 


е? 9e? 
+ esin(S —1+w) — | sin (5 + 21 — 2%) + —— sin (S — 21 + 2w) : 


(3.2.4) 
where 
(®) _ 22k-1)" el A a2). 
с aR? F(5.k+5,k+h0 i (3.2.5) 
4 (CO) 
De) (ch) = =1 os 
(Ci ) d (In a) 5) 8 ‚2, (3 2 6) 
5=1[-— li, п = М + ел, (3.2.7) 


F(1/2, k+ 1/2, k +1; a”) is а hypergeometric series (see Duboshin [1]), а>, [5 are 
respectively the major semiaxis (radius of the circular orbit in the bounded circular 
problem) and the average longitude of the disturbing planet. Using Newcomb’s 
recurrence relations (see Duboshin [1]) it is possible to express the derivatives 
D‘) (co) also by means of hypergeometric series: 


pet) (oe) = gD (Ee) + DO (cE), (3.2.8) 
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where 
(h1) _ 2(2k +1)" 445778 3 2 
Cy — ФЕИ“ f (5, k+ 2? k +2; a i (3.2.9) 


From (3.2.8) it is easy to derive formulae for the derivatives 


DCO SECO, 


(Е) (Е) (1); (9(®2) oa 

ВО (от) = ЕО’ + (+3) СГ FOP, 
(к) — СОКТЗН ata nd 2 а? 11 
Grae = Qk +a! Qa F(s,k+5,8+3,07). (3.2.11) 


Substituting the above relations into the main inequality (3.2.3), and perform- 
ing the necessary computations we obtain the inequality 


|Ko + eK, + e?Ko| > 0, (3.2.12) 
where 
123 Зеро 
Ky = — |\——~ a3 + So 4 --- | sin (M, +. 
rots SE al + | sin( о 
>. (3.2.13) 
— У`&С® sin (kM, + 2), & =u — le, 
k=2 
Ky =asin(2M, +a) 
fh! ae 3.2.14 
ai (3k0 + 0%) (& — 1) sin [(k — ПМ, + kai], ( ) 
К=— со 
9 
а 5 sin (М +0) + 5 sin (М 3G) 5 = sin (ЗМ: +9) 
1 
- { [3% +10 + &+4)0®9 + ©] Е зщ (kM, + ka) 
k= — 


+ (9k? — 8k) C{Y + 5kO{*) + Cf] (к — 2) sin [(k - 2)Mi + kal}. 
(3.2.15) 
Inequality (3.2.12) should be satisfied for all Му, вл, le = not + 50, provided 
that the major axis a; and eccentricity e, of the orbit of the disturbed planet 
P, belong to the domain С of analyticity of the disturbed function R;. Such a 
domain may be the direct Cartesian product of the two segments: А = [Gaz, daa], 
0<6<6< 1, and E =([0,¢],0<e<e< 1. This is clearly a ring with 
radii Bag and daz, with nearly all orbits located within it, and the motion of 
the disturbed planet is such that within a sufficiently long time interval (of order 
1/р) the functions М: and @(t) do not become zero at the same time. If the 
functions M(t) and © simultaneously become zero, then inequality (3.2.12) is not 
true whatever the domain G2 is. 
Now we pass on to the mathematical justification of the first method of Delau- 
nay—Hill as applied to the plane bounded circular three-body problem. Let the 
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average motions (frequencies) of the disturbed and the disturbing bodies satisfy 
the condition of exact resonance 


ken — кп =0, (3.2.16) 


where К” = (k{,k5) is a concrete integer vector with norm ||k*|| 4 0. It is 
obvious that in this case there exists an infinite number of collinear vectors sk* 
satisfying the resonance correlation (3.2.16), in particular, with s = +1,+2,.... 
Now introducing the Delaunay anomaly by the formula 


D=kiM +0, (3.2.17) 


it is easy to verify that in undisturbed motion the Delaunay anomaly is constant 
because 
D© = им® + Ba 


= (+ My) + #3 (wt? — nt) 
= be Mi) + kaw. 


Substitution of the Delaunay anomaly into the expansion of the disturbing 
function В, constructed by Le Verrier [1] generates the following Fourier series: 


ky kt — kok k 
=U У 3 Ch, к. (а,е Jexp fi (An + 2). (3.2.18) 


ky=— cw kg=— со 

So, using relation (3.2.17), we have excluded one of the fast variables @ from 
the expansion of the disturbing functions. Further, in the process of averaging for 
continuous disturbances the fast variable (the average anomaly М) is replaced by 
the expression М1 = nit + Myo and integrated with respect to $, and all other 
phase variables (a,e, D) in the two-body problem are considered constant. 

In (3.2.18) the average values of terms are non-zero only for those with ky kz — 
kak{ = 0. From this it follows that k, = skf, ko = sk3, and so the result of the 
averaging of (3.2.18) generates the function 


Ri(a,e,D) = и >. Ска вкз (@, (a, e)e’®?. (3.2.19) 
$=— CO 

The right-hand members of the differential equations of the plane bounded 
circular three-body problem (they are particular cases of equations (3.2.3) if it 
is assumed that 1 = О = 0) are analytical functions of phase variables in the 
whole Keplerian phase space with the exception of those points that correspond 
to the collision of an infinitely small mass with one of the attracting bodies (in 
this case one of the mutual distances approaches zero, whereas the attracting force 
and Newtonian potential become arbitrary large). In the bounded circular three- 
body problem connected domains of three-dimensional configuration space (and 
consequently, six-dimensional Keplerian space as well, because the change from 
rectangular Cartesian coordinates to Keplerian elements is performed by means of 
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(a) 


Fic. 3.1.1. Quasiquadratic Hill surface (a); projection of the Hill 
surface onto the main coordinate plane, Ру, ...,h4 are constants of 
the Jacobi integral, corresponding to the boundary Hill curves (5). 


a nondegenerate transformation) exist in which the motion of the three bodies is 
performed eternally, without collisions. For instance, such a domain (Fig. 3.2.1) isa 
part of three-dimensional space, located outside the quasicylindrical Hill surface 5 
(see Duboshin [1]) serving as the geometric image of the Jacobi integral — the only 
known first integral of the differential equations of the bounded circular three-body 
problem. This surface S corresponds to the external closed contour of the double 
connected curve hy, (in Fig. 3.1, hi, he,h3,h4 denote different numerical values of 
the Jacobi constant h, and the corresponding Hill boundary curves are constructed); 
for more details refer to Grebenikov and Ryabov [1], and Duboshin [1]. This part 
of Euclidean space can be taken as the domain G+ appearing in the theorems 
from Sections 2.3, 2.6, 2.9, 2.10. 

Indeed, all conditions of the next theorem are satisfied in this domain. This is 
typical in the justification of the averaging method over some of fast variables. 


Theorem (see Grebenikov and Ryabov [1]) Let: 


(1) the partial derivatives of the disturbing function Ri with respect to all 
variables (in total there are six phase variables а1,..., Му) be analytic 
and 27 -periodic with respect to Му, 5 = п2 + 1509 in the domain G442; 

(2) the average motions n1,n2 be analytic in G442; 

(3) the norms of all partial derivatives of the disturbing function ||OR, /дал ||, 
|OR,/Ol||, ..., |]OR1/OMi||, and also ny, nz be bounded in G442; 
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(4) the following condition be satisfied: 


пл dno 
k k 
dt rs 


where 1 < ||k|| = |ki| + №] < №. 


Then there exists tuo Е [0, 1], such that for all < и < po, O<t<yp! the 
following estimation is true 


Crip < <Cip, (3.2.20) 


[ал (t) — a, (t)| + lex (t) — 21 (1) + lis (#) — 7, (t)| < Си? р, (3.2.21) 


where G(t), €1(t), i1(t) are projections of the solution of the averaged system of 
differential equations of the bounded circular three-body problem. 


The detailed proof for the case of (т + n)-dimensional multifrequency sys- 
tem can be found in Grebenikov and Ryabov [1]; therefore here we will comment 
upon the conditions of the theorem for the bounded circular three-body problem. 
Conditions (1)- (3) are evidently satisfied outside the quasicylindrical Hill surface 
because this domain does not contain bodies with nonzero masses. Consequently, 
in this part of configuration space the Newtonian potential of the problem (the 
function то/то + 4/Ai2) is a harmonic function, and the disturbing function В: 
is an analytic function of six variables ал, ел, Я, ил, Ма, bs hence it follows that 


its partial derivatives OR, /ОМ1,..., 9В1/ Oly are also analytical functions of their 

own arguments. The following quantity can be taken as a constant С bounding the 

norms ||OR,/OM,||, ..., ||OR1/Ols||, |ni| + [02| (see Grebenikov and Вуарох [1]): 
3V3 


inf pl, 1] 


where the denominator denotes the exact lower edge of the distance between any 
point of the surface s € S and the attracting body with mass p. 

Then, the motion of an infinitely small mass continues perpetually outside 
the surface S if it was there at the initial time, and consequently, the condition 
(ar(t),...,Mi(t)) Е Gayo with ЕЕ (-, сю), necessary for the proof of the 
Ев is also satisfied. It remains to check condition (4) of the theorem. 

First of all note that in the bounded three-body problem nz = const, so 
dny/dt = 0. In view of this, the condition (4) can be written as 


Oren ard 


dni 
я : О. ЗЕМ. (3.2.22) 


= Е 
Since ni = a; 3/2 then dn /dt = —=a, 5/2 day /dt, so inequality (3.2.22) with 
consideration for the first equation of system (3.2.3) will take the form 


OR, 
OM, 


3 
Gn а” ky 


5 < Си. (3.2.23) 
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But Юг the domain G42 the inequality a1 > a2 is obvious, i.e. the major 
semiaxis of the orbit of an infinitely small mass is always larger than the major 
semiaxis of the orbit of a disturbing body with mass y; therefore condition (3.2.23) 
is always satisfied provided М is a finite number. 

So we have shown that the Jacobi integral of the bounded circular three-body 
problem (not only in the plane version, but in the space version as well) allows us to 
divide the three-dimensional Euclidean configuration space into connected three- 
dimensional domains, including those for which all the conditions of the above 
theorem are satisfied. Consequently for such domains the solutions of equations 
averaged as per Delaunay—Hill with  — 0 are arbitrarily close in norm to the 
solutions of the exact equations. 

For this problem the following result is also correct. For some commensura- 
bilities of average motions within an infinite time interval, and consequently even 
more so in the interval 0 < t < 1, the average motion (frequency n1(@1)) differs 
from its initial values by a value of order p: 


па (@1) = mi (а) + 18(Gi(t)), (3.2.24) 


where В is а function bounded for all $. Condition (3.2.24) means that in the 
plane bounded circular three-body problem the norm |ди:/дал| may be a value 
of order pu. 

We calculate these resonances. The plane bounded circular problem averaged 
as per Delaunay—Hill has first integral (see Grebenikov and Ryabov [1]) 


(is - eR VT= eh) 
(Ce) 


where kj, k5 are positive integers satisfying the resonance condition k{n(a10) — 
k3n2 = 0 (aro, €10 are the initial values of the major semiaxis and the eccentricity, 
corresponding to the resonance). In addition, if the motion of an infinitely small 
mass is stable in the sense of Lagrange-Hill (see Grebenikov and Ryabov [1]), 1.е. 
the conditions h < hr,, aio < Ry, are satisfied (h is a constant of the Jacobi 
integral for the given orbit, hy, is a constant of the Jacobi integral for the libration 
point Г2, and Ry, is the barycentric distance of the point D2), then within an 
infinite interval the function а (#) is bounded, and 


2 
: (ks - ht VT =p) 
sup @1 (t) = а 
£€[0,00) (k3 — kt) 


2 
oe (ks - kt VT- 0) 
ОС 


tE[0,00) kx? 


ay (t) = a10 : (3.2.25) 


2 
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From this it follows that the maximum amplitude of the change of the major axis 
with ФЕ [0,00) equals 


2 2 
и <6 (в = =) (вн = &) 
dup. Lag =| 
ве) 2 (k3 — kf)? А 


From the above formula it follows that there exists a resonance for which we 
always have: 
sup Aa(t) = О(р). 
tE[0,00) 
This is true if kf /k} ~ р. For such kf and k3, and all t > 0, a(t) = ao + О(й), 
and consequently 


ni(a(t)) = ni(ao) + O(p). (3.2.26) 


For these resonances the system of differential equations of the plane bounded 
circular three-body problem does not contain fast variables (of type y in the 
standard notation of multifrequency systems), i.e. it is a standard system in Bo- 
golyubov’s sense. And this in its turn means that for the justification of the av- 
eraging principle in the case in question it is possible to use numerous well-known 
results (see e.g. Bogoliubov and Mitropolsky [1], Bogoliubov, et al. [1], Grebenikov 
and Ryabov [1], Martynyuk [1], Volosov and Morgunov [1], etc.). 


3.3 Construction of Explicit Solutions of Averaged Differential 
Equations of the Bounded Three-Body Problem in the Case 
of Resonance 


In Section 3.1 we gave the complete system of first integrals (3.1.23) of averaged 
differential equations of the fourth-order plane bounded circular three-body prob- 
lem. Relations (3.1.23) express the implicit dependence of the sought variables 
a(t), p(t) (or e(t)), @(t) and D(#) on time, and for the construction of disturbed 
asymptotic theory it is necessary to have the variables a(t), p(t), @(t), D(t) in the 
form of explicit functions of t, i.e. it is necessary to know а = G(t), р = p(t), 
@ = a(t), D = Dit). 
To solve this problem we will first of all denote the “focal parameter” p by the 
major semiaxis а, using the first equality of system (3.1.23): 
ge ae - 
p= ee (4+ CZ — 20, Va). (3.3.1) 
Substituting this expression into the second relation of system (3.1.23), we 
obtain 


F(a, D) = Coa, (3.3.2) 
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where F(@,D) is an even function with respect to D (a trigonometric series of 
multiple argument D, with its coefficients being power series of a). This can be 
written in the form 


F(a,D)= у. Е, (а) cos sD, (3.3.3) 
s=0 


where the coefficients F,(@) are analytic functions with respect to /@ and are 
expressed via so-called Laplace coefficients (see Duboshin [1]). In this case equality 
(3.3.2) may be given the form 


У` Е, (а) cos sD = C24. (3.3.4) 
s=0 


We describe two methods of solving problem (3.3.4) with respect to а. 


Method I Write а in the form of a trigonometric series 
a(D) = У `а, cos sD (3.3.5) 
s=0 


with unknown coefficients a;. Substituting (3.3.5) into (3.3.4) and using binomial 
expansions for the functions @’/? (г is an odd number), it is possible to deduce 
an infinite system of nonlinear algebraic equations for the unknown coefficients 
ао, а1,.-.. То solve this system in an analytic form seems practically impossible, 
so the most effective method is an iteration one. Due to the awkwardness of the 
system we do not give it here, and the interested reader is referred to the literature 
(see Karaganchu [1], Prikhod’ko [1]). 


Method II Write а as a power series of the small parameter 4 (here the disturbing 
mass of Jupiter is usually considered as such): 


a(D) = У `и*в,(Р). (3.3.6) 
s=0 
The coefficient bo is calculated from 
Dk* (0) 
mo + а Jinobe!? — 256 = 0; (3.3.7) 
1 


therefore it does not depend on О. The other coefficients (61, b2,...) are calculated 
successively in the form of trigonometric series of multiples of D. After that the 
series (3.3.6) can be reconstructed in the form (3.3.5). This allows us to conclude 
that the form (3.3.5) is preferable. 


Supposing that the coefficients of the series (3.3.5) have already been found, 
we state the algorithm for calculation of other sought functions in an explicit form. 
If we can write the focal parameter p as the trigonometric series 


РР) = У ` р, cos sD (3.3.8) 
s=0 
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then the coefficients p, are determined from the system 


kx? 
kx? r= kx? ay — 


м. р2 = 


ро = k37a0 + № о. an eee 
kx? Cray’! Pe =e 
Е ho 


(3.3.9) 


Equations (3.3.9) are obtained from the first integral (3.3.1) if а is replaced 
by series (3.3.5) and identical equalities are written for the coefficients at equal 


trigonometric functions. 
the unknown po,71,-.-- 


System (3.3.9) has actually been solved with respect to 
and so their calculation is trivial. Using the correlation 


p=a(1—@?), it is possible to express the “eccentricity” 2 as a trigonometric series 


of multiples of D: 


= e,cossD. (3.3.10) 
s=0 
The coefficients e, are calculated from the system of algebraic equations 
goa asta, 
gil? 
a ео + “те: + aa Ga = (ag= pe)”, 
mee are 
ay ° ay 1/2 а1 _1 № / = 
Toe +d) €1 + “ten +... = 5 (ао ро) (a1 Pi); (3.3.11) 
an as ie ба 1/2 al 
<0 og + Oey + 5/202 +... = = (a9 — po) М? (ад — pr), 
4 4 2 
The coefficients n, of the trigonometric series 
= S/n, cossD (3.3.12) 
s=0 


for the average motion (frequency) 7 of the disturbed body are determined in a 
similar way. Formulae are easily written for them, if the known relation п 


moa 3/2 is used: 
n= я (af taht) | 
та = р |- st ee eons | ’ 
ад ao 8ag (3.3.13) 
is mo 3a2 15a? 
= Be baa tig] 


Thus, construction of the explicit analytic dependences @ and p (and conse- 
quently а, й as well) on the Delaunay anomaly is the result of the inversion of the 
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first two integrals of system (3.1.23). Now in the third integral of system (3.1.23), 
we pass from the integration variable t to the new variable D, using the fourth 
integral: 
OR 
Dy Jap a dD 
wo = 22 a a ae (3.3.14) 
OR pot 
Ро kimo — Кто ) Sem — 2kta? aa 2k5 


The integrand can be written as the ratio of two trigonometric cosine series: 


CO 
D › cs cos sD 
s=0 


5 со 
Do › 4; cos sD 
s=0 


dD. (3.3.15) 


& 
El 
|= 


Performing the operation of division of a series by a series and integrating the 
result, we obtain 


Bip = AL) + 4oD+ Aisin D + Assn a, (3.3.16) 
where the coefficients Ао, Ai, A2,... are determined from the system of equations 
d 4 
dg Ао + mee + plete = Со, 


И ей 
on ¢ sae! ) : (3.3.17) 


ЕС А+ > - = 62, 


When the coefficients A, are determined, the absolute term is determined from 
the initial conditions 


AO = AGDy Asin Do Avsin Ig = os (3.3.18) 


Finally, the integrand in the fourth equation of (3.1.23) can be written as the 
trigonometric series 


со 
В У cossD ар. (3.3.19) 
Do s=0 

If equations (3.3.17) for the coefficients A, are already available, they can also 
be used for the calculation of the coefficients B,. For this it is sufficient to replace 
the quantities со, с1,... in (3.3.17) by the coefficients of the expansion а3/? into 
a trigonometric series of multiple argument D, and the quantities Ag, А1,... by 

Bo, В1,... respectively. 
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Integrating (3.3.19), we obtain 
t—to = BO + BoD + BisinD + Bysin2D +... (3.3.20) 


Relation (3.3.20) can be called a generalized Kepler equation for an averaged version 
(by Delaunay and Hill) of the plane bounded circular three-body problem, because, 
if one substitutes into it the small parameter д = 0 (the mass of the disturbing 
body, Jupiter) and changes D by the average anomaly M, it is finally reduced to 
the Kepler equation. The average anomaly M of an averaged system is determined 
from the equality 


M=—- =(G-|). (3.3.21) 


Using formulae (3.3.16), (3.3.20) and the linear dependence of the average 
longitude of Jupiter [5 on time $, we finally obtain the explicit dependence of the 
average anomaly M on the argument D: 


М = MO + MoD + MisinD + Mysin2D +... (3.3.22) 


Thus, the complete system of first integrals for (3.1.23) allows us to construct 
in an explicit and analytic form the exact solution of the averaged equations of 
the bounded circular three-body problem, when all three bodies (the central body 
with mass mo, the disturbing body with mass и, and the disturbed body with zero 
mass) always move in one and the same fixed plane (the so-called plane version of 
the bounded three-body problem). 

The analytic representations (3.3.5), (3.3.8), (3.3.10) show that the phase vari- 
ables a(D), p(D), &(D) determining the form and dimensions of the averaged 
(staging) orbit are changed in an oscillatory, but not a secular way, because there 
are no terms proportional to D in them. This circumstance is essential for as- 
ymptotic perturbation theory in celestial mechanics, and it allows us to draw the 
conclusion that asymptotic methods based on the application of averaging schemes 
for obtaining the first approximation are more effective in comparison with other 
methods of perturbation theory. Indeed, if one constructs an asymptotic theory 
of the motion of celestial bodies on the basis of the two-body problem as a first 
approximation, then in the next approximation the eccentricity e(t) will contain 
a secular term proportional to t, which seems illogical. 

In the general case Ао £ 0, therefore the phase variable & that determines the 
orientation of the staging orbit in coordinate space, as (3.3.16) shows, changes in a 
secular way, and an oscillation is superposed on this secular shift of the major axis 
of the trajectory. This oscillation is periodic with respect to D. 

From this it follows that the staging orbit (first approximation) has a “peripleg- 
matic” nature and everywhere densely fills (for nearly all initial conditions in the 
sense of Lebesgue) a ring of radii inf a(t) and sup@(t) determined in Section 3.2. 

In conclusion note that the explicit dependences of the phase coordinates а, р, 
@, M on the Delaunay anomaly D can also be used for the study of the dynamics 
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of concrete asteroids with their orbits having a small inclination, if in the first 
approximation it is considered that 1 = i9 and О = Qo. Then for the phase 
variables Л and & that may replace the coordinates @ and М we have 


|| 
& 
+ 
= 

| 
Pf] 
= 
+ 
> 

© 


F=H+N, = 


In these formulae, ©, М and п should be replaced by the corresponding series of 
the multiple argument D. 


3.4 Quasi-Periodic Solutions of Resonance Hamiltonian Systems 


Let the motion of a dynamical model be described by the canonical (Hamiltonian) 
system of differential equations 


dp OH dq OH 


ees — ee 3.4.1 
dt 904’ а Op’ ( ) 

where the Hamiltonian H has the form 
Н(р, а, р) = Но(р) + wi (p-9), (3.4.2) 
р = (р1,... рп), 9 = (41,--- ,49п) are n-dimensional vectors, р is а small positive 
parameter, and the function H,(p,q) is 2a-periodic with respect to qi,.--5Qn- 


Suppose that the Hamiltonian H is analytic in a complex 2n-dimensional domain 
Gon = {Вере Pn, |Шир|<р, ||Imql| < o}. (3.4.3) 


In addition, let the functions Но and Hy be such that they take real values at real 
values of the arguments. 

In mechanics (see Poincaré [1], and Ter Chaar [1]) the impulse vector p is 
often interpreted as a vector of positional variables, and the vector of generalized 
Lagrange coordinates 4 as a vector of angular velocities. Many problems of поп- 
linear mechanics (including celestial mechanics) are related to so-called degenerate 
case, when the undisturbed part of the Hamiltonian — the function Но — only 
depends on the part no (no <n) of positional variables pi, p2,...,Dno. Such de- 
generation complicates the tools of asymptotic theory, because some angle variables 
are slow (like the impulses р). Indeed, dividing the vectors р and 4 into components 


Ро = (P1,---;Pno); qo = (91,--- Ono); 
Р* = (Pnotiy+++>Pn) 4* = (Чпо-+1»... › 9), 


we write the Hamiltonian Н аз 


H (p,q) = Hoo (ро) + иН1 (p,q) - (3.4.4) 
Then, obviously, 
0? Hoo a 
det ( ae ) 0) (3.4.5) 
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which corresponds to the case of so-called proper degeneration (see Arnol’d [1], 
and Grebenikov and Ryabov [1]). Suppose that in Gon 


OH OH. 
det ( | Я 0, det ( я) Я 0. 


Taking the above equation into account, (3.4.1) can be written as 


dpo _ _ ОН: 440 _ ЭНоо ЭН: 

dt i 040 : dt ро Г Эро : (3 4 6) 
ар“ _ _ Of, 44“ _ OH, ella 
@ — Oq*’ dt ~ pe 


From (3.4.6) it is clear that the vector 4* is a vector of slow angle variables, because 
[4*|| ~ р. Let the disturbing part Hi(p,q) of the Hamiltonian Н(р,а, и) be 
expanded into the cosine Fourier series 


Н1 (р, 4) = У` вк (р) COs [(Ко, qo) =F CR 4”) oe le] oy (3.4.7) 
I|&||>0 


where k = (ko, k*), ko = (ki,.-. kno), К* = (Knoti,--- > Kn), ||| = [Ai] +--:+ 
lkin|, Ks = 0,1,2,..., and ly is a constant. 

The problem we have to solve is finding quasi-periodic and stationary solutions 
of systems (3.4.1) or (3.4.6) in the case when there is a resonance among the basic 
frequencies OHoo/Op1, OHoo/Op2, ..., OHoo/Opn, of an undisturbed system (with 
р = 0). Note that if no = п, all angle variables 4 are fast phase variables, and 
then the matter concerns the resonance of all undisturbed frequencies (in the usual 
notation Wy = OHo0/Op1, Wy = OH 9 /Op2, ey Wn = OHo0/Opn).- 

For this purpose we will apply the well-known method of canonical substitu- 
tions of variables (see Arnol’d [1], and Grebenikov and Ryabov [1]), and at each 
stage of the transformations we will consider the presence of resonances found by 
means of the averaging operator for continuous disturbances, or, which is the same 
in this case, by means of Delaunay—Hill averaging. 

First we will construct a canonical substitution of variables such that the dis- 
turbing part Hy of the Hamiltonian in the new variables has the special form 


Hi (p,q) = Hi(p,q*) + Hi(p, 9), (3.4.8) 


where Нл (р, 4*) is an integral average value of the function Ну over the rapid angle 
variables 40 within a parallelepiped of periods 27 x --- x 27, and Н!(р, 4) is the 
periodic part H; depending on the angle variables gq: 


Fix (р, 4") = aa | [mo q) dqo. (3.4.9) 
0 0 
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Formula (3.4.9) gives the averaged value of H, taking no account of frequency 
commensurability; therefore we should take this fact into consideration in the ana- 
lytic structure. From Ну extract the corresponding partial sum [Hi] such that 


= [Ним + ВхН, 


where Ry H, is the remainder term of the trigonometric series, and М is a positive 
integer bounding the norm || ||. We obtain 


Ни , 4) = Hi (p, 4°) и [Из (р, 4) м УЕ Rwy, (3.4.10) 
where 
Fi(p,q") = У` he(p) cos [(*, 49°) + In], (3.4.11) 
1< < 
[На (p,q)|n = »` he(p) cos [(ko, go) + (*, 4") +В], 
Е (3.4.12) 
Ry Hy = У` hx(p)cos[(Ko, qo) + (*, 4") +]. (3.4.13) 
[> № 


In accordance with the general idea of the method of successive canonical 
transformation, during the construction of quasi-periodic solutions it is necessary 
to introduce a canonical substitution of variables (p,q) > (P,Q) such that in the 
new variables the disturbing part of the Hamiltonian — the function Ну — should 
take the form 

Н: = Н! + ВмН\, (3.4.14) 

i.e. in the new variables the periodic part [Ai] wn should become zero. This can be 
achieved through a canonical substitution determined, e.g., by the formulae 

Os Os 

p= P oe да’ ЭР’ 

where the generating function S(p,q) will be chosen in a special way. According 

to canonical transformations theory, equation (3.4.1) can be replaced by the new 

canonical system 


Q=q+ (3.4.15) 


аР_ OK dQ_ OK 
Е a0 90” Е о ЭР (3.4.16) 


with the Hamiltonian 
K=H=Ho+phi+plM|y + ВмН,, (3.4.17) 


where the substitution of variables (p,q) $ (P,Q) is performed. The generating 
function S(P,q) can be chosen by an infinite number of methods, e.g. in such a 


way that 
Эно” as + pH, (P,q)|n = 0 (3.4.18) 
ОР › aq MATA L, QIN = 9, fee 
НО = Hoo(Po) + whi (P, 7"). (3.4.19) 
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One of the solutions of equation (3.4.18) has the form 


S(P,q) =u > S8x(P)sin[(Ko, 40) + (К", 4") + lal, (3.4.20) 
1 
5% (Р) =- hue(P) (3.4.21) 


(в, OHS” /OP) 

For a system with resonances, the denominators in (3.4.21) for some k can 
be very small or even zero, and we get stuck on the problem of “small denomina- 
tors”. Therefore in the case of sharp commensurability the substitution of variables 
(3.4.15) with the generating function (3.4.20), (3.4.21) does not bring desirable re- 
sults, i.e. without additional rather strict conditions it is impossible to transform 
the disturbing part of the Hamiltonian into the form (3.4.8)— (3.4.13) and destroy 
the periodic part H, of the Hamiltonian. 

So the widespread method of the construction of successive canonical substi- 
tutions with the use of averaging over fast angle variables as a preliminary trans- 
formation can be found unfit in the case of resonance. This difficulty could be 
overcome if, for example, one follows the following algorithm. 

Let the system in question be such that with some fixed vector k (where k = 
(Е), Ko = (№... бт), Е = (Fno41;---5n)) with its norm not exceeding 
N, there is a resonance between the derivatives of the components of fast angle 
variables go which are linear time functions in the undisturbed motion. Introduce a 
new angle variable — the so-called critical argument (known in celestial mechanics 
as the Delaunay anomaly) — by the formula 


d = (ko, qo) - (3.4.22) 


It can be shown that with this substitution of variables when instead of one fast 
angle variable (e.g. component go) a slow variable d is introduced, the canonical 
nature of system (3.4.1) remains, but there is a redistribution between the number 
of fast and slow angle variables. 

For the sake of simplicity assume that Ё1 4 0. Then from (3.4.22) it is possible 
to express the fast component 41 in the form 


= = 
gg = = — = (242+ ---+ kno Qno) - (3.4.23) 
ky ky 


Excluding the component 41 from the Hamiltonian На, we obtain 
Ai (p,q) = Hy (p,d,q2,--- , In) 


—* 2 ~ ‘ (3.4.24) 
= Hy (р, 4,4 )+ [H7 (р, а, а2,... In) IN + Rn Hy. 


Here the “secular” part H, is calculated as an integral average over the variables 


92, 43, --- ‚ Что» 1.е. 
1 2п 2п 
Hi; (p,d,q") = ттт [oe [нк ‚ 1, 92, -.. ‚ Чп) 992 - - - ddng- (3.4.25) 
0 0 
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Now we will show that the introduction of the critical argument d does not 
upset the canonical character of the system (3.4.1) or (3.4.6). For this purpose, 
separate the equations for 41 and for the corresponding impulse py, i.e. rewrite 
system (3.4.6) in the form 


dp, _ OH dq _ OH 


а 0’ dt ду’ 
И! Н И Н 
а. Mo ee (3.4.26) 
dt 9% dt др 
ар” _ ОН 44” _ ЭН 
dt  04*’ dt др’ 
where Po = (р2, ме »Pno)s 4 = (42, Suse Ino): 


Perform the substitution of variables (р = (p1,p$,p"), а = (m,9%;9°)) > 
(P = (Fi, Py’, P*), О = (01,0%, Q*)), using the generating function 


n 
%(Р,9) = >) Pefs: (3.4.27) 
8=1 
where 
f= ho i i Sa TS eh (3.4.28) 
This generating function determines the canonical transformation if 
2 
det (9) = det (52) #0. (3.4.29) 
Calculations show that 
| = = Ra | ae: (3.4.30) 


Then according to the theorem on canonical transformations by Poincaré [1] the 
explicit form of a canonical transformation is determined by the relations 


OV2 
Qs ap, = faldus--- dn); 
и 3.4.31) 
Of; ( 
Be Ри SS Ly eg Ms 


From equalities (3.4.31) it is possible to express new canonical variables (P, Q) 
through the old (p,q): 


P=, Py=pj;— atm, j=2,...,no, (3.4.32) 


Ру =р., S=notl,...,n. 
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So the system of canonical equations (3.4.26) is transformed by the substitution of 
variables (3.4.22) into the new Hamiltonian system 


dP, OR 40, _ OR 
G7 30e ae = oP (3.4.33) 


where R(P,Q) = H(p(P), а(@)). 
Considering the above transformation fulfilled, retaining the old symbols for 
the new canonical variables, we write the new system in the expanded form: 


dp, __ OH" аа _ OH* dpj _ ОН“ 
dt Od’ dt Op,’ dt 04’ 
: (3.4.34) 
4" _ OH* 4" _ OH* 44” _ ЭН* 
а ды’ dt 04’ dt др’ 


Now we will show that the introduction of a critical argument allows the re- 
moval of some small denominators. The explicit expression for the periodic part 
[Hi (p,d,q2,---5n)|n Ваз the form 


[Н*(ф, d, 4,... dn) |N = У" Вх (р) cos [kid + (К, gh) + (К, 4“) +1. (3.4.35) 
ISIN 


Primes on the sum mean, as before, that the vector К passes “non-resonance” 


values only. Introduce new canonical variables P = (P,, Pj’, P*), Q =(D, 90, Q*) 
by the formulae 


Os Os 
= pope? о — 
а + ЭР 
95 95 
po = Py + Daa’ 0=4 + opr" (3.4.36) 
Os Os 
* — P* СНВ * — * 
where S(P,@) is the generating function of this transformation, @ = (4,4, 4"). 
This is determined from the partial differential equation 
ЭН 05 isk 
ee H*(P,d,q2,---, = A. 
(255, FE) + т Paya... sandy =0 (3.4.37) 
with the notation 
He = Но(Б) + Hi (P,d,q°). (3.4.38) 
One of the solutions of equation (3.4.37) has the form 
S(P,@ =u У Sx (Р) sin [kid + (К, gi!) + (k* 0°) + lk], (3.4.39) 
1S||AIISN 
~ hy (Р 
8»(Р) =— «(Р) (3.4.40) 


(к, ЭН /0Б)` 
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Since in the latter equation the vector k takes nonresonance values only, the 
denominator (k, dHe) /9Р), generally speaking, is not small. Now average out 
the Hamiltonian system (3.4.34) taking account of frequency commensurability: 


dp, dH, dd OH, ОН: ар! 
Е ag do On 15’ | 
№ ыы _. (3.4.41) 
аа" дну OH.  dp* дн dg дн’ 
а дм "Ио о ог’ dt Opt 


As will be shown below, the construction of quasi-periodic solutions is construc- 
tively possible when the disturbing part of the Hamiltonian function, averaged as 
per Delaunay—Hill, either does not depend оп the slow angle variables 4*, or can 
be represented in the form 


Н! (р, 4, 4”) = Hoi (р) =F He) (р, 4) ee Ни (Dp, d, 4”) ) (3.4.42) 


where Ho, ~ 1, HE) ~ 1, Ни ~ pw and the resonance part of equations (3.4.41) 
(the first couple for р! and а, split out from the other equations after truncation 
of Н11) has the stationary solution 


Pi = р1о = const, d= doo = const (3.4.43) 
for arbitrary values of the impulses pj and p*. 


Let Ни be independent of 4". Then 0H, /0q* = 0, therefore 


Ро = Poo = Const, р“ = poo = const. 


In this case the first two equations really split out from all the rest, and for the 


existence of (3.4.43) it is necessary that 


OF ЭН», ЭН 
— = 0, — + — = 0, 
dd op) Op (3.4.44) 


Ho. = Нал (р) + HE G4). 


After that the integration of the remaining equations (3.4.41) amounts to simple 
quadratures. Finally we obtain the following stationary (equilibrium) solution of 
system (3.4.41): 


pi = ро = const, d= doo = const, 
Ру = Poo = const,  — р“ = pip = const, GY = qo tut, 
2 (ны + ин) 

W = (42,..., м w= — Г 

a Opi or Po a (3.4.45) 
g = 400 +w*t, w= (Wio+1> fos Wr) 

OH, “a ‘ 
w* = в Bee leis ‚ p= (p1,p5,0")- 

P>=Ppo0o0 
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The resonance solution (3.4.45) can be given a geometric interpretation similar 
to that described in the study of Van der Pol equations. Indeed, in two-dimensional 
phase space (p,q) we introduce n-dimensional tori (or more exactly, toroidal sur- 


faces) C, x---x Cn, considering the quantities |pio|, ||pGoll = [Pool + - + Ри 00| 
IIPdoll = |P%,, 41,001 +- --+|P%,o0| as the radii of circumferences C,... ,Cn. On these 


tori we introduce п “geographic” coordinates (longitude and latitude): d, @, а*. 
As one of the angular coordinates on the torus is constant (d = const), the motion 
of an imaginary point is performed either along a generalized parallel on the torus, 
or along a generalized meridian. The other angle variables (40 and 4*) are linear 
functions of time (40 are fast functions, g* slow functions). 

If the frequencies w and w* are rationally commensurable, then on the (n—1)- 
dimensional manifold (generalized parallel and meridian) we will obtain a periodic 
solution. If there is no rational commensurability, then the trajectory of a point is 
a quasi-periodic function of time. 

The following question emerges: do quasi-periodic solutions of the initial Hamil- 
tonian system exist such that they are close to the stationary solution of type 
(3.4.45) of the averaged Hamiltonian system? There is no rigorous mathematical 
proof of this statement, but the existence of approximate quasi-periodic solutions 
follows from the construction method itself. 

The construction scheme for these solutions is as follows. If resonances occur at 
any step of the transformation, then the averaged system should be constructed by 
means of the averaging operator for continuous disturbances (i.e. by introducing 
the Delaunay anomaly), then at this step a canonical substitution of variables 
is constructed in order to destroy some of the terms of the disturbing function 
Ну (р, 4). If at the given iteration step there are no frequency resonances, then 
the averaged Hamiltonian system can be obtained by means of the operator of 
averaging over all fast angle variables. At such a step, instead of the Hamiltonian 
system (3.4.41) we obtain the system 


wh | di! _ OHig ‚ЭН 
ere) = <1 “951? 
dt В dt OPo Эро (3.4.46) 
ар“ _ м OH, dq Of, 
dt Pog di Ope’ 


i.e. the resonance part of the system is lacking, and the vectors do not have the 
dimensions (по — 1), but no. 

So at each step a simplified, averaged system of the first approximation (in the 
accepted terms) is constructed which is studied with the purpose of integration and 
finding an equilibrium (stationary) solution. Under certain conditions (occurring 
at each iteration step) it is possible to theoretically construct a chain 


(5, DS (P, QO) S (PY, QD) & --- (PO, QO) (3.4.47) 


of analytic and one-to-one canonical substitutions of variables, allowing us to obtain 
closer and closer approximations to the sought quasi-periodic solutions. For this 
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scheme to be mathematically justified, it is necessary to find the conditions under 
which the infinite procedures converge in one or another sense. This question 
requires special study. 

Now we pass on to a more detailed statement of the described algorithm. Let 
there be a rigorous commensurability between the basic frequencies for the fast 
angle variables qo, i.e. the following inequality is satisfied (see Arnold [1]): 


[Кос] < К (ео. (3.4.48) 


Introduce a critical argument 4 by formula (3.4.22), assuming that ko is chosen 
from the condition 


К ; AA 
С. С (3.4.49) 


In the disturbing part H, of the Hamiltonian H we separate its secular part 
Hy, partial sum [Н1]м and the remainder term Ry H by the formulae 


Hii (p,d,q*) - У hy(p) cos [kid + (k*,q*) +1], (3.4.50) 
1<||kIISN 
[Ai] = У" hx (р) cos [kid + (ki, gl) + (k*,q7) +В], (3.4.51) 
1< [AIS 
Ry Hy = S~ he(p) cos [kid + (9,40) + (A, 0") +В]. (3.4.52) 
I|kI|>N 
Introduce the new canonical variables P = (P,, Py PR"), Q = (р, Q6,Q*) by the 
formulae 
=P, tu. kSx(P) cos [та + (0,46) + (k*,a") + la] 
И 
(3.4.53) 
р = а+нУ” Si(P) sin [i'd + (9,40) + ("9") +; 
es! 
p=P+u У. kSx(P) соз [kid + (ki, qi’) + (k*,q*) + lal, 
Ш (3.4.54) 
о=а+р У 5, (Р) sin [Киа + (9,96) + (К*, 4") + lad 
|А|>1 
95% — Op 
i = Rs Cec ta eee — (n!! * 
Si DP, k= Bp? P= (P9,P*), oe 


q = (40,4“), P=(P9,P*), @= (0%, 0*). 
Since the generating function S(P,q) is determined by (3.4.39), it does not con- 
tain, generally speaking, small denominators, therefore relations (3.4.53) — (3.4.54) 
do not have peculiar properties. From equalities (3.4.53), (3.4.54) one can obtain 
explicit formulae connecting the old (p,d,q) and the new (P,D,Q) variables. 
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Concrete dependences can be constructed by the method of step-by-step approxi- 
mations. These relations have the form 


= А+иу” fork(P) cos [kD + (ky, QU) + (k*, Q*) +, 


Ио 

а=р+иУ" fax(P) sin [kD + (kg, 90) + (Е, 9") +, 
Ш 

р=Р+и У и(Б) сов [КР + (6,91) + (&", 9") +, 
|К|>1 

ч=9+.У” fax(P) sin [КР + (0,90) + (Е, 9") + la], 
К 

г (3.4.56) 

Р = р: +рУ` фФыь(Р) Cos [ky 'd + (№,4) + + (k*, 07) +h], 
Ио 

р=а+и У" рак (о) sin [kid + (ke, gil) + (К) +1, 
ПЕ 


РЕр+и У рык () cos [hid + (6,4!) + (К, г) +), 


т 
О=ч+и У" фак (В) [eld + (Ki all) + (a) + Ud, 
НА > 
where fp,k,--- 5 Фак are some analytic functions of their own variables. 


The equations for the new variables P,, D, P, Q will again be canonical: 


dP, _ он’ dD 0H’ dP он’ dQ _ дн ii 

dt OD’ dt OP,’ dt 090’ dt OP’ = 
where P = (PJ, P*), Q = (QG,Q"*), and H' = H'(P,,D, P,Q) is a new Hamilto- 
nian obtained from the old Hamiltonian H(p,,d,p,q) by a substitution of variables 
(p1,d,p,q), using relations (3.4.56). The new Hamiltonian has the form 


HP DEQ) = Hoo(P1) + pH, (P,,D, P,Q*) + pH, (Pi, D, P,Q), (3.4.58) 


where pH. 1 is the set of terms not accounted for at the previous step of the transfor- 
mation, plus the remainder term uRy HA). From the condition of the construction 
of a generating function S(P;,P,q) and the choice of № it follows that pH, => и? 
in the domain of substitution of the new variables P,, О, P, О, provided that the 
old variables рт, а, р, а change in the initial domain Gon. 

Then, using the same method, it is possible to transform the canonical equa- 
tions (3.4.57), first having written in explicit form the dependence of the new 
Hamiltonian Н’ on the new canonical variables P,, D, P, Q. Finding resonance 
terms of the Hamiltonian at each step and including them into its secular part 
(through the introduction of a critical argument and averaging for continuous dis- 
turbances), we again construct a canonical substitution of variables that allows 
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us to decrease the norm of the remaining part of the Hamiltonian (the construc- 
tion of higher approximations is described in Arnol’d [1], and Grebenikov and 
Ryaboy [1]). During this construction, frequencies of quasi-periodic solutions (in- 
cluding the small frequencies w* proportional to р) are also defined more exactly 
at each step. 

If p*), 48), G) denote an s-th approximation of the initial canonical variables 
р, d, 9, they are expressed through the canonical variables of the previous (s—1)-th 
approximation P(-), D(s-)), 0-0 by means of the equalities 


рев sey ee. 
||k||>0 


x cos [Ki DEY + (Re, oh + OMG?) + (К, wt QTE Pe) + Lal, 
d) (t, и) = De 1) +h У` F2( Pie my 
||k||>0 
x sin [Kipe-) + (kG, whe + gre-)) +(k*, wrt + gre) + Ix], 
qi) = = Qe 1) +h у и pee 1)) 
||| >0 
x sin [kD tat (ae в + 9") + (К, wr) + gre) +11, 
(3.4.59) 


where ne ine he are analytic functions of their own variables, and PE), 


281, Q&-) (the initial values of the variables P-), D(@-), 08-1) are 
connected with the initial conditions foo, doo, goo by the relations described in 
Arnol’d [1], and Zhuravlev [1]. 

Formulae (3.4.59) show that the approximate solution of the initial Hamilto- 
nian system p©)(t,), 4) (в и), 7) (t, р) is usually quasi-periodic with respect to 
time ¢. It can move to a periodic solution only for “exotic” initial conditions, when 


the exact commensurability of fast and slow frequencies of the s-th approximation 
ia; из" (8) is possible. 


3.5 Motion of a Geostationary Satellite 


One of the most interesting resonance problems of celestial mechanics is the problem 
of the motion of an artificial celestial body with its period of rotation around 
the Earth’s center approximately equal to 24 hours. Such a body moves in the 
equatorial plane of the Earth with an angular velocity approximately equal to the 
velocity of the Earth’s rotation around the polar axis. Due to this, the satellite 
“hangs” above the same point of the Equator; therefore such satellites are extremely 
important for global TV broadcasts. These objects move approximately along a 
circular orbit with its center at the Earth’s center, at a height of about 36 000 km 
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above the Earth. Naturally, such a description is quite approximate, and for the 
exact prediction of the motion of a geostationary satellite it is necessary to study 
a very intricate nonlinear system of differential equations, which is a mathematical 
model of its dynamics. 

From the point of view of dynamics a geostationary Earth satellite is a very 
compound object for the following two reasons: first, it is a typical resonance object, 
as the angular velocities of rotation of the Earth around its axis and rotation of 
the satellite around the Earth’s center are approximately equal, and consequently, 
there is a resonance of lowest order (in the usual notation ал : из = 1:1); and 
second, disturbances in its motion due to the Earth’s polar compression on the one 
hand and by the influence of the Moon and the Sun on the other are values of the 
same order of infinitesimals and therefore should be determined together, and not 
separately, in order not to lose accuracy. 

These two factors were accounted for by $.G. Zhuravlev in the construction of 
an asymptotic theory of the motion of a daily satellite with the use of the averaging 
method (see Zhuravlev [1,2]). Below we will adhere in the main to the results of 
his research. 

The differential equations of the motion of such a body, written with the use 
of a special system of phase coordinates (see Zhuravlev [1]), have the form 


dn 2: 22-53 54/390 
ат | 
dh ий! 


aU 0 00 aU 
Е 2 2 baer ВЕ Beas 
dr oe | а Ц aq (se + 5x) 


~1/3 
Oa Mm a [VP-P 1 (5, - Ae эх) |. 
Е 


dr ЛВ Ok да Ok | ON 
dq ~1/3 OU q OU 
= (Spee |] 
dr № ь Ok 14,/f1—q?—k? Ol 
Е (a 
1 — а? — k? Oh Ol i (5.1) 
Е 1 42 — 2 Оба wot ON 
dr 04 1+ \/1- а? - Е? Or 


q OU OU 
fee Gano 


d 
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where 7, n, U, д аге respectively the dimensionless time, the average motion (aver- 
age angular velocity of the satellite), the disturbing function and a small parameter, 
calculated by the formulae 


r=tp в, й= (1-е?) 2”, 


2 (3.5.2) 
И = Ре р = -3620 (2) , 
MLE Po 


where # is time, po the focal parameter of the orbit at an initial point of time, uz 
the gravitational potential of the Earth, V the disturbing function of the problem, 
то the largest equatorial radius of the Earth, с2о0 the coefficient characterizing the 
polar compression of the Earth (see Samoilenko and Ronto [1]), and e the orbital 
eccentricity. 

If in the disturbing function U we take account of the influence of the polar 
and equatorial compression of the Earth and the attraction of the Moon and the 
Sun, in the variables 7, №, 1, 4, К, it will have the form (see Zhuravlev [1]) 
1-6k (+k 

6 2 
mr Rint (1 = i = k?) 
827413 (1 — e2)° 


И = Rr? 


+ hceos 2u| 


2 
> (a) cosvu + 6 sin vu) 
v=0 


Ryn — @ — 1?) La 


= 3R2 7° 1— 92 — 22 
ycosvu + B,sinvu) + ети 


Ris (1 — 2) vert 4827413 (1-е 2 
2 
т-ВЗй n (1 - g- (at ) oe 
eee Ge 8) cos vu + bt sin vu) 
pon? Re | _ й 
= а-- Vh? — P sin 2037 — 1 cos 2037 
1-2h[VR—-F | . 
ae вто sin 2(@37 — и) — > cos 2(@3T — и)| >, 


(3.5.3) 
where @3 is a dimensionless angular velocity of the Earth’s rotation, calculated 
by the formula G3 = w3,/pé/pr, and аз is the angular velocity of the Earth’s 
rotation. In (3.5.3) the following symbols are also used: 


3 3 
Е Роз и; [то 
TO ИЕ \ Ро; 
2 2 2 
т. Cc d 
b= 6(=) VO2 FO Ry 144; cosuy + ky sinuy, 
Po Г 


qj =ejcosw;, kj =ejsinw;, uj = vj ор 1=Г,5, 


fh+l /h—l fh—l f/h+l 
R +( 5 +k 5 ) eosu + (4 5 k 5 ) sin u=vt+u, 
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where v is the true anomaly of the satellite, ог, ug the true anomalies of the Moon 
and the Sun, poz, pos the focal parameters of the orbits of the Moon and the Sun 
at the initial time, wr, ws the gravitational potential of the Moon and the Sun, 
and с22, 422 the coefficients characterizing the equatorial compression of the Earth 
(numerical values of с20, C22, 422 can be found e.g. in Duboshin [1]). 

The connection between the phase variables п, h, а, К, 1, А and the classical 
Keplerian elements a, e, $, w, 2, М is expressed by well-known formulae, see Du- 
boshin [1]; and in Zhuravlev [1] one can find analytic expressions for the coefficients 
a), БР, A,, B, of series (3.5.3). 

So the equations of the motion of a geostationary satellite (3.5.1) are a multi- 
frequency system with five slow variables (7, h,q,k,1) determined by its first five 
equations (their right-hand members are proportional to the small parameter pj) 
and one fast variable Л determined by the last, the sixth equation. Therefore one 
might think that the system (3.5.1) is not in resonance, but actually this is not 
so. The point is that due to the presence of the equatorial compression (terms 
with 3) it is not autonomous, i.e. its right-hand members explicitly depend on t. 
In an extension to seventh order (if another additional fast variable is introduced, 
e.g. by the formula у = @37) the new seventh-order system will be autonomous, 
but with two fast variables (Л and у). 

For the construction of an approximate solution of equations (3.5.1) we will use 
the averaging method in accordance with which we will search for a substitution 
of variables 

P=Pt+ypitppet---, P=(",h,Lqk), 


= 3.5.4 
A=At pA ++ ..., ( ) 


that would transform equations (3.5.1) into the equations 


dP ны _ 
ат = рАзь(Р) + p? Aop(P) Е: 
= (3.55) 


НА > = 
Gm + MBP) + и’ В2^(Р) +, 
where Алр, Azp,---, Bi, В2л,... are still unknown functions of the averaged 


slow variables P. 

In the accepted terminology, equations (3.5.5) are averaged equations of any 
approximation, and the algorithm for finding the unknown functions pj, pe2,..., 
А1, А2,..., Аль, Aap,---, Bi, Boy,... has been given more than once in the pre- 
vious section, so we will implement this algorithm in this specific case. 

To obtain explicit expressions for the functions Алр, Azp,... it is necessary 
to have an averaged value of the disturbing problem, taking into consideration 
that the ratio of the period of the orbital motion of the satellite and the period 
of rotation of the Earth around the axis is 1:1. If as an averaging operator we 
use the operator for continuous disturbances (a particular case of this for problems 
of celestial mechanics is the Delaunay—Hill scheme), then the averaged disturbing 
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functions with consideration for the terms up to и? inclusive will have the form 


a ne 


2 
2 #0) 
US i [i -on+ 5 (q +k?) +> ту rast +2 АСФ 


(3.5.6) 
рат 72 
+ BY) + в | — 21) ай + У р Е 
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2 h ри 


_ om nee h+l hi 
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fat, В+ _ a зто? 
+ (« ST ae aa (711 coswy + д sin) ste a 


J=L,5, 
D=X— азт, 


where wz is the angular distance of the pericenter of the Moon’s orbit, and D is 
the Delaunay anomaly. 

Substituting the partial derivatives of the averaged disturbing function U with 
respect to the corresponding arguments, by means of the method described, e.g., 
in Sections 2.3 and 2.6, it is possible to find all values included in the structure of 
the averaged equations of the second approximation (accurate to и? inclusive): 


Hite bee 
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УРАЙ) 
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AM) 4 AS) + AY) = 4, рЕЪЬа,ЬЙ, 
BE) + BE) + BES) = Bay. 


If in equations (3.5.5) the terms of order p? are neglected, then the averaged 
equations of the first approximation can be integrated in the same way as the 
similar equations of the first approximation for a multifrequency rotary system of 
general form (see Sections 2.3, 2.6, 2.8). In this case we will have 


й = No + ибп, T= 1 + p11, 
= 90 + 1019, k= ko + Lok, (3.5.7) 
h = ho + poh, Х = Ло + йот + иба А; 

the functions 5,7, ... , 6, are expressed by the formulae 


= AL 3V2 nN; и . 
Е [у-ва + E> Ym (HE) sin 2%; 
x (v ho — losing; + Vho + lo cos) for 
said ( go ho —*) 
— 5450 | 


ho ho 


54/3 
ids 


в ko _ (п: - ve 
614 = = + 2 ту (=) koa 
[ют — 15 , Golo men ney |: hol 

— 56 |+ ss 


ho he: 2 Tio Dig 


ae ho +1 
х (G11 coswy + G11 тор) — aR 
0 


11 coswy + ба sin 0) vier 


Copyright © 2004 CRC Press LLC 


154 METHODS OF NONLINEAR RESONANCE DYNAMICS 


a 3V2_ ae 
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In the expressions for the coefficients al), а, Bt) G11, B11, Fr, ба it is 
necessary to replace the osculating elements by their initial values. It is clear 
that in the first approximation the polar compression of the Earth, as well as the 
attraction of the Moon and the Sun, do not generate secular disturbances in the 
element п. 

This statement is an analogue of the classical Laplace theorem on the absence 
of first-order secular disturbances in the major semiaxes of the orbits of the three- 
body problem (see Duboshin [1]). Using the formulae given in Zhuravlev [1] 


oh 1 
Е be = ~(qdk + №64), 
RD) е - (4 4) 


1 
дтп = —(04созл — окзшл), 
е 


we can calculate the first-order disturbances in the inclination 6,7, eccentricity 
6,e and the longitude of the pericenter 6,7. From these relations it follows that 
the polar compression of the Earth does not cause secular disturbances in the 
eccentricity and the inclination, and the Moon and the Sun generate them in all 
elements except п. The so-called parallactic terms in the Moon’s potential (see 
Hill [1]) generate secular disturbances in the elements 4 and k, and consequently 
in the elements e and т of the geostationary satellite’s orbit. 5.а. Zhuravlev also 
constructed an asymptotic theory of the second approximation, i.e. integrating 
equations (3.5.5) with consideration for the terms proportional to и? and found 
(see Zhuravlev [1]) second-order disturbances don, dol, 024, dek, doh, dX, ie. 
analytic expressions 


п = по + point p2don, h=ho + pd h+t poh, 
Г= ю + pol t+ pr dol, К = № + poyk + i dok, (3.5.8) 
4 = 40 + ид1а + p04, Х = № + йот + Orr + р262А. 
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Here we cannot write the formulae for dn, ... , d2A, but their analysis shows 
that equatorial compression of the Earth in the second approximation already gen- 
erates secular disturbances in the element 7, and this is an essential difference of the 
problem of the motion of a geostationary satellite from the Newtonian three-body 
problem for which the Poisson theorem is true: second-order secular disturbances 
in major semiaxes of orbits are zero. 

S.G. Zhuravlev has also performed a comparison of the asymptotic theory of 
the motion of a geostationary satellite, constructed by himself, with the results 
related to the concrete satellite Early Bird and published by Arnaud [1]. 

According to Arnaud [1], the drift of that satellite along the longitude was 
А = 0.02 degree/day. Calculation by asymptotic formulae from the papers of 
Zhuravlev [1,2] gave 0.0206 deg/day, that due to the polar compression of the 
Earth Ac,, = 0.0268 deg/day, that due to the attraction of the Moon A; = 
—0.0045 deg/day, that due to the attraction of the Sun Ag = —0.0022 deg/day 
and that due to the equatorial compression of the Earth Ас., = 0.0005 deg/day. 
The value of the small parameter of the problem is of order 107+. 


3.6 Averaging Method in the Theory of Partial Differential Equations 


The averaging method in conjunction with the method of separation of variables 
(Fourier method) allows us in many cases to study oscillatory processes in systems 
with distributed parameters. These questions were investigated in numerous works, 
including the monographs by Mitropolsky and Moiseenkov [1]. The essence of this 
approach is that one partial differential equation is reduced by the Fourier method 
to an infinite-dimensional system of ordinary differential equations, to which one 
or another averaging method can be applied. 
Consider the quasi-linear equation of hyperbolic type with constant coefficients 
2 2 2 
Att pop" 405% 4 po + BSE + Gua nF (ne ор (3.6.1) 
where yp is а small parameter, F' is a function nonlinear with respect to its argu- 
ments, and the constants A, В, С satisfy the condition of hyperbolicity 


SACU: (3.6.2) 


By means of known substitutions of variables (see Vladimirov [1]) equation (3.6.1) 
can be transformed to a simpler form (for the new variables the old symbols uw, t, 
x, Е are kept): 


Oru eo 
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Let it be required to find a solution of this equation under the following initial and 
boundary conditions: 


u(0,t) = u(l, t) = 0, (3.6.4) 
Ou 
о = f(t), 3, ие Ф(т), (3.6.5) 


where f(a), Ф(1) are functions of the degree of smoothness ensuring the existence 
of a solution of the problem (3.6.3) — (3.6.5). 
First consider the undisturbed equation obtained from (3.6.3) at и = 0: 
ui  .07u 
ey Е ВВ 3.6.6 
pe age Oe oe) 
with the previous initial and boundary conditions. Supposing that (nwal—!)? -A>0 
for п =1,2,..., with the help of the Fourier method we find the solution of equa- 
tion (3.6.6.) in the form of the series 


CO 
u(t, x) = S (An COS Wnt + By sinwpt) sin = (3.6.7) 
n=1 
where wy, = /(n7al—')? — Л are frequencies of normal oscillations; the constants 
A, and B, are determined from the initial conditions. 

Proceeding from the analytical structure of solution (3.6.7) and supposing that 
with sufficiently small р the forms of normal oscillations in the presence of distur- 
bances are determined with sufficient accuracy by the same functions sin(n72/1) 
(п = 1,2,...), we will now seek the solution of the initial equation (3.6.3) in the 


form of the series 
u(t, 1) = Soen(t, qm) sin, (3.6.8) 
n=l 1 


where z,(t,j) are unknown functions. The analytic form (3.6.8) of the sought 
solution is typical for the well-known Boubnov—Galyorkin method. Substituting 
(3.6.8) into (3.6.3) and (3.6.5) and integrating with respect to x from 0 to 1, 
we obtain for the calculation of z,,(t, и) an infinite countable system of ordinary 
differential equations 


d?z i 
ar + Ww tn = ИЕР, (t, 21, 20,...,21,20,...), nm=1,2,..., (3.6.9) 
with initial conditions 


= 6,, (3.6.10) 


where fn, ®, are the Fourier coefficients of the functions f(x), ®(x) respectively. 
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Now rearrange the system of equations (3.6.9) into standard form. Instead of 
Zn and Zp introduce new variables x, and x_n, using the equalities 


Bie Bet ay? ex et (3.6.11) 
d : : 
= = iwn tne" — iwnt_ne ". (3.6.12) 


From these formulae it follows that x, and x_, are slowly changing complex con- 
jugate variables. Upon the necessary transformation one can obtain the system 


(3.6.13) 


It can be proved that Р_„ = Е». Therefore, solving (3.6.13) with respect to 2. 
and &_y, we obtain an infinite system of ordinary differential equations in standard 
form, equivalent to system (3.6.9): 


В FE), ПЕ ED es (3.6.14) 


ет? . . 

= —— F,(t, me" + хе “И, ...; иле 
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n= +1 +2. ... 


—iwit 


wit _ jena se pant) 


Then using expressions (3.6.11), (3.6.12) and initial conditions (3.6.10), we 
obtain the initial conditions for (3.6.14): 


On + iWnfn 


- Е (3.6.15) 
240, 


то = 


where it is assumed that f_n = fn and Ф_„=Ф,. 
We apply the method of averaging with respect to t to system (3.6.14) by means 
of operator M;, and obtain the following averaged system of the first approximation: 


—" = им, [Xn (6 а1,...:Ж,...)], n= +1,42,... (3.6.16) 


with the initial conditions 
Clay = Dales (3.6.17) 
Thus the initial problem with distributed parameters finally turns to the au- 
tonomous infinite-dimensional system (3.6.16) with initial conditions (3.6.17). For 
the justification of this algorithm it is necessary to have theorems on e-promixity 
of infinite-dimensional vectors х = (51,...;Ж1,...) and % = (%,...5%-1,...). 
It should be noted that at the moment there is no complete mathematical justifica- 
tion as there is for the finite-dimensional case (see Grebenikov and Tunusbaev [1]). 
Nevertheless for the approximate calculation of oscillation amplitudes this method 
is effective enough. Let us give two examples. 
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P(tx) 


Fic. 3.6.1. Horizontal beam under a shear load p(t, x). 


Example 1 We study the transverse oscillation of a beam of length [ fixed at the 
ends and under the shear load p(t, x) (Fig. 3.6.1). 
The equation of transverse oscillation of the beam is a particular case of the 
Kirchhoff equations, and in this case it has the form 
Ou O*u Ou Ou 
— + EJ— + ки = pit — М№М(и) — 3.6.18 
Pag + Еда t ku рез) + wp (uw a) tH (и) a ( ) 
where p is the linear density of the beam (assumed thin enough), J the moment 
of inertia of the cross-section, Е the modulus of elasticity of the material, y the 
reaction of the base of the beam, N the longitudinal force occurring in the beam 
as a result of the neutral line elongation and equal to 


Е | (2) ax, (3.6.19) 


S is the area of the beam cross-section, К = const, and и is a small positive 
parameter. 

In equation (3.6.18) the sought function is u(t,a) — the cross-motion of the 
beam at point x at the moment of time t. 

From (3.6.18) and (3.6.19) it is clear that the oscillatory process is nonlinear, 
and its study in the general case is impossible. Therefore assume that the disturbing 
load has the infinitesimal order y, i.e. 


p(t, x) = pq(t, x). (3.6.20) 


If we now apply to equation (3.6.18) the method of Boubnoy—Galerkin and 
seek a solution in the form of series (3.6.8), then we obtain the following countable 


system: 

a 

<r t when = ин (Ь, 21, 22, -+- 341, 42,---), n=1,2 

es 3.6.21) 
a (пт)? (вт)? =2 ( 
pZn = an(t) + Pn(21,--. 341,---) - ES 2 =>. 42 =. 

where gn(t), фи(21,...;21,...) are coefficients in the Fourier series for func- 
tions q(t,z) and y(u,u) with respect to the fundamental functions sin(naa/1), 
n=1,2,... 
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Using the above method it is possible to rearrange equations (3.6.21) into the 


standard form 
dry 
= 
тп _ 
dt — 


_ pe 


—twyt ‘ ae 

Yan Xn (+, де" +х_1е "И, soa) 
ель м ee (3.6.22) 
Bia, ». (+, ле" + хе "1", oa) : 


Assume that the function ¢ = q+ Баз cubic nonlinearity: 


Plt, 


a,u,t) = q(t, x) + (a+ But yu?)u 


with specified constant parameters a, В, y. Such a concrete definition is necessary 
for the completion of the analytic computation. Then the Fourier coefficient фи 
can be represented by the formula 


Yn =Int+Int+ In, 


where 
| 
2 as k 
I= > ] р 21 sin = sin — dx, 
0 k=1 
2 г © 
и - ] У` Ятёз SiN — sin = sin — ат 
0 m,s=1 
1 
р» (s (К —п)лхт ити 
= ак | sin + 
21 J Li 1 1 


~ 4, (sin! Ри sin Е 
1=2 
со gah 
ак = У Zebeta b; = а: 
8=1 8=1 
A (i —n) (ky +n) 
т y 1-п)лх 1+7)7лх 
Е: А = 
In ит lips ka (cos i i ) 
0 ky, =0 
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со со А2-—1 
Ap, = › Язь) Bry = Як 28) 
К, 8=1 k=1 8=1 
4—1 ka—s—1 


со k3+s—1 
Ch, = y y Zky—h+s2k2s5 Dy, = › Яка. 
8=1 А=1 8=1 k=1 


Consider in more detail the expressions for J}, Ли, Л". Due to the orthogo- 
nality of trigonometric functions, we find that J) =0 at kAnand J), = аль at 
k=n. Let kin and j +n be odd numbers, i.e. suppose that 


(a) if n is odd, and k and j are even, then 
48 К(азь — bar) 
af aN 
Ry 2 en — 1 
(b) if n is odd, Ё and j are even, then 
28 [ (2k — 1)(a2n—1 — boe—1) ay 
go sce peer eae ay See ie Se 
or b (Qk—In—1)(Qk+2n—-1)! 1—4m2 
With even values of К Е п and j+n we have Л! = 0. 


J! = (An + By — Cn — Dn)/4. For n= 1,2, ЛИ = (An + Bn —Cn)/4- 


If we use the expression for Ф, system (3.6.21) may be given the form 


If n > 2, then 


a es 2 и . и т nat 2 
де Ни" = 5 dn(t) + а + In + In’ - EST am У (к)? |, (3.6.23) 
k=1 
and equations (3.6.22) in this case will have the form 
on ay eo 5 (ть — tne nt) + ыы Е) 
р tn iW 
Е (пл)? & (kr\? 
_ ит У` (=) (Zener! + ть ьхь (3.6.24) 
п = о. 
+ 22 pt Ee 2% + тт erin —wn )t 
are т —n 
+ Qe pt_pe_ne 7" + 52 пе we tone) 
dx _ Ре” а я eivnt 
т ale Fg RAE actin 
n n 
Еб(пт)?  (kn\? ay 
НВ ee 2 Рае шт )t 
вии, 2 (7) (еыг-ьт-и + птье (3.6.25) 


+ Dap _p@neren* + 1? жте? —wr jt 


ат пе? 4 песне] 
Now suppose that the linear disturbance wX, is а periodic function № and 


consider two cases. 
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1. Let the Fourier coefficients gp (t) of the external load have the form q,(t) = 
46) sinvt, where и does not depend оп п. Then, averaging equations (3.6.24) and 
(3.6.25) over t, we obtain 


din _ ИТ а _ ЕЗ (тт)? _ о, ee 
te pel Bites 
Е5 (пт)? > (kr\? cee 
И — У. (+) гв — Han, 
п k=1 
Bo 2 Bion | 8 НЫ а 
die, - p 2 Ви "gee 
(3.6.27) 


ES(nt)? > (kr\?_ _ 
Аи (FF) льва] pam 
п А 


where ап = 0 at и 7 0 and an = dn/(4pwn), Ш wn = и with the value of п 
equal to no. The condition и. = и shows the presence of resonance between the 
frequency Wp, of the beam’s natural oscillations and the frequency и of the applied 
load. 

In the case of zero resonance, equations (3.6.26) and (3.6.27) can be integrated. 
For that, multiply (3.6.26) by хи, (3.6.27) by Z,, and sum the products: 


din |. Е _ HOEnE-n р (2,5)? 


ser Ra ae г 4p 


This is the well-known Bernoulli equation (see Smirnov [1]) for the function 
итп. Solving it with the specified initial conditions for Z,(0)Z_»(0), we obtain 


En(t)F_n(t) = 40Fp (0) Fn (O)e*/? [4a — 7%n(0)E-n(0) (е* 2? — 1)". 


Upon substitution of this expression into the right-hand member of equations 
(3.6.26) and (3.6.27) and upon integration we find 


En(t, и) = En(O)er"), (3.6.28) 
E_n(t, p) = #_„(0)е^-"@ №. (3.6.29) 


In these formulae 


_ pot _1 ЕЗ (пт)? 
An(t, и) = 2p 2 | Рот 
1 
In Ё (О) () (ее — 1) (3.6.30) 
ES(nr)? sn? = x И. 
р (F) вр + лаков 1}, 
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pot 1 ES(nr)? 
ви = =— | 1+ — 
А-В р) 2р ы 2 р iyPwn 
= = 1 а 
x In [1 + 7Bn(0)—n(0) —(eho*/? — )] (3.6.31) 
ES(nr)? = эт \2 = = 1 pat/p 
+ aie! (+) Inf + 7Bs(0)B—o(0) (ео — 1), 


8=1 
n= 1, 2h ss 
Ну = 0, ie. the function y(u,%) contains quadratic nonlinearity, and the 
mentioned resonance is zero, the averaged system of the first approximation will 
take the form 


din _ pn | а ЕБб(пт)?_ _ ЕЗ(пт)? Qyst\2_ _ 
a ale “BP tnt цв, LT) BF], 
di i Е (пт)? Е5(пт)? SS (sry? ee 
En _ [а пт)? _ _ пт ея 
dip [+ Si, oe aay Хх г) eee 
In this case we will obviously obtain the linear equation 
ах dz _ a 
Bn + Fy = Tad ns 
which will give upon integration 
En(t, WE nt, р) = En(0)E_n(O)e""/?, 
and then 
(р) = 2. (0)е^» №, (3.6.33) 
E_n(t, W) =2_„(0)е^-„ №, (3.6.34) 
$ ES(nr)?_ x 
Sa ah ee И pot/p 1 
ak , р) 2p Зри, En(0)F_n(O)(E ) 
ЕЗ (пт)? wot/p ky 
Ее РЕ Sag — 2 
Ipilha, (© > т.) 2 (0)2—к(0), 
$  ES(nr)? 
№ ЕТ 5, (0) а (0) (Е —1 
ар 20) 
Е (пт), wot/p Akay? 
—— —1 — id : 
ат. © У (т) HOF +) 


In the case of resonance wp, = и the system of equations (3.6.26), (3.6.27) 
is not analytically integrable, therefore it should be split into two subsystems: 
nonresonance — a countable subsystem with the variable index п = 1,..., no —1, 
по +1,...; and resonance — a subsystem consisting only of two equations with 
unknown functions Z,,(t,) and Z_,,(t,). The first subsystem is integrated in 
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compact form by the above method (products %,%_, with п # по are found). As 
regards the resonance subsystem, it finally takes the form 


din, Mn |&@ _ y . 3ES(nor)? 
ao pa eg ges А 
pg? sin vt 
4ри ’ 
ADs (Ong | y . 3ES(nor)? 
eo op а gi ee? 
pq) sin vt 
4ри ’ 


where A(t) is а time function calculated through integration of the nonresonance 
subsystem. The latter is nonlinear, so it seems reasonable to find its solution by 
numerical methods. 


2. Let the load q(t,2) be a quasi-periodic time function with the frequency 
spectrum ит, и2,...,15. Then its Fourier coefficients have the form 


g(t) = qh est. (3.6.35) 


In this case system (3.6.26), (3.6.27) also splits into two subsystems (resonance 
and nonresonance), both of which can contain an infinite number of equations. 
If the nonresonance subsystem can also be integrated in analytic form, then the 
resonance subsystem can usually be investigated by numerical methods. Certainly, 
in practice it is essential at what values of по a resonance may occur. If по is equal 
to a very large integer, then the standard system of ordinary differential equations 
for %,(t, и) and Z_,(t, р) should be considered practically nonresonance, and the 
above methods are applicable to it. 


Example 8 Consider the nonlinear equation 
А 2 
a + 25 = мА), (3.6.36) 
occurring in problems of flexural oscillations of a beam located оп an elastic base un- 
der the influence of external disturbing forces (see Mitropolsky and Moiseenkoy [1]). 
Below we describe the method of rearrangement of this equation to a countable 
system of ordinary differential equations. 

Suppose that a 4 0, и > 0 and f(t,u) is a function analytic in some do- 
main, that does not contain in its expansion any absolute terms with coefficients 
depending оп +. Under these conditions it is required to find a solution of u(t, x), 
satisfying the boundary and initial conditions 


2 2 
u(t,0) = u(t, 1) = 0, a . = 5 7 = 0, (3.6.37) 
ди 
о = (т), OE = F(z). (3.6.38) 
t=0 
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Let the functions f; (1) and F(x) be decomposable into absolutely convergent series 


— Клт Клт 


fi(z) ay, sin ae F(x) = 2.8 sin ar 


k=1 


l 1 
2 k 2 k 
ак = 7 fA) sin —— de, Вь = т Г F@) sin == de, 
0 0 


lax| < М/Ё?, |x| < M/k?, М =const. 


As before, we will seek the solution of the formulated problem in the form of the 
series 


For the unknown functions z,(t,) (п = 1,2,...) we obtain the countable 
system of equations 


d? 
a Чит = Ufn(t,2Z1,22)-..)) n=1,2,... (3.6.39) 
with the initial conditions 
dz 
t=0 


2 CO 
Wn = ae i f(t У` Zm(t) sin a) sin ae. 
0 


Rearrangement of system (3.6.39) into the standard form in order to be able to use 
the averaging method does not meet with any difficulties. 

In conclusion we will only note that in principle, the coefficients f, may contain 
frequencies resonant with eigenfrequencies of the differential operator d?/dt? +, 
and this may substantially complicate the study of not only the standard system, 
but also the corresponding averaged system of the first approximation. 


3.7 Energy Method of Construction of Amplitude—Phase Equations 


For the construction of averaged systems of any approximation by means of the 
Krylov—Bogolyubov transform we often tried to obtain an explicit form of equations 
for the oscillation amplitudes and phases (so-called amplitude—phase equations). 
But the Krylov-Bogolyuboy method is not the only possible one for solving this 
problem. Here we will describe another method of the construction of amplitude— 
phase equations of the first approximation, based on application of a so-called 
energy method (for the detailes see Godunov and Riabenky [1], and Mitropolsky 
and Moiseenkov [1]) well known in the equations of mathematical physics. It 
originates from the variational principle of virtual displacements, one of the classical 
principles of engineering mechanics. According to this principle, the virtual work 
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OW is equal to the scalar product of the vector F' of forces influencing a mechanical 
system and the virtual displacement vector 6x: 


57 = (F,6z). (3.7.1) 


If the mathematical model is described Бу N degrees of freedom, the forces 
Е are the generalized forces Q,0 from the second-order Lagrange equations and 
virtual displacements correspond to the variations of amplitude and phase of the 
first normal oscillation with a frequency wi(T), т = pt is slow time. Then the 
virtual work of the generalized forces is equal to 


N 
д => `О.0б25, бл, = ФО) (т) cos да — yl) (r)asin бу. (3.7.2) 
8=1 

The symbol 6, like in all variational principles, in the general case denotes not 
a differential, but a universal deviation; & = 00/4 +; p,q are coprime numbers; 
а is an amplitude; ф is a phase; and @ is an angular argument with respect to 
which the functions of the Krylov-Bogolyubov transform are 27-periodic. Let SW 
denote the value of the average virtual work within a complete oscillation cycle 

within the period 27: 


esis, 
ow = — | 5Wd€. (3.7.3) 
| 


Upon construction of a Fourier series for Оо (r =1,...,N) of arguments & 
and 9 and further integration of the expression for dW over the complete phase €, 
we obtain 

1 bs 2a 2п N 
OW = ca See ) S“Q,0phe * [cos ба — asin 64] dO dé. (3.7.4) 
s=—oco оо r=1 

The formulae show that the summation index s is connected with the indices 


п and т indices of the double Fourier series for Q;o by the relations п = —sp, 
т = 84+ 1. Expression (3.7.4) may be given the form 


— = [ow OW, 
= = — da + —*6 ve 
9 ра | 5а 64 + ip |, (3.7.5) 
where 
sw 1 Qn 2п N 
= = еее ] ] У `@лоее- #9 cos € dé а, (3.7.6) 
оо T=1 
—— Qn 2п 
ТУ, ad 


1 | . 
аа =e ] |. У Чье "asin Е dé dd. (3.7.7) 
0 0 го 
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If the amplitude—phase equations of the first approximation are written in the 


usual form 
da 
dt = HA (т, а, 4), 
3.7.8) 
d ( 
Ил) — MO + авиа), 
t q 
then, according to the theorem given in Mitropolsky and Moiseenkov [1], 
a ати (т)ил (т)] 
А Е ИЕ 
1(т,а, 4) Этл (таз (т) dr 
2 sl. OW,  2w OW, 
+ та) р. [аа PY Gg Та 69 | 
—1 
x [4wi — (qui — р»)? 8? _, (3.7.9) 
2 = is OWs OW, 
B = — НЕ ВЕ РЕН 
1(т,а, 4) т (r)a p=. | pv) a 9 С ба | 


x [4wt — (qui — р}? " F 
( 


where T is the kinetic energy of the undisturbed system. 

dW, is average virtual work that within an oscillation cycle would be performed 
by the disturbing force in a sinusoidal mode (the s-th term of its expansion into a 
Fourier series) over virtual displacements corresponding to variations of amplitude 
ба and phase д of the oscillation. 

So the following rule can be formulated (see Mitropolsky and Moiseenkov [1]): 
for the construction of amplitude—phase equations of the first approximation it is 
necessary to find the value of the average virtual work that within an oscillation 
cycle would be performed by the disturbing force in a sinusoidal mode over virtual 
displacements corresponding to variations of amplitude and phase, expand the 
obtained expression into a Fourier series, and after that substitute the partial 
derivatives of the s-th term into (3.7.9). 

This rule becomes much simpler if the oscillatory system is under the influence 
of potential disturbing forces only, because in this case 


OW = -6V, 


where У is the disturbed potential energy, 1.е. the part of the potential energy that 
occurs due to the presence of a disturbance. 

So the energy method allows us to derive approximate equations for the ampli- 
tudes and phases without preliminary construction of exact differential equations of 
the problem. Expressions for the work (or potential energy) and the kinetic energy 
are directly used for their construction. This circumstance makes it possible to 
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uM 


_WA_- 
ies 


иЕ@) и = u(t,x) 


Fic. 3.7.1. Rod influenced by travelling load and pulsating force. 


extend the energy method to the solving of problems of the theory of oscillations 
of systems with distributed parameters, described by partial differential equations. 

As an example, consider the problem of transverse oscillations of a rod under 
the influence of a traveling load and a pulsating force (see Fig. 3.7.1). 

Using the energy method, construct amplitude—phase equations for this prob- 
lem. Let 5 be the area of the rod cross-section of dimensions small in comparison 
with its length J. Let us also assume that on the rod a mass М is moving which is 
small compared with the mass M of the rod. In addition, let the rod be influenced 
by a vertical force wF(@) periodic with respect to 6, with its point of application at 
any point of time coinciding with the center of mass wM. Let р, Е be the density 
and Young’s modulus of the material, and J be the moment of inertia of the rod’s 
cross-section relative to the axis perpendicular to the flexure plane. 

If the inertia of the cross-section rotation and transverse forces are neglected, 
then the expressions for the kinetic and potential energies of the rod—load system 
will have the form 


= To + LT}, 


| (3.7.10) 


EJ д?и\? 
a >| (5=) de — има (upc) = Yo + нм. 
0 


The equation for the natural oscillations of the rod (undisturbed motion) is deter- 
mined by the undisturbed values of the kinetic and potential energies 


7 2 : 2 
_ ps Ou bd / Ou 
To = a ] (sr) dz, Vo= oa 52 dx 
0 0 


and it can easily be deduced, e.g. from the variational principle of Hamilton— 
Ostrogradsky 


5 fa ~ Vo) dt =0, (3.7.11) 
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wherefrom we obtain the equation 
б4и pS Pu 
Ox* =EJ Ot? 
The boundary conditions for the simply supported or hinged ends of the rod 
are given by the equalities 


= 0. (3.7.12) 


| Ou | д?и 
U = =U — 
«z=0 2 al р] 
OF? | 255 Oz? | 


=0. (3.7.13) 


We apply the Fourier method to equation (3.7.2). Then the equation for the 
eigenfunctions determining the forms of natural oscillations has the form 
ax pSw 
Sa eS kt = 
dx4 у EJ? 
where w is the frequency of the principal oscillation. Writing the general solution 
with the use of the formula 


: (3.7.14) 


Х (1) = Cy sinkx + Co coska + C3shka + Cychka 


and taking into consideration the boundary conditions written as 


@Х aX 
xX =— =X eee =0 
| 5—0 dx2 ra ley dx2 = 2 
we obtain the basic frequency equation 
sin kl = 0, (3.7.15) 


with its solutions being k, = пл/Т (п = 1,2,...). Hence we determine the forms 
of normal (principal) oscillations of the undisturbed motion 
птх 


Х»(1) = Yn(x) = sin ae 


and their eigenfrequencies 


PV ps’ 
required for the energy method application. 

For definiteness we assume that wF(0) = и зш0, and the instantaneous 
frequency of the disturbing force 49/4 = v(t) is positive. Suppose that in the 
time interval 0 < t < T the frequency of the vertical force v(t) takes a value 
equal to ил, i.e. the oscillatory system passes through principal resonance, because 
it is the most interesting case. 

Taking into account the disturbing potential energy 


им = -иМ9 (1-‹) 
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(where ¢ = vr is the current coordinate of the point of application of the disturbing 
force, v is the velocity of the motion of the load and pulsating force along the rod) 
and the disturbing kinetic energy 


du\? 
и = ИМ (=) 


ZC 


the summed disturbing force can be presented as a sum of the pulsating force 
applied from the outside and the force of inertia, i.e. 


д? 2 
pd (7 6, x) = в sin@ + иМди — им ор (3.7.16) 
2= 


From (3.7.16) it is clear that the beam flexure u should be taken as a generalized 
coordinate. Then the first approximation can be written as 


и) = asin = cos(6 + w), (3.7.17) 


where the amplitude a and the phase 4 are determined from the equations of 
the first approximation (3.7.8) with functions (3.7.9) and with consideration for 
wy V(r). 

Now, using the energy method, we deduce equations (3.7.8) and (3.7.9). First 
we find the expression for the disturbing force w® in a sinusoidal oscillation mode: 


ul (6,2) = ap (+) cos(8 + $), 


(1) 
On =~ aun (2) sin(0 +4), 

2, (1) 
CH = вые) cos(0 + 9), 


where yp) (x) = sin (=). As a result we obtain 


uo = и E sind + Mg + aw] М sin ue cos(@ + й 


Then we write the expression for the virtual work corresponding to the variations 
of the amplitude and phase of the first normal oscillation: 


6W = poo? su) =p [в sind + Mgu + а? М sin г cos(9 + й 


x sin > с03(9 + 2)ба — asin = sin(@ + ву Е 
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After that we find the average virtual work dW and its “partial derivatives” 


OW, = Ро iW с: пс ОЙ’ 1 р Ро р с: пс 
р aa ba ee Е 
OW, aFo ib os mC OW_4 aFo ib с: mC 
eae ЖНЫЛ pac ЕЕ ВЕ et = 3.7.18 
Bp те ша, i де в -, ( ) 
6Wo aweM пс dWo 
Р.Е sin” —, —=0 
ба 2 1 ow 
and 
| 
та = psf sin? <= de = - (3.7.19) 
0 


Substituting all these expressions into (3.7.9), we obtain amplitude—phase equa- 
tions of the first approximation 


Oo pe ИН ОНА 

dt pSl(w, + Vv) 1 (3.7.20) 
DUE 2g —и- pei M gine Oo a Pe ам a 
accor pst 1 pSal(a+v) | | 


where © = С(т), и= к(т). 

In conclusion we note that the amplitude—phase equations can also be given 
complex notation, using the substitution of variables z = ae”. 

Then instead of system (3.7.20) obtain the equation 


dz, 2uFo „пб 


dz _ Ц EO 3.7.21 
(= T)z Fala +) sin, ( ) 
where M 
p(t) =u, —v — a sin? a (3.7.22) 


3.8 Averaging Method and Maximum Principle in Boundary Value 
Problems 


It seems logical that the asymptotic theory of differential equations, using the 
averaging method, has been widely adopted in optimal control theory, including 
its important part that is usually called the maximum principle (see Pontryagin, et 
al. [1]). Though there are numerous known results (see Avramchuk [1], Klick [1, 2], 
Akulenko and Chernousko [1], Chernousko [1], etc.) and a lot of publications on 
this subject, we will describe one of the first (chronologically) results obtained 
by Avramchuk and Klikh [1], and the mathematical issues of applicability of the 
averaging method in the maximum principle (see also Klikh [2]). 

Consider the following time minimization problem. It is required to solve the 
problem of a material point’s flight from a given initial point to a given end point 
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within minimum time. The material point moves in the central field of forces under 
the influence of a small controlled traction. 
The equations of the material point’s motion in this model will have the form 


ar dd\> сам а ( 40 
—= -r{|—] =-—+wcos —|(r—} =rwsi 3.8.1 
dt? (=) т? р, dt dt Ш, 
where r and 9 are polar coordinates of the point, m is Из mass, М the mass of the 
attracting center, G the gravity constant, and the acceleration constant in absolute 
value, caused by traction W is equal to 


w= |W/m| «1, (3.8.2) 


and В is the angle between the direction of traction and the radius-vector of the 
moving point. 

The problem is to find an optimal control В = 6(t) of the traction vector, and 
of the corresponding path moving the phase point within minimum time from the 
initial position 


dr dé 
5) 0 > Ty > Dy 3.8.3 
Poe TOY а de ly Gey) 
to the given end position 
dr dé 
ТЕ, Ox, и 0 =a р (3.8.4) 
а, Ч ыы 


The authors proposed to seek for the optimal path in the form of ап osculating 
ellipse (see Duboshin [1]) 


X3 


oe x1 с03(0 — 12)’ 82) 


р 
where p=r/ro, 21 = a/h is the eccentricity of the orbit, v2 = w is the angular 
distance of the pericenter from the line of nodes, and хз = 1/h is a focal parameter. 

Passing to the new phase coordinates х = (51,12, 13) and to the new inde- 
pendent variable 9, we obtain 


ат re 2x1 + 2cos(O — 12) — 1 sin? (0 — 12) ый 
i eS [1 + 2: cos(@ — 1>)]3 
> sin(@ — x2) 
7 Hes [1 + 21 cos(@ — 12)]3 Coes 
day x3 [2 + 21 с03(0 —x2)|sin(@—a2) . 
Я ре А a РЫ 3.8.6 
do Из [1 +21 соз(@ — x9) ne ve 
2 
_ 43 cos(@ — x2) 
He ea COO = Te 
dx3 22 


НВ: Ив 
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where д = w is the small parameter of the problem. From the second equation 
of system (3.8.1) it follows that the control В = 6(@) should be chosen зо as to 
minimize the integral 


On 
3/2 
as! 


ЕВ (3.8.7) 


00 


The formulated problem will be solved with the use of the maximum principle. 
First of all, construct the function 


3 


i=l 
where 
23/2 
fo(x,0) = -_——+_,—_,, (3.8.9) 


— [1 +21 cos(@ — т2)]2’ 


fi are the right-hand members of equations (3.8.6), and the auxiliary variables 
y = (y1,y2;y3) and ул are the solution of the conjugated system (for the detailes 
see Plotnikov [1], Pontryagin, её al. [1], ets). 

The control В = В(0) is now found from the condition of the existence of 
max H, hence 


B(0) = arctg{a [2x1 + 2 с03(0 — 22) — туз? (0 — x2) ул 
+sin(O — 12) [2 + x1 cos(O — 12) у2 + 2123 y3}/{[1 (3.8.10) 
+ 21 с03(0 — 12) [21 sin(@ — x2)y1 — cos( — x2)y2]}, 


Then, substituting (0) into (3.8.8), we obtain 


Н=- fo(x, 0) + BA(z, 8) V B(x, y,@) + 94, (3.8.11) 


2 
ТЗ 


Е. 
B(a,y,0) = [x1 sin(@ — 12) ут — cos(@ — x2) 42] / [1 + x1 cos(@ — x2)] 
+ {21 [221 + 2 с03(@ — x2) — 21 эт? (0 — 12) ул (3.8.13) 


+ sin(@ = 12)[2 +11 cos(6 bee} x2)|y2 + 2x1 23y3}?. 


As is known from Pontryagin, её al. [1], on the sought optimal path 


— fo(x(9), 0) + pA(2(9), =) У B(x), y(4), 8) + у4(9) = 0 (3.8.14) 
for any 6 € [60,6], and this relation is henceforth used as one of the system 


integrals. Also note that the function А(х,0) essentially depends on x and 0, i.e. 
ОА/дт £0, 0A/00 = 0. 
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Taking account of (3.8.14), the problem of finding an optimal trajectory turns 
to the following two-point boundary value problem (see Lans [1]): it is necessary 
to find the solution of the seventh-order system of differential equations 


dx fa eae A?(z, 9) ОВ(т, y, 9) 
db" Зе, -и Oy” 
dy O fo(x, 9) (т, 9) — ya ОА(х, 0) 2 A?(z, 6) OB(a, y, 9) 


do ox A(z, 0) an 2[ fo(x, 0) — ya] Or? 
аул = O fo(x, 0) = fo(a, 9) — ¥4 ОА(х, 0) Я A? (x, 4) OB(z, y, 9) 
40 ^^ 59 A(z, 6) 90 ре, -и] 90 

(3.8.15) 


with the boundary conditions 
2(6%) =2°, (6) ==“, ya(O,) = 0. (3.8.16) 


The exact solution of the boundary value problem (3.8.15), (3.8.16) cannot be 
found in compact form, so for the construction of an approximate solution we will 
use the averaging method. 

The generating system is presented by the equations 


dx 

ao 0, «=const, 

dy ВК O fo(a, 9) fo(2, 9) — 14 ОА(т,6) 

40 де А(х,0) Or ee, 
аа a Ofo(x, 0) = fo(a, 9) — ¥4 ОА(х, 0) 

do _ 90 А(х, 0) 90 ’ 


The last equation of (3.8.17) is easily integrable. Its first integral can be written 
in the form 


fo(z,9) — ya _ fo(z, 90) — ya(9o) 


= = t. 8.1 
AC, 6) 126) cons (3.8.18) 
If one uses equality (3.8.18), then the other equation of (3.8.17) can be easily 
integrated: 
i _ 3? - ай sin (0 — 12 — 0 + 29) 
; 1-2 [1 + x1 cos (9 — 12 — во + 20) 
28—21) - (0 + 2) (1 + 407) fas? — (1 + 21)? 98 


2(1 — x?)? 
sin (0 — 12 — 9 + 29) 
[1 + 51 COS (9 — 12 — бо + 20) 
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_ 258/21 — 44) (1+ 202) + (1+ 21) (1 — 1622)[25/? — (1 + 21)? yf 
2(1 — 2) 


: sin (9 — 2 — 09 + 29) 
1+ 21 cos (9 — 12 — во + 20) 


№ 63/2 x? (1 — 22) + (1+ 21)(2 — 132? — да) [5 — (1+2,)2] 
20—27 


Vl-aj, 0-12-%+40 0 
ee a ВЫ 
x arcts( Tce tg 5 + Yt, 
af? 
92 = TT 
[1 + x1 cos (9 — 22 — 0) + #3) 
(1+ 21) [5 — (1+21)?] о, 0 
Moe ol Pa В Е 
[1 + x1 cos (9 — x2 — 9% + 2$)] 
wet [252 — (1+ 21)?y9] sin (6 — x2 — 09 + 29) 
pi US A ee) 
23(1— 11) [1 + 21 cos (0 — 22 — A + 29)]” 


= 321 {23а — 12) — 2(14+ 2) [5/2 — (1+ 1) ]} 
253 (1 = x2)? 
ы sin (0 — 12 — 09 + 29) 
1+ 21 cos (9 — x2 — 9 + 29) 


303? = af) = 22 +) + a) fo? — аи] 


хз(1 = x)°/2 


2 0 
—11. 9-12-90 +15 0 
x te | —— tg —_—_—_——— 
ancts( Пе 5 \+ 39 
_ (1 + 21) [53/2 — (1 + 21) y9] Е: al? 


[1 + x1 cos (0 — x2 — 60 + 29)]° [1 + x1 cos (9 — x2 — 60 +20. 


(3.8.19) 

Here the notation x? = 1:(%) is used. In formulae (3.8.19) the variable то is 

separated so that the form of the solution should be such as required in accordance 
with the theorem of Volosov [1]. 

Then, the slow variables х = (51,52, хз) are determined from the system of 

three equations upon substitution of the fast variables у and уд in (3.8.15) by their 

values (3.8.19), and the averaging of the right-hand members over the angular 
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argument 0. We then have 


4 _ B3[(L - 21) (4-тя — 4/1 — Fi) ut + 62153] 
а 223 (1 + a1) (1 21)? [83° - (1+21)] ' 
diy _ _ pees 
9 254141) [25 — (1421) ] 
: а/я + и +4) 49;/° 227 +1) 
(1 — 21)5/? (1 — #1)? 
2+2 —4 
+ (yo +94) (ates Pi 1) 
: (3.8.20) 
128  2а+2) | № [2068 - 1) 
а-ля 2 [а-я 


4276 + 4055 + 26924 — 9653 — 31622 + 327, + 16 
ar ии 
8(1 — 2297 


2(4zt + 1322 — 2) “ 2(1 + 21) | 
(1 — 21)7/? 14+ /f/1—23]’ 


43 _ 2 83 [Bt (1 — 21) — 223(2+ 21)53] 


He (1+ 21) (1 — 22)5/2 [65° — (1 + 21)? 99] 

So the initial problem turns to the integration (for the given initial conditions 
(0%) = x°) of the three averaged equations (3.8.20). The initial values of the 
vector of fast variables y° = (y?, y$,y$) included in those equations as parameters 
should be chosen so that the boundary conditions «(6,) = «* are satisfied, and 
the value of y? is considered as known, because it is determined from the equality 


A(x* Oo) 
A(a*, Ox) 

In the first approximation, the rye control В = 6(@) determined by 
(3.8.10) where x = (x1 (8), х2(9), тз(9)) are replaced by the solution of the averaged 
system (3.8.20) at values of у? chosen from the boundary conditions, and the func- 
tions yi (0), у2(0), уз(0), y4(@) are determined by equalities (3.8.19) where 21, 12, 
хз in their turn are also replaced by the solution of equations (3.8.20), may not be 
close to the exact optimal control. However, as proved by Avramchuk and Klikh [1], 
in the interval [90,6,] of length T = 1 it is approximate in the sense of the mini- 
mized functional (3.8.7). These authors give a numerical example. Let x? = 0.0005, 
20 = 0.0459, 20 = 1.0005, 6 = 0.2500, 2й = 0.0104, 2^ = 1.0708 + 2kr, 
xk = 1.1000, 6, = 0.5000 + 2km, п = 0.001. 

Solving the differential equations for the optimal path (phase coordinates х1 (8), 
x2(6), хз(0) and coordinate p(@)) on computer, we find the dependence of the 
above coordinates on 0 (Fig. 3.8.1). The authors calculated the values of y? by 


yt = fo(a*, A) — fo(x*, Ox). 
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5 
5 
0 0,002 0,004 0,006 0,008 0,010 = 


0, rad 


Fic. 3.8.1. Dependence of phase coordinates 71, х2, 73, р of the 
optimal path on the polar angle 9. 


means of successive refinement, minimizing the discrepancy at the end point (see 
Lans [1]), and they are as follows: y? = 83.440, y$ = 9.2355, y$ = 457.9999, 
y? = 0.0082. The optimal control В = В(8) is given in Fig. 3.8.2. The authors 
have also calculated the minimum flight time by their approximate method and 
by the method of high accuracy numerical integration; the results were sufficiently 
close. 

While using the averaging method for solving optimal control problems, a 
number of questions arise related to the mathematical justification of the averaging 
method. Among them is the question of ¢-proximity of the exact and smoothed 
solutions of an optimal control problem within a sufficiently large time interval, 
the continuous dependence of a solution on the parameter, etc. 

Here we will describe two such results. Let there be given a system of diffe- 
rential equations in standard form 


dx 
— = t 8.21 
= =f (t,2,u) (3.8.21) 
and boundary conditions 
a(to,u) = 10 h(t, x(t, w)) = 0, (3.8.22) 


where x, f are n-dimensional vectors, и is an r-dimensional control vector, pis a 
small positive parameter, and # is the (real) time. 

In addition, let the vector u be defined in a compact domain U, C R, of 
Euclidean space, and the vector-function (хи) in the (n+ r+ 1)-dimensional 
domain Gpn4-41 = {1 € Pn, u € U;, t € (to, 00) }. 
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АА 


ПИРИ 


0, rad 


ВАА 


ААА СА, 


и te 


Fic. 3.8.2. Dependence of optimal control В on angle 6. 


We will also suppose that f and h are defined and continuous with respect to 
their arguments, and f is continuously differentiable with respect to ¢ and x in the 
corresponding domains. 

Along with the problem (3.8.21), (3.8.22) consider the functional 


J(x,u) = и [ бели) dt. (3.8.23) 


to 


It is required to find a control that would solve the boundary-value problem 
(3.8.21), (3.8.22) and minimize the functional (3.8.23). For the further computation 
assume that system (3.8.21) is controllable in P,, the issue of optimal control has 
a solution in the interval [to,¢:] for every y € [0,*], and the set of functions 
У(6 1) = {fo(t,z,u), f(t,z,u)}, uw € U,, is strictly convex for every (п + 1)- 
dimensional vector (+, x). Under these conditions the control и = u*(t,2,w) solving 
the formulated problem is a single-valued function. 
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Substitute и = u*(t,z,w) into the right-hand members of system (3.8.21) and 
the system conjugated with the latter. If we denote 
Xo(t, т, 4) = fo(t, x, u*(t, т, 4)), 
XE; т, 4) = С т, u(t, т, 4), 
t * (1 Of(t * (1 
м м Lea GeO), 
Ox Ox 


then we obtain a two-point boundary problem of the maximum principle: 


ах 
и TUX 2), x(to, р) а" 
e (3.8.24) 
dt = (т, 4), h(t, c(t, #)) = 0. 
We associate problem (3.8.24) with the two-point boundary problem with ave- 
raged equations 


F = 1X9), =, 
= (3.8.25) 
Че = е,б), Мы, и) = 0, 
using the notation 
XE) =MIXG2,¥)) (8,9) = ММ.) (3.8.26) 


Then for the two-point boundary problem of the maximum principle (3.8.4) 
the following theorem is true: 


Theorem (see Klikh [1]) Let: 


(1) the vector-functions X(t,x,w), U(t,x2,w) be uniformly bounded and con- 
tinuous with respect to x,y) uniformly with respect to t € [to, co), (1,4) Е 
Pron С Gon; 

(2) the function h(t,x) be uniformly bounded and continuous with respect to 
t € [to,00), rE Py C Ry with all p € [0, "|; 

(3) at each point (x,w) Е Pon there be limits 


to+T 

X(x,¥) = jim т X(t, x, w) dt, 
to 
totT 

Ge.) = jim = | 4..9) 
to 


(4) for и =1 the boundary problem (3.8.25) have the unique solution (Z(t, и), 


w(t, и)), determined for all ЕЕ [ю, сю) and lying in a bounded domain 
Gon. 
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Then for any Е > 0 there exists p° € [0, и], such that with 0 < и < p° the 
solution (a(t, 1), w(t, и)) of the boundary problem (3.8.24) satisfying the boundary 
conditions 


(to, р) = №, h(to at 1/p, x(to + 1/p, a) = 0, 


and the solution (Z(t, и), W(t, и)) of the averaged boundary problem (3.8.25) in the 
same time interval [to,to + w'] are e-close in their norm, i.e. 


|12(6, 2) -2Gwll<e, Iwtw—-vGHMll<e, t€ [to, Ш +. (3.8.27) 


Remark If furthermore the function Xo(t,x,w) in the domain Gonii = {1(4,4) Е 
Pon, t € [to, Ю+и {|} satisfies with respect to (1,4) Е Pon the Lipschitz condi- 
tion with the constant DL, then we have the estimation for the functional 


|J(a(t, и), u*(t, 2, %)) — J(E(t, и), u*(t, 5,$))| < Le, (3.8.28) 


where u*(t,x,~), u*(t,Z,w) are optimal controls of the corresponding boundary 
problems. 


The second result relates to the continuous dependence of the solution of the 
two-point boundary problem of the maximum principle on the parameter that is in 
essence a generalization of the well-known results of Gikhman [1] and Krasnoselsky 
and Krein [1] for the case of optimal control. 

This is as follows. Let there be a two-point boundary problem 


dx 

dr = Х(т, 1,4, и), x(0, р) = 

— (3.8.29) 
dr = U(r, x, 4, и), A(T, =(Т, и), и) = 0, 


where 
Х (7,2, 0, и) = X(to +Tp*,2,%p), 
U(r, т, Y, и) = VU (to + ae т, 4), 
т = p(t — to), h(t, x, р) = h(to + Tp pa) 
Under certain conditions imposed on the functions (3.8.29), Klikh [1] obtained 
the following result: for any = > 0 there exists a sufficiently small neighborhood 
of the point ро such that for all points of this neighborhood and for all solutions 


of (х(т, и), Ф(т, и) of the boundary problem (3.8.29) defined for 0 <7 < T and 
satisfying the boundary conditions 


1 


т(0, р) = a A(T, x(T, и), м) = 0, 
the following ¢-inequalities are true: 


Ilz(7, р) — 2(7, мо) <=, Ie, м) — (т, мо) <=, 7 € [0,7]. 
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In conclusion note that the real application of the averaging method in optimal 
control theory actually turns to the development of effective algorithms for com- 
puters, because in important applications of control theory it is hardly possible to 
manage without extensive computations. 


3.9 Comments and References 


This chapter described the solution of certain nonlinear problems of space dynamics 
and mechanics of continua, based on asymptotic approximations and the averaging 
principle. The contents of this chapter are to a certain extent an illustration of the 
mathematical results contained in Chapter 2. At the same time it should be noted 
that the field of application of the asymptotic theory of equations is significantly 
wider and varied. It is successfully used in high-energy physics (in the study of 
charged beam dynamics in accelerators), in aircraft navigation (in the study of 
automatic regimes of flight), in mathematical control theory (in solving boundary 
problems of differential equations), in mathematical biology, geology, and other 
areas of knowledge. 

As the reader should have noticed, we tried to advance as far as possible in 
solving one or another problem with the help of mathematical analytic apparatus, 
though it is clear that on this path it is seldom possible to obtain a satisfactory so- 
lution of a real, but not simplified model problem. Only a sensible, well-considered 
synthesis of the modern mathematical arsenal (analytical, qualitative and numeri- 
cal methods) and new computer technology give important practical recommenda- 
tions and results. 

It is also important to point out the following circumstance. In the previous 
chapters we only considered the Cauchy problem for ordinary differential equations 
(apart from problems of oscillations of a rod, which are typical mixed boundary 
problems). Actually the described mathematical theory in conjunction with math- 
ematical methods of information processing can be successfully used (and has been 
used many times) in qualitative processing of discrete and continuous experimental 
information in problems of image processing, filtration problems, etc. 


Section 8.3 Justification of the averaging method in the bounded three-body 
problem, using the averaging operator for continuous disturbances (the averaging 
schemes of Delaunay—Hill) by means of splitting three-dimensional configuration 
space into the domains of possibility and impossibility of motions, and detailed 
comments, can be found in Grebenikov and Ryabov [2]. 


Section 3.5 The averaging of Hamiltonians with consideration for frequency 
resonance not only in the first step of the iterations, but also in the second step, 
the third, etc., was first proposed in a paper by Grebenikov, et al. [1]. 
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Section 3.7 The effectiveness of asymptotic theory based on averaging prin- 
ciples in quasi-linear partial differential equations was first proved in the book by 
Mitropolsky and Moseenkov [1, 2]. 


Section 3.8 The mathematical theory of the maximum principle widely used 
in applied problems of control theory is specified in the book by Pontryagin, et 


al. [1}). 
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4.0 Introduction 


This chapter is devoted to numerical-analytic methods of the construction of sys- 
tems of ordinary differential equations in problems of analytical dynamics. Our first 
study in this field was performed in 1968 (see Ryabov [1]). Fundamental research 
in the application of numerical—analytic methods in problems of celestial mechanics 
was carried out in the 1970s (see Barton [1], Deprit [1], Hansen [1], Hearn [1], and 
Rom [1]). These methods continue to develop intensively in different directions (see 
Samoilenko and Ronto [1]) together with the development of computer networks 
and their mathematical software in the form of analytic programming packages. 

In the monograph of Grebenikov and Ryabov [1] a number of examples are 
given of applications of these methods in problems of nonlinear mechanics, de- 
scribed by quasi-linear differential equations. This chapter is in a certain sense 
an addition to the material stated in Grebenikov and Ryabov [1], and its con- 
tinuation. The essence of the methods described here is the fact that they are 
aimed at implementation of analytic algorithms arising from the iteration variant 
of the Poincaré—Lyapunov method of small parameters. We use iteration processes 
converging in the Cauchy sense (and not only asymptotically), which allows us to 
obtain the solution with a predefined accuracy. 

We will also note that in this chapter we basically adhere to a simplified variant 
of numerical-analytic methods, when a result is presented not in a purely literal 
form, but in the form of a certain analytic structure (defined by one or another 
algorithm) with numerical coefficients. This allows us in a number of cases to reduce 
requirements to the capacity and operating speed of the computer, compared with 
the variant oriented to literal analytic transformations. 


183 
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Sections 4.1 and 4.2 describe algorithms for the Lyapunov transform for linear 
systems of equations with periodic coefficients, and the construction of the Green 
and Lyapunov matrices for those systems; these play an important part in the 
analysis and construction of solutions to these systems. Some small examples are 
given to illustrate it. 

In Section 4.3 an algorithm is proposed for direct construction of periodic 
solutions of linear heterogeneous systems with periodic coefficients. 

In Section 4.4 an algorithm is considered for the construction of known periodic 
Hill’s solutions in the problem of lunar motion, illustrated by a table for periodic 
solutions (in the form of Fourier polynomials) for several numerical values of the 
basic Hill’s parameter. 

In Section 4.5 there is a complete algorithm for Mathieu’s construction in the 
form of Fourier polynomials, and a corresponding Quick-Basic program. 

In Section 4.6 an algorithm for the construction of solutions of the plane 
bounded three-body problem is developed, an iteration process is proposed, cor- 
responding to quadratic convergence. Of course, the direct programming of this 
algorithm and its numerical—analytic implementation are far from being simple, 
but the authors think that the difficulties are of a technical nature and are sur- 
mountable provided that a sufficiently high-powered and high-speed computational 
complex is available. 

In Section 4.7 an algorithm is developed for implementation of the Krylov— 
Bogolyubov transform (see Bogolyubov [1] which plays an important part in the 
analysis of nonlinear multifrequency systems with fast and slow variables. 


4.1 Construction of Lyapunov Transform for a Linear System 
with Periodic Coefficients 


Consider the linear system 

ат 

— = P(t)z, 411 

7 = Pl (411) 
where the matrix P(t) is continuous or piecewise continuous, real and 27-periodic 
with respect to #. As is known (see Erugin [1], and Lyapunov [1]), there exists a 
transform (called the Lyapunov transform) 


x= L(t)y (4.1.2) 
with a nonsingular real periodic matrix L(t), reducing (4.1.1) to the system 
И (4.1.3) 


with constant real matrix И’. The fundamental matrix X(t) of system (4.1.1) will 
be expressed by the formula 
ее. (4.1.4) 
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Matrices L(t) and W are called matrices of the Lyapunov transform and are 
connected by the equation 
dL 
aa P(t)L — LW. (4.1.5) 
Matrix W plays an important part in the analysis of the properties of solutions 
of linear system (4.1.1), the eigenvalues of W being the characteristic exponents of 


this system. 


4.1.1 Construction of matrices L(t) and W by means of series 
Matrices L(t) and W are found on the basis of (4.1.5) in the form of the series 


Lt) = E+ Г. + Lo(t) +---, (4.1.6) 
т = МИ) +-.., (4.1.7) 
where Ё is а unit matrix, and the matrices L;,(t), Wy, К = 1,2... satisfy the 
equations: 
dL 
— = P(t)-W,, 
dt ( ) 1 
АТ» 
— = РИМ - И - Г 
dt (ОГ 2— ИЛ, (4.1.8) 
АГз 
ae: = P(t)L а W3 —- Та И” И L2W, 


From these equations we find real 27-periodic matrices L,(t) and real constant 
matrices И’, by the formulae 


20 t 


т. = > Рак = ] УИ, 
0 0 
1 Qn 
We = = ] [P(s)L1(s) — 118) И] ds, и 


Convergence of these series (uniform with respect to t) takes place if the norm 
||P(t)|| of matrix P(t) is comparatively small. According to Erugin [1], conver- 
gence is guaranteed if 


max |, (t)| <—, k=1,2,...,n, (4.1.10) 
т 


where мк are eigenvalues of the matrix И’. 
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4.1.2 Construction of matrices L(t) and W by means of iterations 

Matrices L(t) and W can also be found by means of iterations, using the same 

equations (4.1.5) (cf. Woodcock, её al. [1]). To do this, assume in (4.1.5) 
Lit)=E+V(t), 


where F is a unit matrix, and obtain the equation 


dV 
he U(t) — W, (4.1.11) 
where 
U(t) = P(t)E+V@)] -V@W. (4.1.12) 


We will consider matrix W as a constant part of the periodic matrix U(t) and 
calculate matrices U(t), И’, V(t) by means of successive approximations Ок, Ws, 
V(t), k=1,2,... 

The first approximation is: 


(4.1.13) 


where 


gts)=4 5 (4.1.14) 


The second approximation is: 


U2(t) = P(H[E — М ($] - ИУ, 


27 


0 (4.1.15) 


Wii) = ] HG) = Wa las, 
0 


etc. 
Let matrix P(t) be representable by the series (polynomials) 


P(t) = Ao + У (Ак cos kt + By sin kt). (4.1.16) 
k>1 


Then we obtain the following formulae. 
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The first approximation: 


U,(t) = P(t), Wi = Ao, 


1 
Vi(t) = Digits sin kt — cos kt). (4.1.17) 
k>1 


The second approximation: 
Up(t) = AY + 5 (A? cos kt + Bo sin kt), 
k>1 


Wy = AN”, (4.1.18) 


1 
Vo(t) = У. т (Aw sin kt — Bo cos kt), 
k>1 


where AM), AW), Bm, k > 1, are coefficients of a Fourier series (polynomials) 
obtained on the basis of the expression for U2(t) in (4.1.15), ete. 

If matrix P(t) is specified as a Fourier polynomial with numerical coefficients, 
then the construction of the approximations U;(t), Wz, И, ($), as well as the series 
(4.1.6), (4.1.7) is easy to implement on a computer with the help of software for 
multiplication, summation and integration of Fourier polynomials. In the general 
case, when the matrix P(t) is set by a Fourier polynomial with coefficients be- 
ing letters, then it is expedient to apply the corresponding symbolic computation 
programs. 

The convergence domain in the case of iterations may be wider than in the 
case of series (4.1.6), (4.1.7), and from the algorithmic point of view the iteration 
method is preferable. According to Woodcock, et al. [1], convergence of iterations 
is guaranteed if 


max [ил (| < (3— 2/2), (4.1.19) 


where к ({) are eigenvalues of the matrix P(t), and the least period of P(t) is 
equal to T = 27/w. 


Example Consider the equation 
#+0.52 + (1 —0.5coswt)z = 0, 
equivalent to the system 
“= P(t)s, (4.1.20) 


where 


P(t) = Py + P, cosut, 


ee aa) BE a), >) 


x = (11,12). 
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In conformity with the described method, we obtain 
(1) (1) Dae 
WY=P,, V(t) = —P,sinat, 
7) 


bf Aye <0 
(2) — pO (24) = pO) see 
И” = И”), VY t=V я ( 1/4 ify) out 


1 0 0 
(3) — pw 4 — 
И WwW + (1 ay etc. 


Let, e.g., w = 10. Upon the fifth approximation we obtain 


cio ( ne ee ) мы ok 
2 1 0 
V(t) = DAs coskwt + Bysinkwt, Е= ( 01 ) : (4.1.22) 
where 
Hii ~0.005 188 —0.000025 | has ( 0.000257 —0.001 037 | 
0.002594 — 0.005188 0.050907 —0.000257 


0.000 003 0 0 0 
Ay ИИ ) By т ) 
—0.000008 —0.000 003 —0.000067 0 
Here all the coefficients, upon rounding off, are written to an accuracy of 0.000 001, 
and the other coefficients are supposed to be zero. 


4.1.3 Interpolation formulae for Lyapunov transform matrices It is also 
possible to propose the method of the construction of Lyapunov matrices, based on 
the numerical integration of system (4.1.1) and on the representation of functions of 
matrices with the help of Lagrange—Sylvester interpolation polynomials (see Gant- 
makher [1], and Starzhinsky and Yakubovich [1]). Namely, let the fundamental 
matrix X(t) of this system be found in this way in the interval [0,27], 1.е. а cor- 
responding table of numerical values of elements of matrix X(t) is constructed. In 
particular, obtain the numerical matrix X (27), called a monodromy matrix, for 
the initial system (4.1.1). Then find its eigenvalues 01,..., Qn, called multipliers 
of this system. 


Case (a) There are no negative multipliers. Then the matrix W is calculated by 
the formula 


1 
W = 5-InX(2n), (4.1.23) 


where In X denotes the principal value of the logarithm of X. If all multipliers 
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(complex in the general case) are simple, then the matrix In X (27) can be expressed 
by the finite interpolation formula of oe Aas ait 


IT;- т, ик (277) — | 


In X (27) = Somer ет В (4.1.24) 
where Ё is а unit matrix, and шок, К = 1,...,n, are the principal values of 
logarithms of бк, i.e. 

Ino, = № [0%| tiarga, (i= V1). (4.1.25) 
The eigenvalues Л», k= 1,...,n, of the matrix W are equal to 
Ак = In Ok (4.1.26) 


and are called characteristic exponents of the system (4.1.1) (or a solution of that 
system). Having performed all multiplication operations in (4.1.24), we obtain a 
matrix In X(27) in the form of a n-th power matrix polynomial with respect to 
X(2r) with coefficients depending on 01,...,0п, and Ingi,...,Ing,. Since the 
matrix X (277) is real, then the matrix In X (27) found in this way is also real (the 
imaginary parts of the coefficients of this matrix polynomial are mutually effaced 
due to the conjugation of complex multipliers). 

Having obtained the matrix W, by a similar interpolation formula one can 
express the matrix exp(—Wt): 


Wt — лем Пью — ВАЛ (4.1.27) 
а Па jen (Ак = Aj) 


where A; are eigenvalues of И’, calculated in accordance with (4.1.26). This matrix 
is also real. 

If among the multipliers о1,... , о» there are multiple factors, then the formulae 
for InX (27) and exp(—Wt) have a more complicated structure. In the general 
case, if A, A2,--- , Am are eigenvalues of the matrix A, and 81, 82,...,3т are their 
multiplicity respectively, then the formula for the function F(A) of that matrix is 
written as 


=r ZO + Fg) ZO +... + POD (Q) 265], (4.1.28) 


where 20 se ga are matrices independent of F(A). For example, in the case 


of a second-order matrix with dual eigenvalue A; = Л> we have 
F(A) = ЕЕ(№) + (А- ЕМ)Е' (1). (4.1.29) 
In the case of a third-order matrix with eigenvalues А1, A2 = Аз ме have 


F(A) = FOZ + Е(^5)25 + (2) Zs, (4.1.30) 
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where р , 
a ee = 
Bae ла 
F(A) = ЕР!) + (А- БАДЕ(м) + 5(4 — лв Е"). (4.1.31) 


Depending on the nature of the elementary divisor corresponding to multiple 
factors, secular terms in the given formulae may become zero. In particular, formula 
(4.1.31) directly corresponds to the case when the third-order matrix A has one 
elementary divisor (A — ,)°. If this matrix has two elementary divisors, (A — Az), 
(A — A1)?, then 


(А- EX)? =0, F(A) = EF(A1) + (А- ЕЖЕ), (Ad 32) 
and if matrix A has three elementary divisors Л — А, A — м, A — А, then 
А- EX, = 0 and 

F(A) = ЕЕ). (4.1.33) 
(More detailed information on the representation of the functions F(A) via matrices 
with multiple eigenvalues can be found in Gantmakher [1].) 


Concrete formulae for the above functions will be found, assuming in (4.1.29) — 
(4.1.33) 


F(A) =ША, A= X(2n), 
F(A) = ехр(-А), А = = In X (27). 


Upon construction of the matrix In X (27) we can find the Lyapunov matrix 
L(t) (or rather a table of values of the elements of this matrix) by the formula 


ОЕ" (4.1.34) 


It is easy to see that this formula determines a 27-periodic real matrix. Using 
the table of numerical values of its elements, we can find an approximate (but 
sufficiently accurate) expression of this matrix in the form of a matrix trigonometric 
polynomial by methods of approximate function theory. 


Case (b) There are negative multipliers. Then formulae (4.1.23), (4.1.24), (4.1.34) 
determine complex matrices W, L(t). To obtain real matrices W, L(t), retaining 
the formula (4.1.34) for L(t), for the matrix И’ one should use the formula (see 
Erugin [1]) 


= 1 2 
W = = ШХ*(2м). (4.1.35) 
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The eigenvalues of the matrix X?(27) are equal to the squares o7,..., 0? of 
the eigenvalues 01,.-. ,Qn of the matrix X(27). If all of,...,@2 are different 
and nonnegative, then for the construction of the matrix In X?(27) the formula 
(4.1.24) can be used, replacing X(27) by X?(2m), and o, by 9, k =1,...,n. 
Then the matrix L(t) determined in accordance with (4.1.34) is real, but its least 
period in this case is equal not to 27, but to 47, because 


InX? £2InX, exp(—2nW) # [Х (2т)] ', 
ехр(—4л И’) = exp(— In X?(2m)) = [X?(27)]?. 


If among 01,...,0? there are multiple factors, then we can apply formulae 
of the form (4.1.28). If among 07,...,072 there are negative factors (in the case 
of purely imaginary multipliers ох), then the formula (4.1.35) implies the complex 
matrix W. To obtain a real matrix, the following formula should be applied 


i 
= — |n X4(2z). 4.1. 
Ww or nX*(27) (4.1.36) 


The eigenvalues of the matrix X4(27) are equal to of,...,o4. If all of them 
are nonnegative, then the last formula implies the real matrix W. Matrix L(t) 
is calculated by the same formula (4.1.34), and it turns out to be real, with least 
period 87. 

Note that if among 01,..., Qn there are negative multipliers, then for the con- 
struction of matrices W, L(t) the above described methods of series and iterations 
are not applicable. Indeed, those series and iterations imply the real and 27- 
periodic expression for L(t), and in the presence of negative multipliers the real 
matrix of Lyapunov transform does not have period 27. Consequently, these series 
and iterations necessarily diverge. 


4.2 Construction of Green and Lyapunov Matrices 

Green and Lyapunov matrices are applied in calculation of periodic solutions of 
the systems 

— = P(t)x + f(t), (4.2.1) 


where P(t) is a periodic matrix, and f(t) is a periodic vector-function. These 
linear heterogeneous systems are encountered during the construction of periodic 
solutions of quasi-linear systems 


d. 
az = P(t)x + F(z, t) (4.2.2) 
by series or iteration methods. 


4.2.1 Noncritical case The noncritical case is when the homogeneous system 


ах 
а = P(t)x (4.2.3) 
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does not have T-periodic solutions not identically equal to zero, i.e. when among the 
characteristic exponents of that system there are no purely imaginary exponents, 
equal or divisible by +(27/T)i. 

Then the periodic solution of system (4.2.1) is representable by the formula 


T 
os i ао (4.2.4) 
0 


where T is the period of matrix P(t) and the function f(t), and С ($ 3) is the Green 
function for the homogeneous system (4.2.3). This function is expressed through 
the fundamental matrix X(t) of the homogeneous system (4.2.4) normalized at 
t = 0 in the following way: 

[E—X(T)] "ХХ Ц), 0<s<t, 


— (4.2.5) 


G(t,s) = 
[E-X(D)JX(t+T)X(6), t<5<T, 


where Е is a unit matrix. 
There is also the following variant of formula (4.2.4) for periodic solution of 
system (4.2.1): 
t+T 
i= ] о (4.2.6) 
р 
where (р (&,8) is а matrix to be called a Lyapunov matrix. The formula for it will 
be given below. 
Construction of matrices G(t,s), Gr(t,s) in analytic form (approximated, of 
course) can be performed by means of matrices L(t), W of the Lyapunov transform 
for the homogeneous system (4.2.3). Indeed, let a transform 


x= L(t)y (4.2.7) 
be found, reducing (4.2.3) to the system 
2 = у (4.2.8) 


with a constant matrix И’. Then the same transformation applied to the hetero- 
geneous system (4.2.1) reduces this system to the form 


Е = Йу+ (ЕО. (4.2.9) 


For a periodic solution of this heterogeneous system with constant matrix, we 
obtain the following formulae in the noncritical case: 


T 
ie ] G°(t, 8) L-*(s) f(s) ds (4.2.10) 
0 
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or 
t+T 
uit) = f взр ле, (4.2.11) 
р 
where G®°(t,s) is a Green matrix equal to 
C(t, ») [Е — ее"), О5=<ь ион) 
$3) = .2. 
[Е _ eel ha es) t < 8 < ИЕ 
and where G9 (+ 8) is а Lyapunov matrix equal to 
GY (t,s) = [EB - erty eres  CepageT (4.2.13) 


Reverting to the periodic solution x(t) of system (4.2.1), we obtain in accor- 
dance with (4.2.7) 


T 
FOr ] L(t)@°(t, s)L-*(s) f(s) ds (4.2.14) 
or Е 
t+T 
‘i= | L(t)G2 (t, s)L-(s) f(s) ds. (4.2.15) 


р 
Comparing the last formulae with (4.2.3) and (4.2.5), we obtain the following 
expressions for matrices G(t,s) and Gy (t, 3) 


G(t, s) = L(t)G°(t, s)L~*(s), (4.2.16) 


Gr (t,s) = КС (t,s)L71(s). (4.2.17) 


4.2.2 Example Consider system (4.1.20). We obtained above expressions 
(4.1.21) and (4.1.22) for the matrices W, L(t) of this system, which allows us 
to construct the matrices W and exp(Wt). 

The eigenvalues of matrix W are as follows: 


М, ес, c= —0.250003, p= 0.968915, 


so that the normalized fundamental matrix of this system exp(Wt) is 


1 
cos put — — sin put — sin pt 
7) 
eWt = et : й | (4.2.18) 
(-< — 1) sin pt cos put + —sin pt 
a a 


or 
eV? = e* (Ecospt+M sinpt), 
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where Ё is a unit matrix of order 2 x 2, and 


(4.2.19) 


0.258 024 1.032 082 
—1.033422 —0.258 024 ] 


РИН 
р 


The period of the sought solution is T = 2” /и = 6.484 764, so that 
eWt = FeT = 0.197659E, (E—e™*)-1 = (1-—e°T)-1E = 1.246 350Е, 
Beret Se a Se) 0 3070428 


= 
ео Ble 


1.246 353е°-Е(+-з), O<s<t, 

G°(t,s) = (4.2.20) 
0.246 353e°¢- J F(t—s), t<s<T, 

G° (t, s) = 0.246 353e 9 F(t—s), O<t<s<t+T, (4.2.21) 


where 

F(t—s) = Ecosp(t—s)+ Msinp(t— 3). 
Matrices G(t,s), Сь(Ь 3) will be expressed in accordance with (4.2.16) and (4.2.17) 
by the formulae 


1.246 350е°*)Ф(ь 8), O<s <t, 
G(t,s) = (4.2.22) 
0.246 353e'-O(t,s), t<s <T, 
Сь(Ьз) = 0.246 353e° JO(t,s), O<t<s<t+t+T, (4.2.23) 


where 
&(t,s) = L(t)F(t—s)L~\(s) = Ecosp(t—s)+ L(t)ML~"(s) эт и(#-— 3). (4.2.24) 


Multiplication of matrices L(t), F(t — s), Г. 1(8) is simple in principle, but 
quite an intricate operation. It is advisable to implement it on a computer, using 
appropriate software for multiplication of Fourier polynomials with matrix coeffi- 
cients. For the construction of L~!(s) an iteration method of Newton’s type can 
be used. Assume L~1(t) = Z. Then Z satisfies the matrix equation 

F(Z)=Z7'— Lit) =0. (4.2.25) 


Let a zero approximation Z = Zp be chosen. The next approximation 71 is 
found from the following correlation for AZ = 2, — Zo: 


(Zo + AZ) — L(t) =0, 


where the terms of order higher than one with respect to AZ are truncated. We 
obtain 
AZ = 20 (20 '— L(t) Zo, 
hence 
21 = 220 — ZoL(t)Zo.- (4.2.26) 


Ву a similar formula the successive approximations are found. 
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4.2.3 Critical cases In critical cases periodic solutions of heterogeneous sys- 
tems of the form (4.2.1) are also expressed by formulae (4.2.3), (4.2.6), but the 
matrices G(t,s), Gz(t,s) have a more complicated structure. These matrices are 
called generalized Green (or Lyapunov) matrices. 

By means of formulae (4.2.16), (4.2.17) these matrices can be constructed after 
their construction for system (4.2.8) with the constant matrix W. 

For instance, let a second-order system of the form (4.2.1) with 27-periodic 
P(t) and f(t) be considered, and let it turn out after construction of Lyapunov 
transformation matrices W, L(t) that the eigenvalues of matrix W are equal to +1. 
Then it is always possible to find the transform 


z=Qy (4.2.27) 


with a constant nonsingular matrix ©) that reduces the second-order system (4.2.9) 
to the system 


é =Wiz+ l(t), (4.2.28) 


where y(t) = ОГ "(В f(t), and the matrix W, has the form 


0 —1 

1 0 
The conditions for the existence of periodic solutions of system (4.2.28) are well 
known (see Grebenikov and Ryabov [1]): 


27 
ру (t) cost dt = - [+9 sin t dt, 
0 


20 2п 
] нае ] ван 
0 0 


where ф1($), yo(t) are components of the vector y(t). The periodic solution of 
system (4.2.28) is expressed by the formula 


z(t) = | G°(t,s)y(s) ds, 
| 


where G°(t,s) is a generalized Green matrix for this system, equal to 


cos(t—s) —sin(t—s) 
G°(t, 8) = g(t, 8) (4.2.29) 
sin(t—s)  cos(t—s) 
and 

8 

—, 0<s<t, 

20 

gt,8)=4 7 
(5=-1), t<s<2Qn 
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Periodic solution of the initial system (4.2.1) will be expressed by the formula 


о ] G°(t, s)QL-"(s) f(s) ds, (4.2.30) 
0 


so the generalized Green matrix for the initial system is equal to 
G(t, s) = L(t)G°(t, s)QL~'(s). (4.2.31) 


4.3 Direct Numerical—Analytic Method of Construction of Periodic 
Solutions 


This method is described in the book of Grebenikov and Ryabov [1] basically as 
applied to quasi-linear equations with a constant matrix of the linear part. That 
book contains a number of examples. In the case of the construction of periodic 
solutions by means of iterations with accelerated convergence one has to deal with 
heterogeneous linear equations with a periodic matrix. In this section we will 
consider in detail the algorithm of the construction of periodic solutions of such 


equations. 
Let a system of the form (4.2.1) be given, i.e. the system 
dz 
& = Pl + Л. (4.3.1) 


where P(t) is a 27-periodic matrix, and f(t) a 27-periodic vector. Consider the 
noncritical case. This fact can be established upon construction of Lyapunov trans- 
formation matrices L(t), W and calculation of the eigenvalues of matrix W. Let 
P(t) and f(t) be presented by Fourier series where we will be restricted to harmo- 
nics of order No, that is 
1 at 
Р(® = 5 Ао + У` A; coskt + By, sin kt, (4.3.2) 
k=1 


No 
1 
КИ = 56+ У`СьсозЁЕ + Hy sin kt, (4.3.3) 
k=1 
where Ао, Ах, By are constant matrices, and Go, ах, Hy, constant vectors. 
We will look for a 2z-periodic solution x(t) in the form of a trigonometric 
polynomial of sufficiently high order № (N > No): 


N 
1 
w(t) = Mo + У My cos kt + Ly sin kt, (4.3.4) 
k=1 
where №, Мь, Ly are constant vectors. Substituting (4.3.4) into (4.3.1) and 
equating the coefficients at equal harmonics, neglecting harmonics of order higher 
than N, we will come to a system of algebraic equations with respect to Mo, 
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Мь, Ly. We would like to propose quite a simple algorithm of the construction of 
this system. 

First of all, consider the algorithm for multiplication of two Fourier polynomials 
for scalar functions p(t), y(t): 


N 
1 . 
p(t) = 540 + 3 a, cos kt + by sin kt, 
as (4.3.5) 


N 
1 
p(t) = zo + my cos kt + 1, sin kt. 
k=1 
In the product s(t) = p(t)y(t) we will neglect harmonics of order higher than №, 
so assume that 
1 N 
s(t) = 590 + >. gx cos КЕ + hy sin kt. (4.3.6) 
Consider the algorithm simplest in structure, expressing p(t), y(t), s(t) by 
Fourier polynomials in complex form: 


N N N 
p(t) = У` рье,  Ф(Ь = У` те". 3 = $ eee: (4.3.7) 
k=—N k=—N k=—N 
where 
1 1 1 
Po = 3% TO 9 "о, 50 о 90> 


(4.3.8) 


1 . 1 | 1 В 
Pk = 5 (Me + 6,), ть = 5 (mn +»), $= 5(9* + А»), 


minus corresponds to k > 0, and plus to k < 0. 
Then introduce the vectors 


p=col(p_n,...,pn), Г= са (тм,... тм), 5S =col(s_yn,...,8n). (4.3.9) 
The vector 5 can be expressed as the product 
5 = РР, (4.3.10) 
where Р is a matrix of sufficiently simple structure. Write this matrix in the case 
of N = 2 (that this is enough for the structure of this matrix for arbitrary N will 
become clear): 
Po ра p-2 0 0 
Pi Po p-1 p-2 9 
P1 Po P-1 Pp-2 : (4.3.11) 
О po Pi Po p-1 
0 0 2 Pi Po 


Consequently, the components of the vector col(s—2,...,82) are expressed 
through elements of the matrix P and the components of the vector col (r_2,... , 72) 


nell 
|| 
5 
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as follows: 
8—2 = poT—2 + p-1T-1 + p-21o, 
$_1 = Pir_2 + por-1 + p_-ifo + р-2т1 ete. 


(4.3.12) 


Since py and p_,, and rz and r_, are conjugate complex, 5% and s_, are the same. 
Upon finding 30, 5%, s_, obtain in accordance with (4.3.8) the real coefficients go, 
gk, hz of the product p(t)y(t) by the formulae 


90 = 250, де = 2 Ве Sk, hy = -2Im Як. (4.3.13) 


The complex conjugation of s, and s_, can be used to check the calculations. 
This algorithm of the computation of the product of Fourier polynomials is 
quite convenient, if the computer program provides for operations with complex 
numbers. If one is restricted to operations with real numbers, another algorithm 
can be proposed. 
Assume that 


p=p tip", F=r't+ir”, F=58' + is", (4.3.14) 


where p’,p’”,... ,s” are real, expressed through the coefficients of the Fourier poly- 
nomials (4.3.5), (4.3.6). In accordance with (4.3.8) for N = 2 we obtain 


ago a, ag 0 0 
a, ao @ ay 0 


2P' = a2 a, ago @ ag (4.3.15) 
0 a2 a, ag ay, 
0 O ad a 4a 


0 bb bb 00 
“he. 10 №’ be 

2P"=| -bb ыы 0 b be (4.3.16) 
0 —65 —b; 0 by 
0.0. She 


and 
iS col (mo, пи, то, та, т»), = col (15, lh, 0, —h, —ly), 
se = col (92,91; 90, 91, 92), 8" = col (he, hy, 0, —hy, —1>). 
Formula (4.3.10) will be rewritten аз 
s! Ab 18" = (P’ <p iP")(r' ae ir’), 
so that 
s! = Pir! — Pr", 5" = Pl! + р" (4.3.17) 
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and, e.g., for N = 2 (we will write the formulae in complete form) 


ao a, dg 0 0 mM 
a, a9 a, a 0 my, 
2col (92, 91; Jo; 91, 92) = a. @ Go а ay то 
0 dag a м a m4 
nh ak abs ae (4.3.18) 
0 by by оо Iy 
—b, 0 by bo 0 ly 
—| -by —b, 0 by be 0 ; 
0 -—b2g —b, о b ly 
0 0 5 —b, be ly 
0 by by оо Mey 
—b, 0 by by 0 my 
2col (he, Ва, 0, -hi, —h2) = —by —b, 0 by be то 
0 —6> —b, 0 by Пи 
о в °^ (4.3.19) 
ag a, a2 0 0 [5 
a, ao a, ay 0 ly 
+] ad2 м ado а a 0 
0 a2 a, ag ay, ly 
0 0 ag a, ao [5 


The structure of the formulae for arbitrary N is obvious. 

The symmetry of the components of the vectors s’ and s” can serve to check 
the calculations. 

Using the derived formulae for multiplication of Fourier scalar polynomials, we 
can write in concrete form the algebraic system for the coefficients Мо, Мь, Ly of 
the periodic solution x(t) expressed in accordance with (4.3.4). 

Represent the matrix P(t) and the vectors f(t), x(t) by complex Fourier poly- 
nomials 


N N N 
PO] У. Ре = So Бе", 2@= У, Ве"; (43.20) 
k=—N k=—N k=—N 


where P; are matrices, and 5», R, are vectors expressed in terms of the coefficients 
Ак, By, Gy, Hy, My, Ly of the real Fourier polynomials (4.3.2)— (4.3.4) by a 
relation analogous to (4.3.8). 

Now introduce the vectors 


ш = с01 (В_м,...,Вм), v=col(S_y,...,5nN), (4.3.21) 


where the components К», 5х are vectors. The system of algebraic equations with 
respect to vector w will be written in the vector-matrix form as 


Unw = —5, (4.3.22) 


Copyright © 2004 CRC Press LLC 


200 METHODS OF NONLINEAR RESONANCE DYNAMICS 


where Ох is obtained from P in (4.3.10), substituting the scalar constants рь from 
P, and substracting diagonally +ik, К = N,N —1,.... For example, for N = 2 


Po t+ 2k Ру Ро 0 0 
P, Ptif Ру P_» 0 
Uy = Py P, В Вы Р. (4.3.23) 
0 Py Py» Po —1Е Р 
0 0 P, Py Po — EF 


If instead of system (4.3.1) a first-order scalar equation of the same form is 
considered, then equations (4.3.22) are the usual system of algebraic linear equa- 
tions with respect to 2N+1 scalar unknown R_y,...,Ry with a constant matrix 
with complex scalar elements. Then the direct construction of the inverse matrix 
О does not cause difficulties (in the mode of operations with complex numbers). 
We obtain 


w= Пу. (4.3.24) 


Checking the calculation involves checking the complex conjugation of Rx 
and Ев. 

But if (4.3.1) is a system of a certain order, then the elements P, of matrix Оу 
are matrices, so that И» is a block matrix. The structure of an inverse matrix for 
a block matrix is complicated. For instance (see Bellman [1]), 


A, В г = (Ay — ВВ! А) * (Ag = ВВ Ay) (4 3 25) 
Ay Bo ~~ \ (By — A, AQ" Ba)? (Ba — AgAy* Bi)?’ 
where A;,..., By are (nondegenerate) matrices of the same order. Therefore it is 


advisable to write out completely the rows and columns of matrices Р, and com- 
ponents of vectors v,w, and to replace (4.3.22) by a system of algebraic equations 
with respect to all scalar components of vectors R_y,...,Rn- 

For example, let (4.3.1) be a second-order system. Then all the Py, are 2 x 2 
matrices, and А_м, Ry are two-dimensional vectors: 


(11) (12) (1) (1) 
Рь Pi, Ш 5, 
РВ. = ‚ R= ‚ = (43.26) 
(Fis pe” (% | 8) 
Then system (4.3.22) can be written аз а system with respect to 2(2N + 1) 
unknowns ro) 7?) г, 7), Кн № 
Introducing the vectors 
v = col (8), 8®), ре 80, s®), (4.3.27) 


w = col (nO), he г, г@)), (4.3.28) 
rewrite system (4.3.22) in the form 


Unw = -0, (4.3.29) 
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where the matrix Uy is obtained from О» upon replacement of P, by the corre- 
sponding matrices. For example, for N = 2 we obtain 


Bee Bee. ee ee 
ee ee ee pe 
CaS" pe? рабу pt) (4.3.30) 
pe pe?) pep) 43 


Thus we obtain an ordinary system of algebraic linear equations with respect to 
AN +2 unknowns г, >, eh го, г? with a complex matrix Uy. Having 
constructed an inverse matrix by standard methods, we find the vector w with the 
sought components. The requirement for complex conjugation of the components 
7) and ff) as well as 7?) and 7?) serves to check the calculations. 

If one is restricted to an operation with real matrices, the following algorithm 
can be used. Separate the real and imaginary parts in the matrix Uy and the 


vector v = col (r, exh ге): 
Un =C+id, о=ичи, 


where, owing to the connection between the coefficients of complex and real Fourier 
polynomials for f(t), 


1 
v= 5 cl (Gy) Ве Пе nc GO IG’. 

1 
v" = 5 col (НФ, HO... HO, HO, ..., -HY, -Н®). 


Representing the inverse matrix в in the same form es = С +, for 


the real matrices Ст, О: we obtain the following expressions: 


C,=(C+DC'D)1, D,=-(D+cD"c)y1. (4.3.31) 
Thus we obtain for the vector wr"), PP, bad го, г) the formula 
w= — (С: + iD,)b = —Cyv' + Dv" = i(Cyv" + Dy,v"). (4.3.32) 


The requirement for complex conjugation of гб and г), GS 2 ke 
‚...,М№, can serve to check the calculations. 

Having determined the vectors Ry = col (r, г), К = 0, +1,..., М, we 
can find the real coefficients Мо, Мь, Гь of the sought polynomials for x(t) by the 
formulae 


1 


Mo =2Ro, M,=2Re(Rx), Ly = —2Im(R,). (4.3.33) 
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4.4 Construction of Periodic Solutions in Hill’s Problem of Lunar 
Motion 


Hill [1] considered the equations 


a dy xL 

— mz — = 3m? 
Bg eee itd 
; : (4.4.1) 
et pe 


of the plane bounded circular three-body problem of the Earth, Moon and Sun, 
where x,y are the rectangular coordinates of the Moon in the rotating coordinate 
system with the center in the Earth, г = \/x? + y?. In the right-hand members 
of these equations, in comparison with the exact equations for such a problem, 
the terms of order x/a’, y/a’ and higher are discarded (a’ is the distance from the 
Earth to the Sun). The parameter m is equal to 


where n’ is the average day angular motion of the Earth around the Sun, and п is 
the same motion of the Moon around the Earth. Hill assumed m = 0.0808 489 3679. 
The parameter x in (4.4.1) is expressed by the formula 

тт + ть 


=f Ge 
where mr, mz are the masses of the Earth and the Moon respectively, and f is 
the gravitational constant. The variable 9 is connected with time t Бу the formula 
9 =(n—n')(t — to), where to is the initial time. 
Hill constructed the periodic solution of these equations in the form of trigono- 
metric series 


(4.4.3) 


CO CO 
2(0) = У Ава cos(2k + 1)0,  y(0) = У Ан, sin(2k + 10, (4.4.4) 
k=0 k=0 
where the constant coefficients are represented by literal power series with respect 
to m. Hill found those series without clearing up the question of their convergence. 
The first estimate of the radius of convergence of these series was obtained by 
Lyapunov [2]. 

We will consider the methods of numerical—analytic construction of the periodic 
solution of equations (4.4.1) by means of iteration, and the implementation of these 
methods for numerical values of m (see Grebenikov and Ryabov [1]). As the initial 
equations we assume those obtained by Lyapunov from the given equations upon 
the following change of variables: 


+ =а(1-рей, x—-iy=a(1-—qge% (i=V-1), (4.4.5) 
where т. ь 
ee IX _ 32 
a= (7) | РЕ 2т + от. 
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Equations with respect to variables р, а are written in the form: 


ap ‚ар 3 3 —29 
26 ea - р 4.4.6 
it > AL + т) SF = slp +a) = 5 — Ye + Ир, 4), 
where 
1 3 
_ — m\—1/2(1 — q\—-3/2 1 Zn 
Ri (p,q) = (1-р) "(1 — 4) 1 QP 5% (4.4.7) 


Ro(p,q) = Rip), A=m?, 

This is close to the resonance case, because for Л = 0 the homogeneous equa- 
tions (obtained from (4.4.6) with т = 0, Л, = 0, В, = 0, Ry = 0) have а 2r- 
periodic solution (the corresponding characteristic equation has a couple of imagi- 
nary roots +i and a multiple zero root). However the structure of the right-hand 
members of equations (4.4.6) is such that no supplementary existence conditions 
for periodic solutions are required, which in resonance cases are usually imposed 
on the right-hand members of the initial equations. 

Write equation (4.4.6) in the following form: 


Ds(p,q) = fs(p,9,9,A), 8 = 1,2, (4.4.8) 


where D,(p,q) are differentiation operators, and f,(p,q,6,) are functions corre- 
sponding to the right-hand members of equations (4.4.6). 
We will calculate the periodic solution of those equations by means of successive 


approximations p,(@), q;(@), 7 =1,2,..., assuming that the functions р; (9), а; (9) 
satisfy the equations 
Ds(p;,4;) = fs(pj—1,9j-1,9, A), 5 = 1,2, (4.4.9) 


and ро = q = 0- 
Consider the auxiliary equations 


Рь(р,4) = $з(8), 5 = 1,2, (4.4.10) 


where the functions ф1 (9), 2(@) are represented by Fourier polynomials in complex 
form, and 


sort: ха 279 4 Ape 2), 998) = фи (6), (4.4.11) 


where Ао, Ах, А_ь are the real coefficients, and N is a sufficiently large integer. 
With such functions y1(9), y2(@), equations (4.4.10) have a periodic solution of 
the following form: 


N 
(9) = Mo + У` (Ме? + Ме), 4(0) = p(-4), (4.4.12) 
k=1 
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where the coefficients Мо, Мь, M_, are real. These coefficients are expressed by 
the formulae 


A 
Mo = oe My = apAg + д Ак, Мк = bp An +9 Ак, (4.4.13) 
where 
1 : 3 _ 3 
1 2 3 2| 41.2 Т 2 
Ve = = |-4k° —- 41 4+ m)k—- =I], A, = 4k? | 4k? —1—2m+=—m*}. 
A, 2 2 
The equations for the first approximation ру, 91 are as follows: 
3 _»; 3 . 
Dy (p1,.4) = Are 28, рр, а) = Sane (4.4.14) 
Since their right-hand members have the form (4.4.11), they have the periodic 
solution 
pi) = Myer + МФе 28, (8) = pi (-8), (4.4.15) 
where 
qj 9(2 + 4m + 3m?)m? (1) _ 3(38+ 28m + 9m?)m? 
'  16(6—4m +m?) ’ 1 16(6-—4m +m?) ' 


If we substitute the obtained expressions for р1 (0), qi(@) into the right-hand mem- 
bers of the equations with respect to po,q2, we find that the functions 


Ть(р1 (0), 491 (0),0, А), s=1,2 (4.4.16) 


may be represented by Fourier polynomials of the form (4.4.11), if we neglect the 
harmonics of order higher than a certain N. Consequently, we can find a periodic 
solution of the form 


N 
po(8) = Mg? + У (MP? + ме), (0) = (9), (4.4.17) 
k=1 


where the coefficients Me?) М 2), м@) are expressed in conformity with (4.4.13). 

For the direct construction of solution (4.4.17) it is necessary to express the 
function R1(p,(9),q(0)), and at the same time the function р (р1, 91,0, A) in the 
first of the equations with respect to p2(9), go(@) by a Fourier polynomial. Here 
we can use the following formula: 


3 3 1 
Ri (pi, q1) = ДР +А+В+ znd + 5PiB + AB, (4.4.18) 
mas А es a Pee 
cee ee 
мы а 
бен Seb до BOR TO 
Вот апт абв т 
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Having performed the operations of multiplication, exponentiation of Fourier 
polynomials for р1 (8), qi(@), and the subsequent summation, we can construct for 
Ri (pi(9), 4, (0)) a Fourier polynomial of any order №. 

When p2(8), 42(9) are found, the approximations p3(8), g3(@), etc. are con- 
structed analogously. 

Calculations were done on a computer for different values of m (0.2, 0.35, 0.43, 
0.45). In the computational program N = 24 was assumed, but in the output of 
the final results only the Fourier coefficients larger than 10~° in absolute value were 
retained. 

The maximum possible number of iterations was assumed to be 7 = 150. If all 
Fourier coefficients in two neighboring approximations at a certain step 7 < 100 
coincided with an accuracy of 10-6, it was assumed that there was practical con- 
vergence of the iteration process; the Fourier coefficients in the last approximation 
рь(9), qe (@) were printed out. 


Table 4.4.1 


—0.000 712 | —0.003 584 | —0.004 192 
—0.012 495 | —0.052 377 | —0.087 296 
0.062919 | 0.234994 | —0.384 072 
—0.000 358 | —0.005 661 | —0.015 325 
—0.000 023 | —0.000 610 | —0.002 130 
—0.000 013 | —0.000 782 | —0.003 380 
—0.000 001 | —0.000 077 | —0.000 369 
—0.000 001 | —0.000 122 | —0.000 841 
—0.000 009 | —0.000 067 
—0.000 020 | —0.000 226 
—0.000 001 | —0.000 014 
—0.000 004 | —0.000 062 
0 —0.000 003 
—0.000 001 | —0.000 016 
—0.000 001 
—0.000 005 

0 
—0.000 003 

0 
—0.000 001 
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Practical convergence of the proposed iterations was found for т < 0.43. 
For m = 0.45 the process explicitly diverges. The results of the calculations 
(coefficients Мо, Мь, Мк for these values of т) are given in Table 4.4.1. In this 
table you will also find the number of iterations n required with the given m for 
the coincidence of the neighboring approximation with an accuracy of 10-6. 

Note that the value m = 0.43 substantially exceeds the previously obtained 
(see Grebenikov and Ryabov [1]) theoretical estimates of the domain of series 
convergence and iterations used for the construction of the Hill’s periodic solutions. 


4.5 Numerical—Analytic Construction of Mathieu Functions 


Mathieu functions, as one knows (see Hayashi [1]), are periodic solutions of the 


differential equation 
2 


dz 
че + (а + асоз 2t)z = 0, (4.5.1) 


where а and 4 are constants. This equation is called the Mathieu equation. If 
the constant 4 taken аз a parameter is fixed, then periodic solutions of Mathieu 
equations exist with certain values of the constant а which depend on 4 and are 
called the eigenvalues of this equation or of the corresponding Mathieu functions. 
These values form the two sequences: 


Gen, N=O0,1,2,... and аж n=1,2,... 


The so-called n-th order Mathieu cosine functions, denoted by ce,,(t), correspond 
to the values аси, and inverting into cosnt as t + 0. Mathieu n-th order sine 
functions, denoted by se,,(¢), correspond to values as, and inverting into sin nt as 
t+ 0. 

Grebenikov and Ryabov [1] and Ryabov [1] considered some variations of itera- 
tion algorithms for the construction of Mathieu functions in the form of trigonomet- 
ric series (practically polynomials). The convergence of those algorithms is proved 
for the parameter 4 not exceeding certain limits (different for one or another Math- 
ieu function); and estimations of some of those limits were obtained. Grebenikov 
and Ryabov [1] give examples of computer implementation of such algorithms in 
the case of functions се! (+), sei(t). In this section a common algorithm is consi- 
dered for the construction of Mathieu functions of any order n, and the respective 
Quick-Basic implementation of this algorithm is described. 


4.5.1 Algorithm construction The n-th order sine and cosine Mathieu func- 
tions ce,(t), sen (+) will be calculated as the periodic solutions of the equation 


А (n? + qh + qcos 2t)z = 0, (4.5.2) 
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where 4 is a specified numerical parameter (> 0), А is a constant found together 
with the Mathieu functions and determining the eigenvalues A = п? + ай of those 
functions. 

Note that with negative values of the parameter 4 we do not obtain new Math- 
ieu functions, because (see, e.g., Witteker and Watson [1]) 


п 
сезж(Ь —9) = (—1)"ce2n (: = ‘). 


п 
S€on(t, —g) = (—1)" sean (5 —t, a). 


п 
CE2Qn4+1 (t, —q) = (-1)"seon41 (5 = t, ‘) ) 


п 
s€anti(t, —4) = (-1)"ceon+1 (: = ‘). 


2 
For the construction of se,(t), п = 1,2,3,..., assume 
z=sinnt+2 (4.5.3) 
Lo KO 
c= > Eysin(n—2L)t+ S> Ек зв (п +2K)t, (4.5.4) 
L=1 K=1 


where Ey, Ек are unknown coefficients, КО is a sufficiently large number (we 
assumed КО = 30), LO =(n—1)/2 for odd п and LO=n/2-—1 for even п. 


For the construction of ce,(t), п = 0,1,2,..., assume 
z=cosnt+2, (4.5.5) 
LO KO 
c= 5° Еь соз(п — 2L)t+ У `` Ек cos(n + 2K)t, (4.5.6) 
L=1 K=1 


where LO = (n—1)/2 for oddn, LO = п/2 for even п, and for evenn E,/2 should 
be replaced by Ey,/2/2. 
For x in cases (4.5.3), (4.5.5) we correspondingly have the equations 


#+n?2 = —q[hsinnt + cos 2t- sinnt + (h + cos 2t)2], (4.5.7) 
#+n?x = —q[hcosnt + с0824 - cosnt + (№ + cos 2t)a]. (4.5.8) 


Substituting (4.5.4), (4.5.6) into these equations and equating the left-hand and 
right-hand expressions at the cosines and sines of the respective arguments, we 
obtain algebraic recurrences for Fx, E,, №. They are as follows. 

For the coefficients Fx, К > 1, of all the functions ce,,(t), sen(t) we have the 
relation 


FR = Чк(Ек_1 + 2hAFK + F R41), (4.5.9) 


where Ск = 9/(8К (п+К)), Fo =1 for n>0 and Fo =2 for n=0. 


Copyright © 2004 CRC Press LLC 


208 METHODS OF NONLINEAR RESONANCE DYNAMICS 


If we denote Mr; = —q/(8L(n— L)), L =1,2,3,..., then for the coefficients 
Ел, Е› of the functions ce4(t), cen(t), sen(t), N > 5, we have the relation 


E, = M,(1+2hE, + Ep). (4.5.10) 
In the case of functions ce2(t) and se2(t) we have 
E, =2M,(1+hE,) and Е =0 (4.5.11) 
respectively. For N = 3 we have 
В = М: (1 +218, + Ei), (4.5.12) 


where the plus corresponds to the function ce3(t), and the minus to the function 
se3(t). In the case of function se, we have the relation 


Е = М. 1 + 21Е\). (4.5.13) 


The constant A is connected with с the oefficients F,, E, by the relations 


1 
ht+ aft =0 (for ceo(t), se2(t)), (4.5.14) 
1 1 
he 5+ xf =0 (+4 for се! (®, — for sei(t)), (4.5.15) 


1 
h+ 5(fi +HE,)=0 (for ceo(t) and all cen(t), sen(t), n> 2). 
(4.5.16) 


For the coefficients Ey, 2< L <n/2 (п — even), 2< L < (n—1)/2 (п — odd) 
of functions ce,,(t), sen(t) we have the relation 


Ey = M,(Ep_1 + 2hE, + Epi). (4.5.17) 
With even п and L=n/2 in the case of cen(t), sen(t) we have 
E, =2M,(Ep_1+hE.) and Е, =0 (4.5.18) 
respectively. With odd п and Г, = (n—1)/2 we have 
Ey, = M,(E,_1+2hE, + Et), (4.5.19) 


where plus corresponds to the function ce,,(t), and minus to the function se,(t). 
These are the initial relations constituting the basis for the iteration algorithm 
for the calculation of the value of h and all coefficients Fix, Ег. 
For this, one can use the method of simple iterations. Then, for example, in 
the case of ce2(t) 


FH=G,, EL =2M,, м =-—(В + Е) /2, 
Fe Giga): KS (4.5.20) 
Е? =Gi(1+ 2m Е + Fy), В =2M,(1+ hi Ep), 


etc. 
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If д remains a literal parameter, then simple iterations allow us to obtain ap- 
proximations Fi, Ei, hj, 3 =1,2,3... in analytic form as polynomials of powers 
of g. However the implementation of these iterations with different numerical values 
of gq has shown that the domain of convergence of such iterations is comparatively 
small. For example, in the case of ceo(t) the upper bound of convergence is ap- 
proximately equal to 4.7 — 4.8. 

Here we build another algorithm (of an irrational type) which is implemented 
with numeric values of а and has a sufficiently large convergence domain. 


4.5.2 Computational layout 1. Calculation at the first step (step counter 
IR = 1) of the first approximation FO, Е). h® for Е, Е, h by means of 
formulae (4.5.10) - (4.5.16) provided that В = E, = 0 (subprogram T1). 

2. Calculation at the same step of the first approximation FY ) ; BY , K > 2, 
L > 2, by formulae (4.5.9), (4.5.17) — (4.5.19), where Fx41 = Ez41 = 0 is assumed 
(subprogram T2). 

3. Calculation at the second step (IR = 2) of the second approximation 
FO, EB and №2) by formulae (4.5.10)- (4.5.16), where № = В, Е, = BS) 
(subprogram T1). 

4. Calculation at the same step of the second approximation Fe ) ; BY) , Kk >2, 
L > 2, by formulae (4.5.9), (4.5.17) - (4.5.19), where Fai = Е), Eni = BLD, 
(subprogram T3). 

5. Calculation at the third step (JR = 3) of the third approximation Fe), 
Е®), and (3) by means of formulae (4.5.10) — (4.5.16), where Fy = FO), Ey = Eo) 
(subprogram T1), etc. 

Subprogram T1 for the calculation of F,, Ел, h consists of two parts. The first 
part provides for the calculation of FO, АИ for сео(®), се (№), зе (№), se2(t) (then 
E, = 0). For example, in the case of се! (Р) at the first step according to (4.5.9), 
(4.5.16) we obtain 


1 1 1 
Fy=0, Е =(V1+4G?-1) (2G, AM =-5- SR, @= 14. 
(4.5.21) 
Upon calculation of FC ) ‚ К < 2, by subprogram T2 we obtain at the second step 


1 1 
FO) = 7 (vi +462(1 + FY) — i) ‚ AD = > mae (4.5.22) 


etc. In the cases сео(®), se, ($), seg(t) the algorithms are similar. 
In the cases се>(#), cen(t), sen(t), п < 3, the relations for Е, Ел, h are more 
complicated. They can be written in the following general form: 


Ay +f = —2h, (4.5.23) 
Ел [1 + 43 — 91 (Ел + Fi)) = —94(1 + В), (4.5.24) 
В [1+ 92(Е\ + Е)] = 92(1+ 5), (4.5.25) 
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where 

491 = 9/(8№ — 8), 42 = 4(8№ +8), 5=В, 

93 =0 for N=2 а4 ай N>3, 

93 = 91 Юг сез(#) and 43 = —91 for зез(®, 

94 =2q, for N=2 and 94 =9: in the other cases, 

R=0 for ceg(t), сез(®, se3(t) and R= E, in the other cases. 

Calculation of F,, Ел, В provided that В, S are known is achieved by the se- 

cond part of subprogram T1, namely by subprogram T11 included into T1. At the 
first step (ZR = 1) assume В = 5 = 0 and consider relations (4.5.23) — (4.5.25) asa 
system of algebraic equations with the two unknowns EF, F,. With comparatively 


small values of q (for 4 < 2№) for the calculation of the roots of these equations 
use the Newton iteration algorithm, assuming the initial approximations 


El=-qu, FR=q@. 


The maximum allowed number of Newton iterations is assumed to be Л = 150. 
This process stops if the neighboring approximations for F,, Ел coincide with an 
accuracy of a = 10-10; the obtained values are assumed as the first approximation 
FO BO and 
AVS (PV pep 

is calculated. 

If after 150 iterations the coincidence of the neighboring approximations for 
В, E, is not achieved, then the calculation stops, and a message about the diver- 
gence of the process in subprogram T11 appears. With 4 values exceeding 2N the 
initial values F?, E? for the Newton approximation are chosen with much more ac- 
curacy (otherwise those approximations either converge to an extraneous solution, 
or diverge). With this purpose, reduce relations (4.5.23) - (4.5.25), assuming that 
В, 5 are known, to the cubic equation with respect to h: 


coh? + c,h? + coh + сз = 0, (4.5.26) 
where the coefficients с0,...,сз are expressed through 41,..., 44, В, ©: 
Co = 9142, 
ст = [92(1 + 43) — 41] /2, 
co = [-1- 43 — 9294(1 + В) — 4192(1 + 5}] /4, 
сз = [44 (1+ В) — 4>(1+ 43) (1 + 5] /8. 


For the sought values Ff, Ел we have the formulae 


_ 92(1+5) = qa(1 + В) 

Е ии Ey eo 

1 — 2142 1+ 43 + 2hq 

Analysis and respective calculations show that for all considered values of №, q this 


equation has three real roots. It is necessary to calculate the root h® = h®°(q) 


(4.5.27) 
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which depends continuously on 4 and becomes zero as а — 0. To calculate it, 
apply the Kardano—Gudde formulae, viz, first rearrange (4.5.26) by means of the 
substitution h = y — с1/3со into the equation 


у — bry + 6 =0, (4.5.28) 
where 61,65 are expressed through со,..., сз: 
by = cf /3c% —c2/e0, В = —с1с2/Зса + 263 /27c3 + c3/c0. (4.5.29) 


At the first step assume R= 5 = 0. The root y° in this case is calculated by 
the formula 


y= (2 cos D + V3sin D), (4.5.30) 
where 
D=D,/3, if bo <0, and D=D,+7, if bo >0, 
D, = агс Оо, —1/2< Dy, < 1/2, Do = —2./Doo/bo, 
Doo = 03 /27 — 92 /4. 
Having found y®, calculate h° = y® = —c/3co, and also F?, E) by formulae 


(4.5.27) with R=S= 0. 

Use the values F?, E? as an initial approximation for the calculation of the 
roots of equations (4.5.24) - (4.5.25) by Newton’s method. The values F?, E? are 
quite close to the exact roots FO) : EY) , therefore it takes quite a few iterations to 
get the values of the latter with a specified accuracy 10—10. 

Assume the obtained FO, EY) as the first approximation of the coefficients 
В, Ел (calculated at the first step ZR = 1). Then calculate 


HO = (RO + BP) 2 


and FC ) р EO) , kK > 2, L > 2, in accordance with subprogram T2. 

At the second step (IR = 2) the computational algorithm only differs by the 
assumption В = Е, = Е instead of R= 5 = 0. 

With gq < 2N the approximation Fe) . Ee) is calculated by Newton’s method 
from equations (4.5.24) — (4.5.25) with the initial approximation F° = Е), Е® = 
EY) , and with а > 2N this initial approximation is calculated by means of the 
cubic equation (4.5.26), etc. 

This is the layout of the calculation of the approximations FU ) р EV ) ‚ ВЯ, j= 
1,2,... (The computational algorithm is given in full in the Quick-Basic program 
described below.) 

The maximum quantity KO of the calculated coefficients Ек is fixed, and, 
as mentioned above, КО = 50 is assumed. In addition, put a boundary on the 
absolute value of these coefficients and of the coefficients Ey: 


|[Ек| > а = 107, |Ег|>а=10 8. 
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Calculations show that these coefficients decrease in absolute value with an increase 
of their indices. Therefore only those first coefficients Fx, Ег that satisfy these 
estimations are calculated. The number of such coefficients obtained during com- 
putations are denoted by КТ, Ll respectively. The neighboring approximations for 
these coefficients and also for h are compared, and if they coincide with an accuracy 
of с = 10-8, we consider that with the given М, 4 there is (practical) convergence 
of the iteration processes, the calculation stops, and the last approximation for Fx, 
Ez, № is displayed on the monitor and printed out as the sought result. 

The maximum allowable number of iterations is assumed as Imax = 200. If 
at step IR = 200 the required coincidence of neighboring approximations is not 
achieved, the calculation stops, and a message about the divergence of the process 
appears, as well as the results obtained at the last steps. 


4.5.3 Quick-Basic program 


PRINT "Construction of Mathieu functions CE(t),SE(t) of order" 
PRINT " N(<=100) for diff.eq. Z’’ + (№2 + ЦН + Qcos2t) Z = 0" 
PRINT " in form of polynomials" 


PRINT "...+E(2)cos(N-4) t+E(1) cos (N-2) t+cosNt+F (1) cos (N+2) t+" 
PRINT " F(2)cos(N+4)t+..." 

PRINT "ог" 

PRINT "...+E(2)sin(N-4) t+E(1)sin(N-2) t+sinNt+F(1)sin(N+2) t+" 


PRINT "F(2)sin(N+4)t+..." 

PRINT "for given numerical value of parameter Q." 

PRINT "Coefficients E(1),..., E(LO),F(1),...,F(KO) and" 
PRINT " constant H are required quantities" 

PRINT "Maximal number of coeff.E(L) equals LO," 

PRINT "maximal number of coeff.F(KO) is taken KO." 
PRINT "The indicator ICS=1 corresponds to CE(t)" 

PRINT "and indicator ICS=0 corresponds to SE(t)." 
DEFDBL B-H, М, Q-S, X-Z 

DIM F(2, 51), E(2, 51), G(50), H(2), М(50), U(50), V(50) 
KO = 50: IMAX = 200: EPS = 1E-08: ALPH = 1E-10 


100 : 
INPUT ; "N="; N: INPUT ; " ICS="; ICS: INPUT " Q="; Q 
ТЕ N MOD 2 = 0 THEN 
LO=N/2 
ELSE 
LO = (N- 1) / 2 
END IF 


FOR K = 2 TO KO 
G(K) = Q / (8 * K * (N + K)) 
NEXT K 
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FOR L = 2 TO LO 


M(L) = -Q / (8 * L * (N - L)) 
NEXT L 
FOR J = 
FOR I = 
F(J, I) 
NEXT I 
NEXT J 
IR = i 
R=0: S=0 
GOSUB Т1 ’Calculation of X,Y,Z for F(1,1),E(1,1), H(1) 
Е(1, 1) = Y: E(1, 1) = X: Н(1) =Z 
GOSUB Т2 ’Calculation of F(1,K), E(1,L), K>1, L>1 
NextIteration: 
IR = IR + i 
В =Е(1, 2): $ =Е(1, 2) 
GOSUB Т1 ’Calculation of X,Y,Z for F(2,1), E(2,1), H(2) 
F(2, 1) = Y: E(2, 1) = X: H(2) =Z 
GOSUB ТЗ ’Calculation of F(2,K), E(2,L), Ki, Li 
WO = H(2) - H(1) 
IF N + ICS > 2 THEN 
U1 = F(2, 1) - Q2 * (1 + 2 * H(2) * F(2, 1) + F(2, 2)) 
END IF 
IF N = 2 AND ICS = 1 THEN 
Vi = E(Q2, 1) +2 * Ql * (1 + H(2) жЕ(2, 1)) 
ELSEIF N = 3 AND ICS = 1 THEN 
Vi = E(2, 1) + 01 * (1 + 2 * H(2) * E(2, 1) + E(2, 1)) 
ELSEIF М = 3 AND ICS = 0 THEN 
Vi = E(2, 1) + Qi * (1 + 2 * H(2) * E(2, 1) - E(2, 1)) 
ELSEIF N = 4 AND ICS = 1 THEN 
Vi = E(2, 1) + 01 * (1 + 2 * H(2) * E(2, 1) + E(2, 2)) 
ELSEIF N = 4 AND ICS О THEN 
Vi = E(2, 1) + 01 * (1 + 2 * H(Q2) * E(Q2, 1)) 
ELSEIF М - 4 > 0 THEN 
Vi = E(2, 1) + 01 * (1 + 2 * H(2) * E(2, 1) + E(2, 2)) 
END IF 
FOR J = 1 TO К1 
U(J) = F(2, J) - F(1, J) 
NEXT J 
FOR J = 1 TO L1 
V(J) = E(2, J) - E(1, J) 
NEXT J 


TO 2 
TO 51 
0: ЕС, I) = 0 


Be 
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IF Ki < Li THEN Ji = Li ELSE 31 = К1 
FOR J = 1 TO Ji 
IF ABS(U(J)) > EPS OR ABS(V(J)) > EPS GOTO 200 

NEXT J 
ТЕ ABS(WO) > EPS GOTO 200 
IF ABS(U1) > EPS OR ABS(V1) > EPS GOTO 200 
GOTO PrintRes 
200 : 
IF IR IMAX GOTO 300 
FOR J = 1 TO Ji 

Е(1, J) = F(2, J): E(1, J) = E(2, J): H(1) = H(2) 
NEXT J 
GOTO NextIteration 
300 : 
PRINT "No convergence for Q="; Q; SPC(3); "N="; N 
PRINT “ICS="; ICS 
LPRINT "No convergence for Q="; Q; SPC(3); "N="; N 
LPRINT "ICS="; ICS 
PrintRes: 
A=N72+Q * H(2) 
PRINT "N="; №; SPC(3); "ICS="; ICS; SPC(3); "Q="; Q 
PRINT "IR="; IR; SPC(3); "Ki="; К1; SPC(3); "Li="; Li 
LPRINT "N="; №; SPC(3); "ICS="; ICS; SPC(3); "Q="; Q 
LPRINT “IR="; IR; SPC(3); "Ki="; Ki; SPC(3); "Lis"; Li 
IF N + ICS > 2 THEN 

PRINT "U1="; U1; SPC(1); "\1="; V1; SPC(1); "DOO="; DOO 

LPRINT "U1="; U1; SPC(1); "\1="; V1; SPC(1); "DOO="; DOO 
END IF 
PRINT "H="; H(2); SPC(1); "WO="; WO; SPC(1); "A="; А 
LPRINT "H="; Н(2); SPC(1); "WO="; WO; SPC(1); "A="; А 
FOR J = 1 TO Ki 
PRINT "F("; J; ")="; F(2, J) 
PRINT "UC"; J; ")="; UCI) 
LPRINT "FC"; J; =; РФ: 3) 
LPRINT UC" sy =" SCD) 
IF J MOD 17 = 0 THEN 

PRINT "press any key" 


AA$ = "": WHILE AA$ = ""; AA$ = INKEY$: WEND 
END IF 
NEXT J 
PRINT "press any key" 
AA$ = ""; WHILE AA$ = "": AA$ = INKEY$: WEND 


FOR J = 1 TO Li 
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PRINT "E("; J; ")="; E(2, J) 
PRINT "VC"; J; "="; УСТ) 
LPRINT "E("; J; ")="; E(2, J) 
LPRINT "VC"; J; ")="; УСТ) 
IF J MOD 17 = 0 THEN 
PRINT "press any key" 
AA$ = ""; WHILE АА$ = "": AA$ = INKEY$: WEND 
END IF 
NEXT J 
400 : 
PRINT "If you want to repeat calculations with others or" 
PRINT "with the same parameters N,ICS,Q, then enter 1 else 0" 
INPUT "W="; W 
IF W = 1 GOTO 100 
PRINT "Calculations are ended": END 
Ti: ’?Calculation of X,Y,Z for Fi, E1, H 
IF N = 0 THEN 


G=Q/4 
У = (SQR(1+(2+S) *G°2)-1)/G: Х=0: Z=-Y/2 
RETURN 


ELSEIF N = 1 AND ICS = 1 THEN 


G=Q/ (16+Q): X=0 
У = (SQR(1+4*(1 + S)*G72) - 1)/(2*G): Z = -(1 + Y) / 2 
RETURN 

ELSEIF М = 1 AND ICS = 0 THEN 
G=Q/ 16: X=0 
У = (G-1 + SQR((G-1)°72 + 4*(1 + S)*G°2)) / (2 * G) 
Z=(1-Y) /2 

RETURN 

END IF 


IF N > 1 THEN 
91 =9/ (8* (N- 1)): Q2=Q/ (8 * (N+ 1)) 
END IF 
IF N = 2 AND ICS = 1 THEN 
Q4 = 2 * 01: Q3 = 0 
ELSEIF М = 2 AND ICS = 0 THEN 
G=Q/ 24: X=0 
У = (SQR(1+4*(1+S)*G"2) - 1) / (2G): Z = -Y / 2 


RETURN 
END IF 
IF N > 2 THEN 04 = 01 
IF N = 3 AND ICS = 1 THEN 


Q3 = 01 
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ELSEIF М = 3 AND ICS = 0 THEN 


Q3 = -Q1 
ELSEIF N > 3 THEN 
Q3 = 0 

END IF 
GOSUB Т11 
RETURN 


T2: ’Calculation of F(1,K),E(1,L), K>1,L>1 
FOR К = 2 TO KO 
Е(1, К) = GK) * F(i, K - 1) / (1 - 2 * H(1) * G(K)) 
NEXT K 
IF N = 4 AND ICS = 1 THEN 
Е(1, 2) = -Q * E(1, 1) / (16 + H(1) * 0) 
ELSEIF М = 4 AND ICS = 0 THEN 
E(1, 2) =0 
END IF 
IF N = 5 THEN 
ТЕ ICS = 1 THEN Е1 = 1 ELSE ЕТ = -1 
E(1, 2) = -Q * E(1i, 1) / (48 + Q * (2 * H(1) + E1)) 


END IF 
IF N > 5 THEN 
LOO = LO - 1 


FOR J = 2 TO LOO 
Е(1, J) = M(J)*E(1, J - 1) / (1 - 24H(1) 4M(J)) 
NEXT J 
J = LO 
ТЕ М MOD 2 = 0 THEN 
IF ICS = 1 THEN 
E(1, J) = 2*M(J)*E(1, J - 1)/(1 - 2*H(1)*M(J)) 
ELSE 
Е, J) =0 
END IF 
ELSE 
ТЕ ICS = 1 THEN Ei = 1 ELSE El = -1 
Е(1, J) = M(J)*E(1, J - 1)/(1 - M(J)*(2*H(1) + E1)) 


END IF 

END IF 

RETURN 

Tit: ’Calculation of X,Y,Z for F1,E1,H 

СО = 01 * 02 

C1 = (902 * (1+ 03) - Q1) / 2 

C2 = (-1 - 03 - 02 * 04 * (1 +R) - Qi * Q2* (1+9)) / 4 
C3 = (Q4 * (1 + R) - Q2 * (1+ 03) * (1 + S)) / 8 
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Bi = Ci * 2 / (3 * CO * 2) - C2 / CO 
В2 = -C1*C2 / (3*C072) + (2*C1*3)/(27*C0*3) + C3/C0O 
DOO = Bi ^ 3/27 -B2°72/4 
Ni=2+*N 
IF Q < №1 GOTO 500 
DO = -SQR(DOO) * 2 / B2 
Di = ATN(DO) 
ТЕ B2 < 0 THEN 
р = 01 / 3 
ELSE 
р = (Di + 4 * ATN(1)) / 3 
END IF 
70 = SQR(B1/3)*(-COS(D)+SQR(3)*SIN(D)) - C1/(3*CO) 


X1 = -Q4 * (1 +R) / (1 + Q3 + 2 * Q1 * ZO) 
У1 = (2 * (1+5) / (1 - 2 * Q2 * ZO) 

JT = 1: Л = 150 

GOTO 600 

500 : 


IF IR = 1 THEN 
Xi = -Q4: Y1 = Q2 


ELSE 
X1 =Е(1, 1): Y1 = FC, 1) 
END IF 
JT = 1: Ji = 150 
600 : 
Fi = X1 * (1+ 03) - Q1 * (X1 + Y1) * X1 + Q4 * (1 + R) 


F2 = Y1 + Q2 * (Xi + Y1) * Yi - Q2 * (1+5) 

DFi = (1 + Q3) * (1+ 02 * (X1 + 2 * Y1)) 

DF = ОЕ! - Qi * (2 * X1 + Y1) - 2 * (01 * 02 * (X1 + Y1) * 2 
DF2 (1 + 02 * (X1 + 2 * Y1)) * Fi + Q1 * X1 * F2 

РЕЗ = (1+ Q3 - Qi * (2 * X1 + Y1)) * F2 - Q2 * Y1 * Fl 
X2 = X1 - (РЕЗ / DF): Y2 = У1 - (DF3 / DF) 

IF ABS(X2 - X1) > ALPH OR ABS(Y2 - Y1) > ALPH GOTO 700 
Х = X2: Y = Y2: д = -(X + Y) / 2 

RETURN 

700 : 

IF JT > Ji GOTO 800 

X1 = X2: Yi = Y2 

JT= JT+ 1 

GOTO 600 

800 : 

PRINT "No convergence of Т11 for IR="; IR 

PRINT "Press any key" 
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АА$ = ""; WHILE AA$ = "": AA$ = INKEY$: WEND 
GOTO 400 
T3: ’?Calculation of F(2,K),E(2,L) ,K=2 to K1,L=2 to 1:1 
FOR K = 2 TO KO 
F(2, К) = G(K)*(F(2, К - 1)+F(1, К+1))/(1 - 2*H(2)*G(K)) 
IF ABS(F(2, K)) < ALPH THEN EXIT FOR 
NEXT K 
Ki=K-1 
IF N = 4 AND ICS = 1 THEN 
E(2, 2) = -Q * E(2, 1) / (16 + H(2) * Q) 
ELSEIF М = 4 AND ICS = 0 THEN 
E(2, 2) =0 
END IF 
IF N = 5 THEN 
IF ICS = 1 THEN Е1 = 1 ELSE Ei -1 
E(2, 2) = -Q * E(2, 1) / (48 + Q * (2 * H(2) + E1)) 


END IF 
IF N > 5 THEN 
LOO = LO - 1 


FOR J = 2 TO LOO 
E(2, J) = M(J)*(E(2, J-1)+E(1, J+1))/(1-2%H (2) #M(J)) 
NEXT J 
J=10 
IF № MOD 2 = 0 THEN 
IF ICS = 1 THEN 


E(2, J) = 2*M(J)*E(2, J-1)/(1-2*M(J)*H(2)) 
ELSE 

E(2, J) =0 
END IF 


ELSE 
ТЕ ICS = 1 THEN Е! = 1 ELSE Е! = -1 
E(2, J) = M(J)*E(2, J - 1)/(1 - M(J)*(2*H(2)+E1)) 
END IF 
END IF 
FOR J = 1 TO LO 
I=LO+1-J 
IF ABS(E(2, I)) > ALPH THEN EXIT FOR 
NEXT J 
Li=LO+1- J 
RETURN 
STOP 
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4.5.4 Comments on the program The Quick-Basic program given above 
implements the algorithm in double precision. In response to a user query the 
program sets the order №, the criterion [C'S = 1 or [C'S = 0 for the functions 
cen(t), зем respectively, and the numerical value of the parameter 4. After exe- 
cution of the program, the following are displayed on the monitor and printed out 
(in the case of convergence of iterations): 

1) the given values of №, ICS, а; 

2) the number JR of iterations allowed for the required accuracy a = 10~1° of 
the coefficients Fx, Ez; 

3) the quantities КТ, [Л of the coefficients Fx, Ey, exceeding a in absolute 
value; 

4) the residual discrepancies U1, V1 obtained upon substitution of the final 
values F\, Fy, Ел, Е>, № into the initial relations (4.5.9) for К = 1; 

5) the quantity h, coefficients Fx, Er, 1< К < K1,1< L< L1 (with double 
precision), differences WO, ((К), У(К) between the last two approximations for 
h, Fx, Ey respectively, and the quantity DOO proportional to the discriminant of 
the cubic equation (4.5.26). 

If K1 > 17, the first values to be displayed and printed out are the first 17 
coefficients Fx, and then upon pressing any key, the next 17 coefficients, etc. (the 
maximum allowed number of coefficients Рк is 50). In the same way the coefficients 
Ey are displayed on the monitor and printed out. 

The maximum order N of Mathieu functions, allowed by the program, is 100. 

Note that at his own discretion the user can change the program parameters 
КО, Imax, alpha, eps, as well as the dimension parameter for the calculated coef- 
ficients Fx, Ет and the associated quantities Gx, Мь, U(K), V(L). 

The implementation of this program shows that the (practical) convergence 
of the proposed iteration process is ensured in the case of functions ceg(t), ce, (t), 
sei(t), se2(t) in a very large domain, at least for 0 < q < 7000. In the case of 
the other Mathieu functions the convergence domain is much smaller, though it 
is large enough, and this domain increases with the increased order N of these 
functions. For different functions cey(t), sen(t) see the table of upper bounds 4х 
of the parameter 4, for which the number of iterations JR ensuring the prescribed 
accuracy 10-8 tends towards 200. 


Table 4.5.1 


ce сез сел сеБ себ сет сез Cég С6е10 Се20 Сезо се4д 


Га. |405 160 33 59 48 65 67 80 88 182 273 365 


5ез 5е4 565 56@6 SE7 SE€g 569 5610 5620 5е30 5е40д 
30.3 70 40 60 58 72 78 88 182 270 360 


An example of results printed out in the case ce2(t), а = 32, is given below. 
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Construction of Mathieu functions 

N= 2 Ics= 1 Q= 32 

ТВ= 36 К1= 11 Li= 1 

U1=-6.795683E-09 \1= 4.56666E-16 

C3= .1160455991877158  DOO= .2469067098022291 


= 1.160101914937828D-02 DH=-1.631752510888873D-10 

= 4.371233 
F( 1 )= 7.297387560717799 UC 1 )= 9.071099E-09 
F( 2 )= 4.303726409970468 UC 2 )= 5.096762E-09 
F( 3 )= 1.210210035599587 UC 3 )= 1.367956E-09 
F( 4 )= .2064818841575251 UC 4 )= 2.250614E-10 
F( 5 )= 2.389046878665688D-02 UC 5 )= 2.531559E-11 
F( 6 )= 2.00541015603754D-03 UC 6 )= 2.078218E-12 
F( 7 )= 1.27923482678711D-04 UC 7 )= 1.302111E-13 
F( 8 )= 6.416610614172347D-06 UC 8 )= 6.435982E-15 
F( 9 )= 2.598511597751983D-07 UC 9 )= 2.5746E-16 


F( 10 )= 8.67651371123749D-09 UC 10 )= 8.508039E-18 
F( 11 )= 2.429387587345403D-10 UC 11 )= 2.359225E-19 
E( 1 )=-7.320589599016555 V( 1 )=-8.744748E-09 


4.6 Algorithm for Construction of Solutions of the Plane Bounded 
Three-Body Problem 


Consider the bounded plane circular problem of three bodies: Sun—Jupiter—asteroid 
in the nonresonance case. An algorithm is proposed based on iterations with acce- 
lerated (quadratic) convergence. These iterations are not connected with successive 
changes of variables and belong to iterations of an ordinary type, i.e. each subse- 
quent approximation is directly determined from the previous one. At the same 
time, for comparison of the obtained results, we indicate an algorithm for con- 
structing the solution by means of simple iterations, equivalent in essence to the 
power series in a small mass. 

The proposed algorithms require a huge number of algebraic operations with 
double Fourier polynomials with the help of appropriate computer program pack- 
ages. 


4.6.1 Initial differential equations of the problem The following equations 
will be considered as the initial equations of the given problem (see Subotin [1]): 


dG 
ЧР = wF\(p,e,G,L), — =1-pF3(p,e,G,L), 
dé dé 
ae = (4.6.1) 
ap = №2, ©, С, Г), Че = 1- Вафе,С), 
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where @ is the asteroid longitude measured from some constant direction, p the 
orbital parameter, e the orbital eccentricity, G = 9 — д the true anomaly along 
the orbit (the difference between 0 and the longitude of the orbital perihelion g), 
L = 6-—n;t (the difference between 6 and the longitude of Jupiter moving uniformly 
at the angular velocity n;), and и the mass of Jupiter. Units of time and mass are 
chosen so that the gravitational constant k? = 1, the semiaxis of the circular orbit 
of Jupiter a; = 1, the angular velocity n; = 1, the sum of the mass of the Sun 
т and the mass of Jupiter yw is equal to 1. Then the functions on the right-hand 
sides of equations (4.6.1) will be expressed by the following formulae: 


Е = or? Re. 
2 
By = 5 (2 + 2cosG — езш? С) В! +r? sinGR,, 
1 [12 (4.6.2) 
Е = - | —(2 +есоз@) эт СВ! — т? сз СВ, |, 
Ee LP 
1 
Е ее —r’, 
УР 
where В is the disturbing function of the problem, equal to 
Gace eee (4.6.3) 
= ———rcos — 6. 
т д’ 
r the radius-vector of the asteroid, equal to 
р 
= И свмивиь 4.6.4 
и + есоз С” 
and А the distance between the asteroid and Jupiter, equal to 
A =(1+r? — 2rcos L)'/?. (4.6.5) 
The functions Fi,... , Ра, after calculation of the partial derivatives Ву, Ri, 
can be written in the following form: 
Н =2pT;, Fy = (Qe +2cosG — езш? СТ, + Ty sinG, 
(4.6.6) 


1 1 
ae = (2 + ecosG) выс" = Тр 008+ Tay. 4 = р3/2 (1 +ес08 С) ?, 


where 
Ти = р?[(1 + ecosG) 3 — А-3/?] sin Г, 
Т» =1-^?(1+есоз@)-? cos L + р?[(1 + есоз С) cos L — р]А-3/?, (4.6.7) 
А=р? + (1 +есоз С)? — 2p(1 + есоз С) cos L. 
The relation between 9 and time $ is expressed by the equation 
dé 


a р 3/2 (1 + ecosG)?. (4.6.8) 
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From these expressions it is seen that the functions F,, F> are odd functions 
of the angular variables С’, Г, and the functions F3, Ед are even, i.e. 


F;(p,e, -G, —L) = —F,(p,e,G,L), j =1,2, 
F3(p,e, —G, —L) = F3(p,e,G, L), 
F4(p, e, —G) = Fa(p,e; С). 


4.6.2 Basic equations for the coefficients of the sought solution We 
find the solution to the initial equations (4.6.1) with given initial values p(0), e(0), 
G(0), L(0) in the following form: 


N N 
p= Uo + У` Us cos(k, 4), G= ул Ея У` Wk sin(k, 42), 
A= a= (4.6.9) 
= Vo = У` у, cos(k, 4), L= We or У` Sk sin(k, w), 
ПЕ || ||=1 


where N is a given large enough number, k the integer vector (ky, k2), and v1, 125 
components of the vector w = (41,145), and 


ПАЙ = [Ail + №5], (hb) = kid + kotbo, 
W; = wj9 Фо, j = 1, 2, Wo = (что, 4250). 

We seek the coefficients Up, Uz,....S_ of the Fourier polynomials, frequencies 
ил, W and values 10, 29. Our goal is to find an algorithm for the construction 
of the solution in the form of (4.6.9) with numerical coefficients. Therefore we fix 
the numerical values of the mass р and initial values p(0), e(0), G(0), L(0) (initial 


value of @ is zero). 
Substituting (4.6.9) into (4.6.1), we obtain 


N 
В ye (k, w)U,, sin(k, w) > pF (p, e, G, Г), 
Е 


N 
_ У` (К, м) У, sin(k, 4) = иРъ(р»е, G, L), 


ПА 
и. (4.6.10) 
ил + У` (k, w)Wy, cos(k, 4) =1- иВз(р,е, 4, L), 
ПА 
N 
и» + У` (k,w)S) cos(k, b) = 1- Fi(p,e,G), 
ПА 


where ил, ,w2 are the components of the vector w = (ил, 2) and (k,w) = kw + 
kaw 2. The arguments р, e, а, Г of the functions Ё1,... , Fy in the right-hand mem- 
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bers of these relations are represented by polynomials (4.6.9). In addition, we have 


the relations connecting the initial values p(0), ... , L(0) and the quantities Uo, Vo, 
ло, P20! 
N N 
p(0) = 6+ »` Ugcos(k, Фо), G0) =i + SY We sin(k, vo), 
ЕТ ПЕ 
о г (4.6.11) 
е(0) =\% + У^ Ve соз(, vo), L(0) = 4 + У^ Sp sin(k, bo). 
ПЕ ЕТ 
Theoretically the functions Ё1,... , Ел can be expressed by Fourier polynomials 


(if harmonics of order higher than N are neglected): 


N 
F,(p,e,G,L) = > Fix(U,V,W, S)sin(k, 4), 1 = 1,2, 
Пе 
N 
F3(p,e,G,L) = > Fs.(U,V, W, 9) соз(, 4), (4.6.12) 
k\|=0 
N 
Fi(p,e, С) = У` Ель (О, У, W) cos(k, 4), 
k\|=0 
where Fix, [ = 1,2,3,4, |К|| < №, are the corresponding Fourier coefficients 


depending on all Ux, Ve, 0 < ||| < №, We, Spe, 1 < JAI] < М. U,...,S denote 
the vectors with components equal to all of U;,... , ок respectively. In some simple 
cases it is possible to construct explicit expressions for F,, but in the case of this 
particular problem such expression are too complicated, and we will not need them 
in future. 

From (4.6.10) and (4.6.12) follow the equations with respect to the unknowns 
Ug, Vir We, Sp, 1 < ||| < №, wy, wo: 


—(k,w)U, = wFi,(U,...,S), —(k,w)V_ = wFo,(U,... , 9), 
ил = —pF3o(U,... ,S), (К, «ИР» = —pF3,(U,... 59 (4.6.13) 
(2 = 1- Ело (0, У, И’), (k,w) Sp = Fy, (U, У, И’). 


These equations are supplemented with relations (4.6.11). 

For us these algebraic equations are the basic ones. The number N of the 
sought values Ок, 1 < ||k|| < №, (as well as Ух, Wy, Sp) is large enough. For 
instance, № = 42 for ||k|| < 6, М = 72 for ||k|| < 8, М = 110 for ||k|| < 10. 


The total number of unknown scalars U,,... ,S,, w1,we, 1 < ||| < М, is equal 
to 4N +2. 

The solutions of these equations will be sought by means of successive appro- 
ximations. 
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4.6.3 Construction of a solution by the method of simple iterations 


Zero approximation 

о, Vi, WP, 9, hl 
corresponds to the known formulae of undisturbed (Keplerian) motion with и = 0 
(see Szebhely [1]). We obtain 


UO =p(0)=po, У® = e(0) = ео, 
GO = 4 =04+49, 40 =EO, uf? =1, 
VO =У® = И =0, 1<|lKl < М, 


dL ©) rie a 3/2 i 
a ee ee А. 1 ‘de 6 
dé (1 + ео cos G())2 (; = =) | + 2 7cosjG’ |, 


j=l 
(4.6.14) 
where 


Aj = (-1)72(1 + \/1- ©), 
fie (4.6.15) 


== 
1+ /1-e ео 
Непсе 
N 
LO = yO + > 5 sin(k, p), (4.6.16) 
ПА 
where 
3/2 
ни на (та 
— е2 
(ag is the semiaxis of the undisturbed orbit of the asteroid), 
0 if ko #0 
0 ) 2 ) 
SO = Sm =) ol) вт) 
Sas if ky = 0, k=n 
and 50). п =1,2,3,..., are some numbers. 


The value po) is calculated by the formula 
N 
0 = L(0) — У `` S© зщ). (4.6.18) 
n=1 
For example, if we assume that ро = 0.8, ео = 0.1, then w\” = 0.27359, 
WP =r’, И =cO, они, WO =1 
L = 40) + 0.14528 sin f°) — 0.00545 sin 2 (4.6.19) 
+ 0.00024 3134) — 0.00001 sin 4x), 


Note that with certain specified p(0), e(0) a sharp or even an exact resonance 
occurs, that is, a close or an exact commensurability of low order between the 


Copyright © 2004 CRC Press LLC 


4. NUMERICAL-ANALYTIC METHODS 225 


undisturbed frequencies uw?) = 1 and wi), Then the combination kw” + kyu” 


is close to zero for some small integers №1, ky. In this example wi?) [и notably 
differs from 1/3 and un) =e) = 0.17923 and it can be considered that there are 
no resonances of fourth and fifth order. At the same time 3) _ 119) ~ 0.00949, 


so there is proximity to the 14th-order resonance. 
The first approximation 
и LS RS 


is expressed in accordance with (4.6.13) by formulae similar to those used in clas- 
sical analytic theories of celestial mechanics: 


Е eee (0) (0) 

Un = рьоуРи0®,...,5°) 

У = п, (00...50), 

(k, w)) 1K ) 

Qo # (0) (0) 

W, А p(y, ... 50), 
(Е, 6) * (4.6.20) 


w) =1-pR(U,..., 5, 
w =1— Ею ®, VO, w), 


oo == Fy(U,VO, Ww), 


1 
(kw) 


and uM, A are calculated by means of (4.6.11). 
We propose the following method of calculation of the values of 


Fi, (U0, miss 8), И = 1, 2,3, Fig(V ,V©, Ww), Fy,(U,VO, Ww), 


which does not require knowledge of the analytic expressions of those values as 
functions Uz, Ve, We, Sx. 

For example, consider the quantities Fi,(U,... , S$) which, in accordance 
with (4.6.6), are Fourier coefficients for the function 


—3 
Е (ро, ео, G , L©) = 2p3 Г + ео cos Gey) AS *| sinL©, (4.6.21) 
where in accordance with (4.6.14)—(4.6.18) 


Ao = р? + (1 + ео cosG™)? — 2ро(1 + еб cos G) cos LO, 


N 
LO = © 4 S> sO sinn@, (4.6.22) 
n=1 


2 = 0+9, YW =r ol 


0 
and ро, ео, si ) are some numbers. 
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By means of the appropriate programs for algebraic operations with Fourier 
polynomials one can represent cosL© and also sinL® by polynomials of the 
following form: 


N N 
cos Г) = oy [cos L ], cos(k,~), sin L = № (sin L], sin(k, pb), 
||k||=0 \|k||=1 
(4.6.23) 
where 
(k,WO) = ky? +, kp = £1 
and [cos L],, [sin L©], are numerical coefficients. Then, multiplying the poly- 
nomial for cos L© by cosG® and cos2G®, we obtain an analogous polynomial 


for Ao: 
N 


Ао = У` [Ао] cos(k, b) (4.6.24) 

I|||=0 
with numerical coefficients [Ao],. The next important operation is the construction 
of the Fourier polynomial for Аз 3/2 Tt is expedient to apply Newton’s iteration 


algorithm, assuming Z = Ар 3/2 рог Z we have the equation 
Z?-Aj=0 
and the corresponding successive approximations 
3 1 . 
ZS 52) _ 5407), И (4.6.25) 


As an initial approximation Zp, Zo = ра can be assumed. Through the ope- 
rations corresponding to (4.6.25), one can obtain, with prescribed accuracy, the 
polynomial 


N 
Ag? = У` [Ag 7], cos(k, yw) (4.6.26) 
ПО 

with numerical coefficients [Аз > “1p, ||KI| < М. It is essential to note that we ob- 
tained this polynomial, which is equivalent to the Fourier polynomial for the third 
power of the value inverse to the distance A between the asteroid and Jupiter, with- 
out the use of the known (see Subotin [1]) series of disturbing function R(p,e,G, Г). 
The Fourier polynomial for (1 + e9cosG)~* can also be constructed by 

means of Newton iterations, assuming that 


2 = (1+ ео созС0))1 Z-1— (1 + ео cosG) = 0. 
For the iterations Z; we obtain the formula 
Ва = 2Z; —(1t+e9cosG)Z?, 7 =0,1,2,... (4.6.27) 


for Zo = 1. To obtain the coefficients of the polynomial for Z, e.g., for eg = 0.9 
with an accuracy of 2-10-11, it is sufficient to perform eight iterations correspon- 


ding to the calculation of terms up to e?°°. 
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Cubing the polynomial for Z, we obtain the polynomial for (1+ ео cosG)~3, 
and then, multiplying the polynomials for (1 + ео cosG))~3, Аз 3/2 sin LO), we 
obtain in accordance with (4.6.21) the polynomial for Fj (ро, ео, G4, L©): 


Р (po, ео, ©, L) = у F,, (U,V, WO, 50) sin(k, py) — (4.6.28) 
АЕ 


with the sought numerical coefficients Fi,(U,... ,50)). 

In a similar way one can construct Fourier polynomials for the functions 
F; (po, ео, ©), L©), 7 =2, 3, and obtain the numerical values of Fj,(U,... ,S), 
|| < №. The first four formulae in (4.6.20) allow us to calculate the numerical 
values of ui), Vi, we, wt) for 1 < ||A|| < М. 

To find rth valtes of Fy (06), у 0), 7), 0 < || || < М, it is necessary, in 
accordance with (4.6.10), to construct а Fourier polynomial for the function 


Е (ро, ео, GO) = pera + €g COS Gt, (4.6.29) 
where 
_ м 
GO =n + У. Wy? sink, yO). (4.6.30) 
|Al|=1 


Such a construction is performed through operations on Fourier polynomials 
(4.6.30). As a result, we obtain the polynomial 


N 
F (po, ео, G) =. Se Ен (0 ©, VO, И’) cos(k, p) (4.6.31) 
||k||=0 
with the sought numerical coefficients Рик, 0 < ||k|| < №, which allows us, using 
the last two formulae of (4.6.20), to find о, and Si 1 < ||k|| < М. Then the 


values of pt) ; 4, Up (1) yal are calculated by means of (4.6.11). 
Thus we obtain, in accordance with (4.6.9), the first approximation for the 
initial elements p, e, G, L: 


N 
р =U + S> 0 cos(k, b), 
|Al|=1 


N 
eM) = Vo" ss уз Ve cos(k, ), 


a (4.6.32) 
G®) = yy + У` we sin(k, pW), 
Пе 
М 
ye: = pd + oy he sin(k, py), 
|kI|=1 
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where 
By) = w+ oo, F=1,2, 


WO = 617,95), (WO) = kid? + kad)? 


Formulae for the second and further approximations are similar to (4.6.20): 


(4.6.33) 


(a ce (3) (3) 
18) = Tat Pie U cei. 
G+) _ И (3) (3) 
у, Tat Pee U pols 
ЕЙ (2) (3) 

k об PRS ‚9 р 


Е (О. SO: (4.6.34) 


with) —1— Fyp(U VO, worn), 


gut) — Fy(U®,VO, 9+), 


1 
(kw) 
1< А < М, j=2,3,... 
The method of calculation of the values of 


Fy,(U™, ee Si), nr Fy, (U® VO ,w) 


is the same as in the case of the first approximation. The basic thing here is 
the construction of polynomials for the functions F;(p,e,G,L), if p, e, G, L are 
expressed by known polynomials of the form (4.6.9). 


4.6.4 Construction of a solution by the method of iterations with qua- 
dratic convergence 


Zero approximation 
uO, ee] TD p, po 


will remain the same as that obtained in Section 4.6.3. 


First approximation In conformity with Newton’s method of iterations, we assume 
in the basic algebraic equations (4.6.13) 


Up =U tun, Ve=VoO tun, We= Wo +e, Se= SO + 5p, 


wy = wv!) фи, 1=12, ш= (1,42), и= (и), 


Пе at, oo a4, 


(4.6.35) 
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and wi?) . ©) ; po) are expressed in accordance with (4.6.14)— (4.6.18). After this 


substitution, equations (4.6.13) can be rewritten in the form: 


—(k, ww) + „(и ® +и%) = „Ев (0 ©) +и,..., S +s), 
— (К, a) 4 v) (Veo 4%) = pF, (U© oo eee ee 8), 
uy) +my=1- pF a9(U baie ing ON 8), 
(k, wW +) (© + we) = фиЕ (О) +4, ..., 9® +), (4.6.36) 


Ww) 4+ vg =1-— Ею(0®) + и, V +, W +), 


(k, wy) + и) (is of Sk) = —Fy,(U + U, vo +, w +w), 
ти < №. 


Linearizing these equations, taking into account that U. Me vo у’ 0, 
we find the sought linear equations with respect to ug, ок, шь, Sp and 11, 1. 
To ease notation we introduce the vectors 


xX = (U, V, W, 5), x = (u,v, ш, 5), 
Х =(U,V,W), & = (u,v, ш), (4.6.37) 
F=(Fi,F,F3), Fe = (Fir, Fon, Far) 


and the same vectors with subscripts or superscripts. In addition, we introduce 


the following notation 
af (Of 
ВС = — 4.6.38 
(52. =) 2 (az), ee 


where f = f(Z) is a vector-function or scalar function of the argument Z with 
components Z, 1 < ||l|| < №, д is an analogous vector, | = (1, 15) is the vector 
index; and the subscript m means that all derivatives Of /OZ, with respect to the 
components Z, are calculated at Z = Z(™. 

Then the linearized equations with respect to и, v, w, 8, 11, из can be written 
in the form 


0 (4.6.39) 
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where 


(Fx )o oy FU,... oe), 


(Езо)о = Foo(U,... 
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#50). 


Analytic expressions for Fj,(U,...,5), 7 = 1,2,3, Fu,(U,V,W) аз functions 
of their vector arguments, and for their derivatives are unknown. The calculation 
of their numerical value with predefined numerical components of vectors U, V, 
W, S is described above. Here we consider the calculation of the derivatives of Fj, 
with respect to the components of vectors U, V, W, S, which is similar in a sense. 

Let there be given an arbitrary smooth function Ф(у) of the scalar argument у, 


N 
у= + Уи со, 


1[=1 


(4.6.40) 


where yo = y(w) is a known even 27-periodic function of the argument ~, and 


91, 12, -.. 


are unknown small quantities. This function can be represented by a 


Fourier series with respect to a Fourier cosine series, therefore, if we are restricted 
to harmonics of an order not higher than N, then 


Ф(и + Sou cos ly) = B11, y2,-- 
р 


where Фо, 9), Sk 


respect to yi, Y2,---, we obtain: 


N 
:) +У`Ф (и, у», ...) cosh, 


i=] 


are functions of the arguments yj, y2,.. 


(4.6.41) 


.. Linearizing ®(y) with 


$(у) = [(Po)o + (Pi) cos) + ($2), cos 2 +--+] 


ae 
ди Ris 


(a) 
ду> 0 


mt] cos 4 


(5) +] 
Oye ae 


(4.6.42) 


0Ф 0Ф 
+ (5) n+ (5) int] 052+. 
ут 0 ут 0 


where the lower index 0 means that all Ф; and the derivatives 0®;/Oy, are calcu- 


lated for yi = 12 =... = 0. 
At the same time 
d® 
(yo + Du cos р) = (Фо + (+). 
where 
d® 
(Ф)о = B(yo), (=) 
У/о 


Copyright © 2004 CRC Press LLC 


Som со +--+, 


1 
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Now we write down the Fourier series for the functions (d®/dy), соз 4, | = 


Эа: 
Ф Ф 
(3) cos) = D7 A” cos ju = соз24 = У`А®) cos 4, ... (4.6.44) 
dy /о Ss dy /о = 
and obtain: 
Ф(у) = $(%) + (= ay csi yi + ра Ay COS 2) а 
720 7>0 


Hence it follows that formula (4.6.43) for ®(y) can be rewritten in the form 
B(y) = Фо) + [AN yn + AQ ye +. 
+ Ау + AD yo +--+] cos 
Ри +АРь +-- | eas (4.6.45) 
+ [AM yn + AP ys +--+] cos 2 + 


Comparing (4.6.42) and (4.6.45), we conclude that the arrays of derivatives (column 


vectors) 
ai ($2) . (=) . (=) | Lato: 
ди Ло’ \ ди /о \ AN о 


are equal to the corresponding arrays of Fourier coefficients 
| | | 
[4$ AM, A, ‘A 


The matrix of these derivatives 
O®o O®o O®o 
a, ae ae, 
OP, OP, OP, 
el Cal a (Se), — (4.6.46) 


С 
Оу 0 ду> 0 к Oy 0 


coincides with the matrix 


DO BN 2s AR 
A ARE cee SAW, Sox 
A A oo AD oe |" nett) 
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where the first column consists of Fourier coefficients for the function 
(d®/dy)o9 cosy, the second column consists of Fourier coefficients for the function 
(d®/dy)o cos 2%, etc. 

The same results will be obtained if ®(y) is an odd function y and we consider 
Fourier sine series instead of (4.6.40), (4.6.4). 

Now revert to the basic blocks of the matrix of coefficients of equations (4.6.39): 


(Fe) (5=) 
pl — = 
Хх 
риа || о (4.6.48) 

=) (S) 

BOX. / 6 dX, / 

If the blocks of this matrix are represented with its scalar elements, then the 
columns in these blocks will be similar to those of matrix (4.6.46), i.e. consist- 
ing of the derivatives of the corresponding functions Fj, 7 =1,...,4 with respect 
to any component of the vectors U, У, И’, 5. If the vectors | = (11,15), К = (ki, ke), 


1 < [К | < N, 1 < |ll|| < N, are renumbered in a certain order, and the vectors 


Ен, О, У, ИУ, S(Fyi, Ер,... ,U1,U2,-..) are also renumbered in the same order, 
then, e.g. (dropping the subscripts 0), 


OF 19 = OF 49 OF 19 ОЕ OFig ОЕ 
QU, OU, ~ OY 9 °° OM, 9, 
pin OF OF x OF OF x ЭЕа OF x 
9% |_| од 90. ~° OV, Ov. ‘`` OW, дв 
OF 4g OF 4, OF 4g OF 4, ОЕ ОЁЕ4> ОЕ 
OX QU, OU, ~ OV, 9 ~ OW, 9% 


(4.6.49) 
Based on what was said regarding matrices (4.6.46) and (4.6.47), we can con- 
clude that the columns of matrix (4.6.49) consist of Fourier coefficients for the 


functions aa ОЕ 
4 4 
—— | с03([1, 4), —— | с03([5,4),..., 
(5%) costae (GE). conte 
OF4 OF 4 
(Fe) conv (Fe) чб... 
respectively. 


So, to calculate all numerical values of the elements of matrix blocks (4.6.48) 
it is necessary to construct Fourier series for all functions 


(52) cos(I, 4), (52) cos(I, 4), (2) sin(I, 4), (2) sin(I, w), 
0 о : р 
1< || < ^. 


The elements of all these arrays should be neatly renumbered in accordance 
with the form of (4.6.39). 
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For instance, let № = 2. Then the ordered array of vectors | = (1,15) is as 
follows: 


ly = (0, 1), lp = (1, 0), [5 = (0, 2), ly = (1, 1), ls => (1, —1), [6 — (2,0). 


The ordered array of vectors k = (ki, kz), ||K|| < 2, is similar. 
Having constructed the Fourier series for the functions 


OF. 3 
(5) соз(1,4) = 5УР(1 + ео cos 6°) 2 соз(й $), 
0 


EF 
Gs. сов(й 4) = —2p9/ "(1 + €0 cos С) ~* cos ® соз(й ‚4, 
0 


(5<) cos(Iy, 4) = —2p2/(1 + ео cos С°) Зе sin @® cos(ly, W), 
0 


where ро, ео are some numbers, and G° = у, we find the numerical matrix of the 


derivatives 
Of)... (Ae) =. (28%) =. (6) 
OU, Ло Ив /о OW, / 4 OWe Ло 
OF 46 wis OF 16 ete OF 16 Shes! OF 16 
OU, / 4 906 / 9 OW, Ло OWe / 9 
where Fyo9,... , Раб are the coefficients of Fourier polynomials for F4(p,1, G): 


Fi(p,1, С) — Ело(0, У, И’) rei Fig (U, У, И’) cos(ke, 4). 


So the calculation of all coefficients of the equations system (4.6.39) amounts 
to the construction of Fourier series of the known functions with their arguments 
represented by Fourier polynomials; for this purpose it is necessary to perform a 
large enough number of algebraic operations on the latter. 

The next step is to find the solution of the linear algebraic system (4.6.39) 
with a known numerical matrix of coefficients. This system certainly has high 
order (with N = 10 the order is 442), but in view of the fact that among the 
matrix elements there are pivotal elements that do not contain the small multiplier 
и, one can hope that solving this system with enough accuracy will not present 
significant difficulties. 

As a result of solving the system (4.6.39) we will find 


t= (Up oe we), ПМ, ыы, m=, 
which are corrections to the zero approximation U (0). ae SO), and obtain the 
first approximation 
(1) _ (0) (0) (1) _ (0) (0) 
Up =U и, , ..., Seo = Sy, +8, , (4.6.50) 


uw) = uy) =f yo, wt) = wi) + yo) 
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to the solution of the basic nonlinear algebraic equations (4.6.13). Then, upon 
calculation of USP, У, 40, 4%, using (4.6.11), we find the first approximation 


N 
р =U) + S> 0 cos(k,b), 


1 
N 
eM) = Va + » ve cos(k, py), 
lal|=1 
: (4.6.51) 
GO = 4 > wh sink, vy), 
ПА 
N 
LY =p + > sf sin(k, y®) 
Ат 
to the solution of the initial differential equations (4.6.1). 
Second approximation In equations (4.6.13) assume 
Ue =U ay, Bag Se = SO + ax, 
р ь (4.6.52) 


ил = wi) +, We = wh) + 2 


and write down the obtained equations with respect to the corrections uz, Ug, WE, 
Sk, V1, V2 to the second approximation in the form (4.6.36), where the index 0 is 


replaced by index 1. Linearizing these equations with respect to uz,.-- ‚№, allow- 
ing for equations (4.6.39) and notation (4.6.37), (4.6.38), we obtain the following 
equations: 


ОЕ, 


(К, „Хх Иа (КП) ть +p (Ft ZI 


= вл» (Fi) — (5%) 20, 
1 


OF: 
y+ ph (=. =) = —pAs(F30)1, 
: 1 (4.6.53) 
ЭЕю _ ) 
Vy + —, £ = -А.- (Ею), 
. (55 1) = Аи), 
(1) () OF a, = (0) .(0) 
(К, v) Si + (k,w Js + =—, LX] = —As(Fiz)1 — (k,v 5% з 
OX ‘i 
where 
А (ЕР) = (ЕР) — (Fh)o | — 
2( в) ( KI ( JO (==) 1 > 
(Fy) = FU, VY ws), 
and we have similar expressions for A»(F39)1, ..., Ao(Fag)1- 
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Calculation of the numerical values of (Е! )1,..., (Рак) and the derivatives 
(OF, /OX1)1, ..., (OF 1z/O8X1)1 can be performed in a way similar to that рго- 
posed above for the construction of the first approximation. These calculations are 
far more extensive, because the approximations p“) (8), e“)(@) are represented by 
Fourier polynomials and С“) = y + Fourier polynomial. 

Having determined from the algebraic system (4.6.53) the corrections ud ; ol) у 
w), 800, yo, yo) to the first approximation 0, $255 Pee we find the second 
approximation to the solution of algebraic equations (4.6.13): 

uy?) = ui) +u), ee wi?) = «0 po, 
Then, having calculated Ue), Ve), 4, yO) by means of (4.6.11), we find the 
second approximation to the solution of the differential equations (4.6.1) 


N 
p® = ue) + У` uy) cos(k, p), 
[kI|=1 


N 
e2) — у.) + У` у cos(k, p??), 
[|= 
N 
Gay + W) sin(k, 4), 
ПА 


(4.6.54) 


М 
ЕЕ + S> SP sin(k, yo), 


Аа 


where 4) = (4, dy”), WP? = w+ dio), dy? = 0+, (ky) = 
ki + koe. 

The third and the further approximations are calculated by means of equations 
only differing from (4.6.53) by the corresponding indices. 


Remarks 

(1) The proposed iterating is in essence an analytic construction of the so- 
lutions, the existence of which at small enough pw and appropriate initial values 
p(0), е(0) (corresponding to the nonresonance case) is proved in KAM theory. 
Therefore for small and appropriate p(0), е(0) the iterations must converge. 

(2) Assume that practical convergence occurs if at some step the differences 
between the neighboring approximations for U;,... ,S%, ил, м2 are smaller in ab- 
solute values than the predefined small =. 

(3) Varying и and the initial values p(0), e(0), we can estimate the convergence 
domain of iterations and their effectiveness. 

(4) It is interesting to compare these iterations and simple iterations. 
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4.7 Numerical—Analytic Implementation of Krylov-Bogolyubov 
Transform 


The key tool for the construction of asymptotic solutions of differential equations 
regular with respect to д is the Krylov-Bogolyuboy transform. Construction of 
this transform in explicit form requires very extensive computations, therefore the 
use of computers with branched mathematical software seems very promising. ‘To 
illustrate this statement consider a particular but very important class of equations 
with constant real frequencies. 

First suppose that the frequencies are rationally incommensurable (nonreso- 
nance case), i.e. let there be a system with slow and fast phase variables 


ат ау 

Sain. и 4.7.1 

Fe UX), Gp = 40 + (1,9) (4.7.1) 
where x = (51,...,Хт) is the slow variable vector, у = (y1,--- , Yn) the fast vari- 
able vector, wo = (wio,--- ,Wno) the constant vector with real, rationally incom- 


mensurable components, and X, Y vector-functions of the respective dimensions. 
Furthermore, let X(x,y) and Y(x,y) be represented by Fourier polynomials of 
order n with respect to the vector y, and by algebraic power polynomials of degree 
s with respect to the vector x: 


Жал) =. Do Moe. Vege > ие, (472) 
Е ом 


where k = (k,,...,kn) is an integer vector, 
n n 
(y= У ages. SRS > ale, Ром: 
8=1 8=1 


Assume that the algebraic equation 
Хо(х) = 0 (4.7.3) 


has the real solution д = x, i.e. there exists a constant vector 7) such that the 
average value of the function X (x,y) with respect to у is equal to zero. 

Find the Krylov-Bogolyubov equation in the form usual for multifrequency 
systems: 


х=2 + ри(2,9), У=Уу- (т, 9). (4.7.4) 


The algorithm described in Section 2.4 for locally nonresonance systems is fully 
applicable to equations (4.7.1); therefore we can write the solutions of partial dif- 
ferential equations determining the transfer functions u and v. Here the existence 
of a trigonometric change of variables is guaranteed. 
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The vector-functions u(z,y) and v(%,¥) are expressed by the formulae 


Sars Хь(®)е 9) 
и(5, у) = У` вы 


o<imen 40) 


7) etl ky) 
ene yp ae | ieee 


ose №40) 


Due to the rational incommensurability of the components of the vector wo, the 
denominators (К, wo) in (4.7.5) do not become zero; these relations have no pecu- 
liarities, though for some k the values |(k,wo)| can be small enough. 

Instead of the averaged slow variable х we introduce a new variable & by the 
formula 


(4.7.5) 


&é=¢-2, (4.7.6) 
ie. we construct asymptotic solutions in the neighborhood of 2. It is easy to 
derive equations satisfied by the new sought variables € and y: 


Ou\ dé ди dy a 
Е+и-- |, —^ =, = | = ИХ (2 
(( tage), B) + (5. и) BX (a + E+ ри, 9+ pv) 
le are (4.7.7) 
U U у = (0) = 
mee = у 
"(5 S) +(( +p =.) wo + ВУ (2) + &€ + pu, 9+ мо) 
where Ё is a unit matrix. 
The functions u(z, 9), v(%,¥), for which the formulae (4.6.5) have already been 
written, evidently satisfy the relations 


(5 wn = хай — Xo(2), (5. wn) ~Y(z,9)-Yoz). — (19 


Now using these equalities, equations (4.7.7) can be rewritten as 


Ou\ dé ди [dy 
(ен) a) +H (ae (1-4) 


= в[Х (© + Е pu, 9+ pw) — X(2 +659) + X0(2 +8], 


Ov а& до dy 
Sarr Е — = 
= У (2 + + ри, 9+ pr) — У (#9 +69) + ¥o(e +5]. 
Since Хо(5©)) = 0, the right-hand member of the first of the relations (4.7.9) 


can be represented in the form 


u[(H.€)+P(E94)], (4.7.10) 


where H = 0Xo(x)/dx is a constant matrix, and the norm of the function 
Р(&, 9, и) has second order of infinitesimal with respect to |||] and first order with 
respect to py, that is 


(4.7.9) 


IP (Eo, в ~ ЕР + р. (4.7.11) 


Copyright © 2004 CRC Press LLC 


238 METHODS OF NONLINEAR RESONANCE DYNAMICS 


The right-hand member of the second equation of (4.7.9) can be written as 


[У (=) + Q(E 9, w)], (4.7.12) 


where the norm of the function Q(£,%,) has first order of infinitesimal with 
respect to ||€|| and р, i.e. 


|1) (895 № ~ ПЕ + = (4.7.13) 


In accordance with the expressions for Х, У, и, v the functions P and О are 
representable by n-tuple Fourier series of the form (4.7.2) with respect to у, with 
their coefficients being power series with respect to the components of the vector €. 
We approximate P and Q by Fourier polynomials with respect to y of order No 
with coefficients that are algebraic polynomials of order sg with respect to the 
components of the vector €. Jacobi matrices are also representable by similar 
Fourier polynomials, but with matrix coefficients: 

qe ewe een _ дов). 
OF Oy Oy 

Now considering the relations (4.7.9) as linear algebraic equations with respect 

to d&/dt, dy/dt, we find 


Op (4.7.14) 


= (В, + uF (69,0), 
at (4.7.15) 
=: = о + uYo(2) + иФ (9, р), 


where Ё and Ф are representable by Fourier polynomials with respect to y (of 
order No) with coefficients in the form of algebraic polynomials of powers of 30 
with respect to the components of the vector &. Here we have the estimations 


|| ell? +2, и] ~ a lléll + 2. (4.7.16) 


The system of differential equations (4.6.15) determines the new unknown func- 
tions € and 9. It is essential that in the first of these equations the terms present in 
the vector-function и. Ё have coefficients of infinitesimal order at least и?. Therefore 
the linear part of this equation, with respect to €, has constant coefficients corre- 
sponding to the matrix рН with an accuracy to terms of order и. Furthermore, in 
the right-hand member of the second equation of (4.7.15) the variable summands 
included in the functions иФ have order и? or higher. It is this analytic structure of 
the right-hand members of equations with new unknown variables that is the goal 
to be achieved by means of transformation (4.7.4). If we had applied such a trans- 
form to system (4.7.15) once more, that is if instead of &, у we had introduced the 
variables &1, 91 Бу the same formulae, we would have come to similar equations, 
where: 

1) the linear part of the first equation, with respect to &1, has constant coeffi- 
cients with an accuracy to terms of order p?; 
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2) in the right-hand member of the second equation all variables depending on 
п and independent of & have order иЗ or higher. 

From the point of view of calculations, the difficulty of the operations on the 
transformation of system (4.7.1) into system (4.7.15) lies in the fact that in all the 
constructed Fourier polynomials the analytic dependence on € is retained. In other 
words, we deal with polynomials of the form 


У 5 (ве, (4.7.17) 


0< [< № 


where the coefficients S;,(€) are expressed by power series (in practice, algebraic 
polynomials of some finite power) with respect to the components of vector €: 


Е Е ЕН (4.7.18) 


01| < 0 


The coefficients a) are specified numbers, and they are involved in computer 
operations. One has to constantly separate their real and imaginary parts. 

So the full layout of the algorithm for the construction of transform (4.7.4) for 
any specified numeric value of и in the nonresonance case consists of the following 
blocks. 

1. Retaining the previous notation, write the multifrequency system (4.7.1) as 


< = X (x,y), Е. = 0 + МУ (х, у), (4.7.19) 
i.e. we imply that the numerical value of д is specified and fixed. The functions Х, У 
are expressed by Fourier polynomials of the form (4.7.2) with the coefficients Ху, Ук 
specified in the form of algebraic polynomials with respect to the components of 
the vector х. 

2. Formulae determining the change of variables can be written in the form 


c=2+ulz,y), у=у+5(т,9), B=2™ +6 (4.7.20) 


where the functions и and v are expressed by means of polynomials (4.7.5). 

3. Fix the numbers No and so, as well as the admissible error for the compu- 
tation of the coefficients. 

4. Solve the functional equation Xo(x) = 0 and find the real solution д = 2). 

5. Having performed the change х = 2) + €, find, using relations (4.7.5), 
the Fourier polynomials of the form (4.7.17) for the functions pu (2 + &,9), 
pw (c + €,9), denoting them by @(&,9), 5(&,9). 

6. In series (4.7.2) for the functions X, Y, perform the change of variables 
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As a result obtain: 
Хх (2 +E+4%, 9+ 5) ВУ 5 (oo ++ а) еек), 
0<1А| < 
у (2 Ее, 9+ 5) = Хи (2 ee ii) eilbsD) git) 
O<||AI<N 


(4.7.21) 


The coefficients Хь, У» are algebraic polynomials with respect to the vector x. 
Then, as a result of successive mathematical operations on polynomials of the 
form (4.7.17), we will express the coefficients Ху, Ук as polynomials of a similar 
structure, but of order No and with coefficients that are algebraic polynomials of 
degree 50 with respect to the new vector €. 

7. Find Fourier polynomials for the exponents е №) for different vectors К, 
using, e.g., Taylor series 


а Г. 17 
ell) 145° ee (4.7.22) 
j=l 
The superscript of the sum is chosen so as to achieve the specified accuracy for all 
coefficients. Then construct polynomials of the form (4.7.17) for vector-functions 
(4.7.21), and then also for functions (4.7.10) and (4.7.12). 

8. After that construct Fourier polynomials of the form (4.7.17) for the coef- 
ficients 45/4 dy/dt in the left-hand members of system (4.7.9), using the “ma- 
chine” differentiation program (if available) for the calculation of partial derivatives 
of vector-functions u(z,¥), v(z,y) from the arguments Z, 9. 

9. Considering the system (4.7.9) as an algebraic system with respect to d&/dt, 
dy/dt, find its inverse matrix, and then write the equations (4.7.15) that are nece- 
ssary for the further calculations, in the form 


dé 5 itn is 
Г (4.7.23) 
The new frequency vector 
м = Wo + и (2) (4.7.24) 
and functions F,® are expressed by means of a Fourier polynomial of the form 
(4.7.17), Le. 
FéD)= YS HOM, 69 = YO (6c, 


0<| || < № 0< [< № 


where Р», ®, are algebraic polynomials of degree sq with respect to the components 
of vector €. 

10. Then, using numerical, analytic or some “hybrid” method, solve the 
Cauchy problem for system (4.7.23) with the initial conditions determined through 
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solving the following functional equations with respect to £5, Yo: 


@ (£0, Yo) + & + tO =, 6 (50, Ho) + Yo = Yo, (4.7.25) 


where 2g, Yo are the initial values for the initial system (4.7.1). 

Note that a similar algorithm can be applied in the case of rationally commen- 
surable frequencies ило, w20,---, Wno, and also in the case of the variable frequency 
vector w(). 


4.8 Comments and References 


This chapter does not pretend to be a complete and consistent development of algo- 
rithms and their numerical—analytic implementation for the problems of resonance 
analytic dynamics, described by nonlinear differential equations. It is a kind of in- 
troduction to such a development. But in any case, examples such as the construc- 
tion of Lyapunov and Krylov—Bogolyuboy transforms, the construction of Hill’s 
solutions and Mathieu functions prove the ample efficiency of numerical—analytic 
methods and the enlarged possibility of implementation of the corresponding algo- 
rithms by these methods compared with purely analytic technique. The described 
version of numerical-analytic methods, mainly providing for the implementation 
of algorithms by way of operations on the appropriate structures with numerical 
(but not literal) coefficients, in a number of cases results in simple enough schemes 
of calculation that require modest computer aids (e.g., Hill solutions and Mathieu 
functions). Certainly, in many problems, e.g. in the three-body problem described 
above, implementation of algorithms requires computers with large enough mem- 
ory and operating speed. This is mainly due to the fact that we propose to focus 
on iterations with quadratic convergence. It is this computational process that 
allows us to surmount to a certain extent the small denominators problem that is 
typical for problems of resonance analytic dynamics. We would also note that for 
the further development of the proposed numerical—analytic methods one should 
use modern computer analytic calculus packages like MAPLE, MATHEMATICA 
3.0 (see Wolfram [1]) and other similar software. 


Section 4.1 For the derivation of algorithms for the Lyapunov transformation 
the material described in the papers Erugin [1], Lyapunov [1], Woodcock, et al. [1], 
Starzhinski and Yakubovich [1] is used. 


Section 4.2 Algorithms in the construction of Green and Lyapunov matrices 
were derived in accordance with Lyapunov [1], Grebenikov and Ryabov [1, 4]. 


Section 4.3 The derived algorithms are new. 


Section 4.4 The described method of the construction of periodic Hill solu- 
tions conforms to Grebenikov and Ryabov [4]. 


Section 4.5 The described full algorithm for the construction of Mathieu func- 
tions and the computer program are new. 
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Section 4.6 The shortened version of the described algorithm for the con- 
struction of solutions to the three-body problem was given in Ryabov [3,4]. 


Section 4.7 The described algorithm corresponds to that from (Grebenikov 
and Ryabov [1]. 
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